
Section 15.8 Triple integrals spherical coordinates.

Spherical coordinate system:

To convert from rectangular to spherical coordinates we use

ρ2 = x2 + y2 + z2 cosϕ =
z

ρ
cos θ =

x

ρ sinϕ

Example 1.

1. The point (1, π/4, π/6) is given in spherical coordinates. Find its rectangular coordinates.

2. The point (−
√
3,−3,−2) is given in rectangular coordinates. Find its spherical coordinates.

Example 2. Sketch the solid described by the inequalities

−π/2 ≤ θ ≤ π/2, 0 ≤ ϕ ≤ π/6, 0 ≤ ρ ≤ secϕ

1



In this coordinate system the analog of rectangular box is a spherical wedge

E = {(ρ, θ, ϕ)|a ≤ ρ ≤ b, α ≤ θ ≤ β, γ ≤ ϕ ≤ δ}

where a ≥ 0, β − α ≤ 2π, and δ − γ ≤ π.

The Jacobian of the transformation is

∂(x, y, z)

∂(ρ, ϕ, θ)
=
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Thus,
∫∫∫

E

f(x, y, z)dV =

∫ δ

γ

∫ β

α

∫ b

a

f(ρ cos θ sinϕ, ρ sin θ sinϕ, ρ cosϕ)ρ2 sinϕdρ dθ dϕ

where E = {(ρ, θ, ϕ)|a ≤ ρ ≤ b, α ≤ θ ≤ β, γ ≤ ϕ ≤ δ}
This formula can be extended to include more general spherical regions such as

E = {(ρ, θ, ϕ)|α ≤ θ ≤ β, γ ≤ ϕ ≤ δ , g1(θ, ϕ) ≤ ρ ≤ g2(θ, ϕ)}

In this case

∫∫∫

E

f(x, y, z)dV =

∫ δ

γ

∫ β

α

∫ g2(θ,ϕ)

g1(θ,ϕ)

f(ρ cos θ sinϕ, ρ sin θ sinϕ, ρ cosϕ)ρ2 sinϕdρ dθ dϕ
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Example 3. Find the volume of the solid E that lies above the cone z =
√

x2 + y2 and below the sphere
x2 + y2 + z2 = 1.
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