Practice problems for Exam 1.

. Given a =<1,1,2 > and b =< 2,—1,0 >. Find the area of the parallelogram with adjacent
sides @ and b.

SOLUTION. A = | x b|

ixb=|1 1 2|=7 1 2‘—71 2‘+k Lo ‘:2%47—%
-1 0 2 0 2 —1
2 -1 0
@ x b = /(2)2 + (4)2+ (—3)2 = V29
Thus, A = v/29.

. Find an equation of the line through the point (1,2, —1) and perpendicular to the plane

20 +y+z2=2

SOLUTION. The line is parallel to the normal vector of the plane 7 =< 2,1,1 >. Thus,
symmetric equations of the line are:

r—1 y—2 2z+41

. Find the distance from the point (1, —1,2) to the plane
r+3y+z=7

1+3(-1)+2-7 7

VAR EZ+ (1) VID

. Find an equation of the plane that passes through the point (—1,—3,1) and contains the line
r=—1-2t,y=4t, 2 =2+ 1.

SOLUTION. The vector & =< —2,4,1 > lies in the plane. Let P(—1,—3,1) and Q(—1,0,2).

The second vector that lies in the plane is the vector P—Cj =< 0,3,1 >. Then the normal vector
to the plane

SOLUTION. D =

=

—

n=0xPQ=| -2
0

W =
—_ =

W =
_ = 3
I
|

Thus, an equation of the plane is

(lz+1)+2y+3)—6(z—1)=0

. Find parametric equations of the line of intersection of the planes z = x4y and 2z —5y—2z = 1.

SOLUTION. The direction vector for the line of intersection is ¥ = nj X nj, where n; =<
1,1, —1 > is the normal vector for the first plane and n3 =< 2, —5, —1 > is the normal vector
for the second plane.



2 -1

1 —1‘ -

A=1—=5)—J—1+2)+k(-5—-2) = —67—J— Tk

. To find a point on the line of intersection, set one of the variables equal to a constant, say
y = 0. Then the equations of the planes reduce to x — z = 0 and 2z — z = 1. Solving this
two equations gives x = z = 1. So a point on a line of intersection is (1,0, 1). The parametric
equations for the line are

r=1-—6t
y=—t
z=1-"Tt

6. Are the lines z = —1+4t,y=3+t z=1and x =13 —8s, y = 1 — 2s, z = 2 parallel, skew
or intersecting? If they intersect, find the point of intersection.
SOLUTION. The direction vector for the first line is v;7 =< 4, 1,0 >, the second line is parallel
to the vector v5 =< —8,—2,0 >. Since v3 = —2v1, vectors v; and v3 are parallel. Thus, the
lines are parallel.

7. Identify and roughly sketch the following surfaces. Find traces in the planes x = k, y = k,
2=k

(a) 42* + 9y* + 362% = 36
2 2

SOUIHONﬁ%+f%+¢2:1-dmmmd
Traces
2 2
inx = k: i + CEN— 1 - ellipse
N 2 2
(-5 1-%
i i 2 -l
iny=k: =+ -7 = 1 - ellipse
%lzf) 1=y
. X ) .
= ]{j: — 1 - H
mn z 9(1—k2)+4(1—k2) ellipse
(b) y = a2+ 22
An equation y = 2?2 + 2% defines the elliptic paraboloid with axis the y-axis.
SOLUTION.



Traces

2 inx=k: y=2%+k? - parabola
- iny=*k: 2>+ 2% =k - circle

in z=k: y= 2%+ k? - parabola

c) 422 — 2 — % =
( ) 4 2 2 y2 1
SOLUTION. An equation 422 — 22 — 4> = 1 defines the hyperboloid on two sheets with

axis the z-axis

ST
4'_‘1!,;::{ Traces
£ . z2 .’L’2
T I “TE 1 - hyperbola
22 Y
iny=k: _ =1 - hyperbola

CTA1 - k) 1- k2
inz==F (|k| >1/2): 2* +y* = 4k* — 1 - circle

(d) 22 +222 =1
SOLUTION. An equation % + 22% = 1 defines the elliptic cylinder with axis y-axis.

