Chapter 4. Linear Second Order Equations

Section 4.8 Method of Undetermined Coefficients

In this section, we give a simple procedure for finding a particular solution to the equation

ay” + by + cy = g(x), (1)

when the nonhomogeneous term g(x) is of a special form

9(x) = €™ (P, (x) cos Bz + Qm, (z) sin fz),

where

Py (2) = pox™ + p1a™ "+ pox™ 2+ A+ Py 1T+ Doy

is a polynomial of degree m; and

Qs (T) = @™ + @™ ' + 2™ % + 4 Gy 1T+ Gy

is a polynomial of degree mo, o, 3 € R.

To apply the method of undetermined coefficients, we first have to solve the auxiliary
equation for the corresponding homogeneous equation

ar’ +br+c¢=0

Let a = 0,0 # 0, then

9(z) = (pox™ + pra™ ' + pox™ 2 + .+ Py 1T + Py ) CO8 S+
+(goz™ + @™ + @™ + L+ Qg1 T+ Gy ) Sin P

We seek a particular solution of the form

Yp(z) = (Agz™ + Aja™ t + Apz™ 2 + ...+ A7 + Ay, cos B+
+(Boz™ + Biz™ ' + Byx™? + ... + Bp_17 + By,) sin Sz,

if 73 is not a root to the auxiliary equation. Here m = max{m;, ms}, Ao,...,Am, Bo,---, Bm
are unknowns.
If 73 is one of two roots of the auxiliary equation, then the particular solution is

Yp(z) = (Apa™ + Aya™ 1 + Agr™ 2+ ...+ A1z + Ay cos o+

+2(Box™ + Byz™ ' + Byx™ ? + ... 4+ By_17 + By,) sin fx =
= (Agz™ + Apa™ + Agx™ 4 A2 + Az cos Brt
+(Box™ ™ 4 Big™ + Box™ ' + ... + B,_12° 4+ By,x) sin fz.

To find unknowns Ay,...,An,, Bo,..., B, we have to substitute y, (), y,(r), and y, (x) into
equation (1). Set the corresponding coefficients from both sides of this equation to each other



to form a system of linear equations with unknowns Ay,...,A,., Bo,..., Bm. Solve the system of
linear equation for Ag,...,A,,, Bo,..., Bpn.

Example 1. Find the solution to the initial value problem

y" — 3y + 2y = 4wsinz,
SOLUTION. Let’s find the general solution to the corresponding homogeneous equation

y" — 3y + 2y = 0.

The associated auxiliary equation is
r? —=3r+2=0,

which has two roots r; = 1 and ro = 2. Thus, the general solution to the homogeneous

equation is
yn(x) = cre” + coe®.

Since r = 7 is not a root to the auxiliary equation and m; = 1, my = 0, m = 1 we seek a

particular solution to the nonhomogeneous equation of the form
yp(z) = (Az + B) cosz + (Cx + D)sinz,
where A, B, C, and D are unknowns.
Now we have to substitute y,(z), y,(z), and y;(z) into equation.

y,(r) = (Cx + A+ D)cosz + (C — Az — B)sinw,
y,(x) = (2C — Az — B) cosx + (—2A — Cx — D) sin,

Yy, (x) = 3y, (x) 4+ 2y,(z) = (2C — Az — B)cosz + (—2A — Cz — D) sinz—
=3((Cx+ A+ D)cosz + (C — Az — B)sinx) + 2((Ax + B) cosz + (Cx + D) sinz) =
= (4Azx —4C +4B) cosx + (4Cx + 4D + 4A) sinx = 4xsin z.

We set
xcosx: 4A =0,
cosr: —4C+4B =0,

rsinz: 4C =4,
sinz: 4D+ 4A=0.

Solving the system gives A=0,C=1,B=C=1,D=-A=0. So,

Yp(z) = cosz + rsinx

and the general solution to the given nonhomogeneous equation is

y(z) = cosx + zsinx + c1e” + cpe*.



Substituting y(z) into initial conditions gives
y(0) =14 ¢+ ¢y =3,
Y (z) = —sinz +sinz — xcosz + c1e” + 2c26* = —xcosz + c1e” + 2c0e*”,

y'(0) = c1 + 2¢0 = 2.

Solving the system
1+ c1+cy= 3,
c + 202 =2

gives ¢; = 2, co = 0. Thus, the solution to the initial value problem is

y(z) = cosx + wsinx + 2e”.

