Chapter 7. Laplace Transforms.

Let f(z) be a function on [0,00). The Laplace transform of f is the function F' defined
by the integral

L{f}(s) = 7 f(t)edt.
0

Brief table of Laplace transform
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Section 7.3 Properties of the Laplace Transform.

Theorem 1. (translation in s) If the Laplace transform £{f}(s) = F(s) exist for s > a,
then

L{e" f}(s) = F(s —a)
for s > a+ a.

Example 1. Determine
(a) L{e™ cosbt},

(b) L{e*t?},

(c) L{e* sin®t}.

Theorem 2. (Laplace transform of the derivative) Let f(¢) be continuous on [0, c0)
and f'(t) be piecewise continuous on [0, c0), with both of exponential order a. Then, for s > «

L{f'}(s) = sLLf}H(s) — f(0).
Using induction, we can extend the last theorem to higher-order derivatives of f(t).

L{f"}(s) = sL{f"H(s) — f/(0) = s(sL{f}(s) — £(0)) — £/(0) = s"L{f}(s) — s£(0) — f'(0).

In general, we obtain the following result.



Theorem 3. (Laplace transform of higher-order derivatives) Let f(t), f'(¢),....f "~V (t)
be continuous on [0, 00) and let ™ (¢) be be piecewise continuous on [0, o), with all these func-
tion of exponential order a. Then, for s > «

LY (s) = S L{TH(s) = 87 F(0) = 82 F/(0) = .. = F7D(0).

Example 2. Let f(t) is continuous function. Prove that

{/f } )= SLUD) )

F'(s) = L{=tf(t)}(s)-

Theorem 4. (derivatives of the Laplace transform) Let F(s) = L{f}(s) and assume
f(t) is piecewise continuous on [0, 00) and of exponential order a. Then, for s > «,

If F(s) = L{f}(s) then

dn
dsm (5)-

L{t"f(#)}(s) = (=1)"

A consequence of the above theorem is that if f(t) is piecewise continuous and of exponential
order, then its transform F'(s) has derivatives of all orders.

Example 3. Determine

(a) L{tcos2te "},

(b) L{t*sin4t}.

Properties of Laplace transform

L{f + g} = L{f} + L{g}

L{cf} = cL{f} for any constant ¢

L{e"f}(s) = F(s —a)

L{f'}(s) = sL{f}(s) — f(0)

ﬁ{f”}( ) = s*L{f}(s )—Sf( ) f'(0)

LLfM}(s) = s"L{f}(s ) LF(0) = "2 f(0) — .. = f71(0)
Ly f(4)}(s) = (= ) (E{f( )})(s)