Traces

, " 1—k? [1— k2 Y
maue=~r. 2= Z = — - lmnes
2 2

inz==k r=+v1-2k% x = —+1—2k? - lines

8. Find )
. L, t—1_ tant-
}:1_I>I11 (\/t-l-?)z—l- Ep 1]+ ; k:)
SOLUTION.
t—1 tant - t—1 tant -
lim (V% + 37+ 7+ 2 ) = lim V7 1 37+ lim 74 lim 220 E =
t—1 t2 — ]_ t t—1 t—1 t2 — t—1
— . - — ¢ o — 1—» ¢
\/ZL’L + 121% m] + tan(l)k =21+ 5] + tan(l)k:

9. Find the unit tangent vector T'(¢) for the vector function 7(t) =< t,2sint, 3 cost >.



SOLUTION. The tangent vector 7/(¢) =< 1,2 cost, —3sint >,

7 (t)] = V1+4cos2t+9sin?t = V1 + 4dcos?t + 4dsin¢ + 5sin?t = /5 + 5sin® ¢

. The unit tangent vector

- 1
T(t) = =—1(t) = ——=———=—== < t,2cost, —3sint >

7/ (t)| V5 + 5sin’t

10. Evaluate

11.

1-
/ (\/l_fﬂ— te ' 7+ t_2k> dt

1

SOLUTION.
4 4 4 4
/ <x/¥z*+ te ' 7+ %E) dt = /\/z_fdt T+ /te_tdt 7+ /tl?dt k
1 1 1 1
/\fdt al g o tgoqy o M
3/2|, 3 3 3
4 ) 4
/te_tdt ‘ _t —t Z_:_le—t = —te !} + /e‘tdt =—det el -l =
1 1
—det et —etpe = et 4 27!
r1 1]* 1 3
/t_zdt: =it T
1
Thus,

4
1= 14 3
/ <\/¥7+ te "7+ t_Zk) dt = =7+ (=be ™ + 27+ =k

1

Find the length of the curve given by the vector function 7(t) = cos®t 7+ sin®¢ 7+ cos(2t) k,
0<t< I,
=t>3

SOLUTION. 7(t) = —3costsint 7+ 3sin®t cost J— 2sin(2t) k
7 (t)| = \/9costtsin®t + 9sinltcos?t + 4sin?(2t)
Recall that sin(2t) = 2sint cost, then sin(2t) = 4sin?t cos? ¢t and

- )
()] = \/sin?t cos? t(9sin?t + 9cos2 t + 16) = sint cost/25 = Hsint cost = 3 sin(2t)
Then the length of the curve

25 5 K
L= b[ isin(Qt) dt = -1 cos(2t) i =3



12. Find the curvature of the curve 7(t) =< 2t3, =3¢, 6t >.

SOLUTION. o
(o 170 x 70)
PP

() =< 612, —6t,6 >=6 < t2,—t,1 >, |r(t)| = 6T+ 2 + 11
() =< 12t,—6,0 >

T 7k ) )
- - Ll —6t L 6t - t —0t
r(t) x r(t) = | 662 —6t 6 =1 _% S\—J fzt g‘“f $2t —66 ‘:
12t —6 0

136) — J(—72t) + k(—36¢> + 72t%) =< 36, 72t, 36t> >= 36 < 1,2¢,¢> >
77(t) x 77 (t)] = 36y/1 + 42 + ¢4
Thus,
C36VI+A . VI A
T 6VI+ 2+ )3 6(1 12+ th)32
13. Find an equation of the normal plane to the curve 7(t) =< 2 2t,Int > at the point where
t=1.
SOLUTION. 7(1) =< 1,2,0 >

The normal vector to the normal plane at the point where t = 1 is 7 (1).