Let o £ 0,8 # 0, then

g(x) = e*[(pox™ + pra™ 1 4+ pox™ " 4 L+ Pry1T + Dy ) €OS Bt
+(goz™ + @™ + @™ T+ L+ Goy1T + Gy ) sin Bl

We seek a particular solution of the form

Yp(z) = e™[(Agx™ + Apr™ o Agr™ 2 4 4 A + Ay, cos Brt
+(Box™ + Bia™ ™t + Box™ 2 + ...+ B,,_17 + B,,) sin 8],

if a4+ if3 is not a root to the auxiliary equation. Here m = max{m, ms}, Ag,...,Amn, Bo,...,
B,,, are unknowns.
If o + 173 is one of two roots of the auxiliary equation, then the particular solution is

yp(z) = e x[(Agz™ + Apr™ 4 Agr™ 2 4 4 A1 + Ay, cos B+
+a(Box™ + Bia™ ' 4+ Byr™ * + ...+ By_1x + B, sin fz] =
= e™[(Agz™ ™ + Ayx™ 4 Agx™ ! + .+ A2 + Ax) cos Bat
+(Box™! + Bia™ + Box™ ' + ...+ By,_12” + Bp,x) sin fz].

To find unknowns Ay,...,An, Bo,..., B, we have to substitute y,(r), y,(z), and y,(x) into
equation (1). Set the corresponding coefficients from both sides of this equation to each other
to form a system of linear equations with unknowns A,,...,A,,, Bo,..., By,. Solve the system of
linear equation for Ay,...,A,., Bo,..., Bpn.

Example 2. Find a general solution to the equation
" 3x
Yy — 9y =e"" cosx.
SOLUTION. Let’s find the general solution to the corresponding homogeneous equation
y" — 9y =0.
The associated auxiliary equation is

r?—9=0,



which has two roots r1 = 3 and ro = —3. Thus, the general solution to the homogeneous

equation is

yn(7) = c16™ + coe™ .

Since r = 341 is not a root to the auxiliary equation and m; = my = 0, we seek a particular
solution to the nonhomogeneous equation of the form

yp(z) = e**(Acosx + Bsinx),

where A and B are unknowns.
Now we have to substitute y,(z) and y, (z) into equation.

yn(z) = e*[(3A + B) cosz + (3B — A) sinz],

y,(x) = e*[(8A +6B) cosx + (8B — 6A) sin 7],

Yy, (x) — 9yp(x) = e*[(8A +6B) cosx + (8B — 6A) sinz] — 9¢**(Acosz + Bsinz) =

e¥[(6B — A)cosz + (—6A — B)sinx] = e cos .
We set

e cosx: 6B —A=1,
3x

e?sinx: —6A— B =0.
Solving the system gives A = —1/37, B = —6A = 6/37. So,

1 6
yp(z) = ¥ (_ﬁ cos T + 3 sin :)3) ,

and the general solution to the given nonhomogeneous equation is

1 6
y(z) = e (_ﬁ cosx + 3 sin x) + 16 + coe 7.



Particular solutions to ay” + by’ + cy = g(z)

Type | g() Yp(7)

(I) Pox™ + ™+ oy r5(Ax™ + Ba™ '+ ...+ Dz + F)

(IT) | de** x® Ae®”

(ITT) | e*®(poz™ + prz™ t + ... + pp,) r%e®(Az™ + Bx™ '+ ...+ Dx + F)

(IV) | dcos Sz + fsin Sz x*(Acos fx + Bsin )

(V) | (pox™ + pra™ =1+ ... + pp, ) cos Bz+ 2 {(Agx™ + Apz™ 1t + ...+ A,,) cos Ba+
+(qox™ + ™t + ... + g, ) Sin B +(Boz™ + Bix™ ' + ... + B,,)sin fx}

(VI) | e**(dcosfx+ fsinfx) x°e* (A cos fx + Bsin fx)

(VIT) | e [(pox™ + pra™ ' + ... + pm,) cos B+ | 2 [(Agz™ + Ajx™ ' + ... + A,,) cos Sz+
+(gox™ + g™ + ... + g, ) sin Bz] +(Box™ + Byx™ ' + ... + B,,) sin 3z]

In this table s = 0, when « + 4 is not a root to the auxiliary equation, s = 1, when «a 4 i3
is one of two roots to the auxiliary equation, and s = 0, when § = 0 and « is a repeated root
to the auxiliary equation; m = max{my, ms}.

Example 3. Using Table, find the form for a particular solution y,(x) to

/

y' +y -2y =g(x),

where g(x) equals

(a) g(x) = (227 + 3)e™",
(b) g(z) = xsin 2z,

(c) g(z) = e® + cos 3z.