K(t)

-

1
r (t) =< 2t,2, ; >

-

(1) =<2,2,1>

The equation of the normal plane is
2 —-1)+2(y—2)+1(z—0)=0
14. Sketch the domain of the function

flz,y) = Va2 +y2 —1+1In(4 — 2> —1?)

SOLUTION. The expression for f makes sense if 22 + 4> — 1> 0 and 4 — 22 — y? > 0. Thus,
the domain of the function f is

D(f) ={(z,y) e R*1 <2’ +y* <4}




15. Find the level curves of the function z = z — 3.

SOLUTION. An equation for the level curves is k = x — y? or y?> = x — k. It defines the family
of parabolas.

16. Find fy,. if f(z,y, z) = €™~
SOLUTION. f, = e™*(zyz)! = yze™?
fay = (yze™7), = ze™* 4 yze™V*(xyz), = 2™V + xyz’e™V?
frye = (26" + xy22e™*), = ™V + ze™*(zyz), + 2wy2e™* + xyz?e™* (zyz), = "V* + ryze™ +

2ryze™* + 12y?22e™* = (1 + 3wyz + 22y?2?)e™v?

17. The dimensions of a closed rectangular box are 80 cm, 60 cm, and 50 cm with a possible error
of 0.2 cm in each dimension. Use differential to estimate the maximum error in surface area of
the box.

SOLUTION. Let [, w, and h be the length, width, and height, respectively, of the box in
centimeters.
Al =Aw=Ah=0.2

The surface area of the box
A(l,w, h) = 2(lw + lh + wh)

AA = %—’?Al + g—iAw + g—‘}jm
%_’? = 2w + 2h; %—?(80, 60, 50) = 220
g_’:) =21 + 2h; 2—3(80, 60, 50) = 260
% = 21 + 2u; %(80, 60, 50) = 280

Thus,
AA = (220 + 260 + 280)(0.2) = 152cm?



18.

19.

20.

Find parametric equations of the normal line and an equation of the tangent plane to the
surface
23yt + 2% =bayz

at the point (2,1, 1).
SOLUTION. Let F(z,y,2) = 23+ y>+ 23 — bzyz. Then

VF(z,y,2) =< 32% — 5yz,3y* — 5xz,32° — 5oy >

VF(2,1,1) =<T7,-7,-7>
The equation of the tangent plane at (2,1,1) is

(r—2)—Ty—1)—T7(z—1)=0
The parametric equations of the normal line at (2,1, 1) are

r=2+4Tt, y=1-T1Tt, z=1-Tt

Given that w(z,y) = 2In(3z + 5y) + x — 2tan"!y, where z = s — cott, y = s +sin" ' ¢. Find
ow

E.

SOLUTION.
a—w—a—wa—x—l—a—w@— 0 +1 ) esc?t + 02 L
ot 0xr ot Oyot \3z+5by 3z +5y 1+4+y?) V/1—¢2

Let f(x,y,z) = In(2x 4+ 3y +62). Find a unit vector in the direction in which f decreases most
rapidly at the point P(—1, —1,1) and find the derivative (rate of change) of f in this direction.

SOLUTION. The function f decreases most rapidly in the direction of the vector —V f(—1, —1, 1).

Vi(2,y, ) = 2 3 6
) T\ 2 3y + 62 20 + 3y + 62 22 + 3y + 62

2 3 6
S1,—1,1) = —<2,3,4
Vi1 =1L) <—2—3+6’—2—3+6’—2—3+6> <23,4>

IVF(=1,-1,1)| = V4 +9+36=+49=7

The unit vector in the direction of the vector V f(—1,—1,1) is

1 236
U==<234>=(=,2,2
u 7< , 3,4 > <7,7,7>

2 3 6
So, the function f decreases most rapidly in the direction of the vector —u = <—?, — —?>

D—ﬁf(xvyv Z) = Vf(x,y, Z) ' (_ﬁ) =

2 3 6 2.3 6N 7T
2x + 3y + 62" 2o + 3y + 62 22 + 3y + 62 77T 7/ 2 +3y+62



21. Find % and — if

22.

23.

0z

x dy
xe’ +yz 4+ ze* =0

SOLUTION.
OF oF
0z Oz 0z _8—y
0z 0z
where F(z,y,z) = xe¥ + yz + ze®
8_F =e¥ + ze”
or
8—F =uze’ + 2z
oy
0z -
0z e¥ 4 ze* 0z xeY + z
So — = — and — = — .
Ox Yy +er dy Yy +er

Find the local extrema/saddle points for
fz,y) =22 + y* + 22y + 22 + 2y

SOLUTION. We first locate the critical points:
folw,y) =20 +y+1
folmy)=y+a+1

Setting these derivatives equal to zero, we get the following system:

20+y+1=0
r+y+1=0

Substitute y = —1 — x from the second equation into the first equation:
204+ (=1 —2)+1=0

r=0y=—-1—-2=-1

The critical point is (0, —1).

Next we calculate the second partial derivatives:

fea(@,y) =4, foy(2,9) = 2, fyy(2,y) = 2.

Then
D(x,y):‘ y ':8—4:4>O
Since D(z,y) =4 > 0 and f,.(x,y) =4 > 0, the function f has a local minimum at the point

(0,-1), f(0,-1) = —1.

Find the absolute maximum and minimum values of the function f(x,y) = 2%+ 2xy + 3y* over
the set D, where D is the closed triangular region with vertices (—1,1), (2,1), and (—1, —2).

SOLUTION. The set D is bounded by lines x = -1,y =1, and zr —y =1

8



24.

\ B

(-1,-2)

First we find critical points for f:

folz,y) =242y =0

fy(x,y) =22 +6y =0

so the only critical point is (0, 0).

f£(0,0)=0

Now we look at the values of f on the boundary of D.
f(=1,1) = (=1)* +2(-1)(1) + 3(1)* =2
f(2,1)=(2)2 +2(2)(2) +3(1)* =11

f(=1,-2) = (=1)* + 2(=1)(-2) + 3(-2)* = 17
If v = —1, then f(—1,y) =1 — 2y + 3>
fy(—l,y)=—-246y=0,s0y =1/3.
f(=1,1/3) =1/3

If y=1, then f(z,1) =2 + 22+ 1, fo(2,0) =22 +2=0and x = —1

f(=1,1) =2

Ifr—y=1theny=2—1,and g(z) = f(z,y) = 2*+ 22y +3y> = 2> +2x(x — 1)+ 3(z —1)% =

62> — 8xr — 3

g(x)=12r —8=0,s0x =8/12=2/3 and y=2/3—-1=—1/3

£(2/3,-1/3) = 1/3

Thus, the absolute maximum value of the function is f(—1, —2) = 17 and the absolute minimum

value is f(0,0) = 0.

Use Lagrange multipliers to find the maximum and minimum values of the function f(z,y) = zy

subject to the constraint 922 + y? = 4.
SOLUTION. Let g(z,y) = 92% + %
Vi(r,y) =<y,z>, Vg(z,y) =< 18,2y >.

Using Lagrange multipliers, we solve the equations



y = \(18x)
z = A(2y)
92% +y? =1

From the first equation A = % Plugging the expressions for A into the second equation,
. x
gives

Y
—9_Z

T g,
9r? = y2

922 — 9y =0

Bx—y)Bx+y)=0
y =3z or y=—3z

If y = 3z, then
92 + y* = 927 + (3z)* = 182* = 4
2
z:ig and y =3z =+V2

V2 2
(29)

If y = —3x, then
97% + 3> = 92% + (—32)* = 182° = 4

2
xzi% and y=—3z=TFV2

f (i\g,qﬁ\@) - —%

2 2
Thus, the minimum value is f (:I:—, :F\/§> =-3 and the maximum value f (:I:g, :t\/§> =

2
5
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