SOLUTION. The auxiliary equation to the corresponding homogeneous equation is

r4+r—2=0,

which has two roots r = —2, ry = 1.

(a) From the table, function g(z) = (22% + 3)e™>® has type (III) with a = —2 (one of two
roots to the auxiliary equation), m; = 2. Hence y, has the form

yp(2) = 2(A2® + Bz + C)e ™ = (Az® + Ba® + Cx)e ™.

(b) From the table, function g(x) = xsin2z has type (V) with § =2, m; =0, my = 1.
Hence y, has the form

yp(x) = (Ax + B) cos 2z + (Bz + C) sin 2.

(c) In this case y,(x) = y1,(x) + yop(x), where yy,, is a particular solution to the equation

7

y'+y —2y=¢

and ¥y, is a solution to

y" 4+ 1y — 2y = cos 3x.

Function g;(z) = e* has type (II) with d = 1, « = 1 (one of two roots to the auxiliary
equation), thus



y1p(x) = Aze”.
Function go(x) = cos 3z has type (IV) with d =1, f =0, =3, so

Yap(z) = Bcos3z + C'sin 3z.

The particular solution ¥, has the form

yp(x) = Aze® + B cos 3z + C'sin 3.

Section 4.9 Variation of Parameters

Consider the nonhomogeneous linear second order differential equation

y' +p(x)y + qlx)y = g(x). (2)

Let {y1(x), y2(x)} be a fundamental solution set to the corresponding homogeneous equation

Y+ p(x)y + q(x)y = 0.

The general solution to this homogeneous equation is y,(x) = c1y1(z) + cayz(z), where ¢
and ¢y are constants. To find a particular solution to (2) we assume that ¢; = ¢;(z) and
c2 = co() are functions of z and we seek a particular solution y,(x) in form

Yp(z) = c1(x)y1(z) + ca(@)ya(2).
Let’s substitute y,(z), y, (), and y;(z) into (2).

Yp(r) = (@) (x) + &5(@)ya(2) + cr (@) () + ca(w)ys ().

We simplify the computation assuming that
i (@)y(z) + y(z)y2(x) = 0.
So,
yp(x) = c1(@)y;

Yp T P(@)y, + q(@)yp = i (2)y1 () + ()ya(w) + cr()yi (2) + ca()ys () +
+p()(cr()yr () + c2()ya(2)) + a(2) (1 ()91 (7) + ca(2)y2(2)) =

= a(@)yi(z) + ey (2)ys(x) + ar (@) (W) (2) + p(2)yr () + a(2)y(2))+
+ea () (02 (2) + p(2)ya(z) + q(2)ya(2)) =

Az () + & (w)ys(x) = g(x).



To summarize, we can find ¢;(z) and cz(x) solving the system

{ ci(@)yi(x) + e (2)y2(2) = 0
ci(@)yr () + cy(x)ya(x) = g(x)

for ¢} (z) and c,(z). Cramer’s rule gives

Sy - 9@ o)
' Wiy, yal ()’ Wiy, ya(x)
Then

— Mz co() = MI
o) = [ Fhpim® @ = [ 5w

Example 4. Find the general solution to the equation
1

sinz’

SOLUTION. The corresponding homogeneous equation is

y'+y =

y'+y=0.

The fundamental solution set to this homogeneous equation is {cosz,sin z},

yi(2) = cosz,  yo(x) = sina,
yi(z) = —sinz,  yh(z) = cosz,

The general solution to the homogeneous equation is

yn(z) = ¢y cosx + cysinz.

Then the particular solution to the nonhomogeheous equation is

Yp(z) = c1(z) cosz + co(z) sin .

To find ¢1(x) and ¢3(x) we have to solve the system

{ di(x)cosx + dy(z)sine =0
/
(x

ci(x)(—sinz) + cy(x) cos v = 7.
First equation gives ¢, = —c; 7, so
, e , o .\ s cosT __c’l(cos2x+sin2x) g 1
¢ (z)(=sinz)+cy(x) cosx = ¢ (x)(—sinx)—c} S 5T = P =~ T
¢ (z) = -1,
c(x) = -z +cs,

, , COST COS ™

Cy = —Ci—— = —

2 1 )
sin sinx

ca(x) = / Z:idx =In|sinz|+ ¢4




Thus, the general solution to the given nonhomogneous equation is

y(x) = (—x +c3)cosx + (In|sinz| + ¢4) sin .



