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Galois Theory

€lpi| p2 | p3s || 01| p2 | &2
a— |alia| —a| —ia| a | ia | —a | —i«
e A i i —i | =i | —=i| =i
Let us see how they permute the roots.
pria—ia—i-ia=—a— —ia— —i(ia) =«

P2l —a, o —ix
p3 i —ia —a = o= o
U1 Q= o, —a— —q, i —ia
h:a—ia— (—i)(ia) =a, —a+ —ia
2o —agia— (—i)(—a) = ia, —ia — —(—i)(—a) = —ia
02— —ia,ia— —i(—ia) = —a, —a — ia, —ia — —(—i)(—ia) = —«

We see that it acts as D4 on the square of roots of x* — 2.
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Galois Theory

The group D4 has one cyclic subgroup of order 4: {e, p1, p2, p3} two
subgroups isomorphic to Zy x Z, (generated reflections with respect to the
two diagonals and generated by reflections with respect to two lines
parallel to the sides): {e, u1, p2, p2} and {e, 1, 2, p2}. Each of the
elements of order 2 {po, p1, p2, 91,02} generates a subgroup of order 2.
And then there is the trivial subgroup and the whole group.
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Galois Theory

Let us find the fixed fields of the subgroups. The field corresponding to
groups of order 4 must be a quadratic extension of Q, since the index of
the subgroup is 2. We have 1/, V2, and iv/2 in the field. Note that

p1(i) =i, so i belongs to the fixed field of the cyclic group generated by
p1. It follows that the fixed field of the cyclic group is Q(i). We have
p(v2) = pi(a?) = o® and pa(v2) = pa(a?) = (—)® = o, hence
Q(V/2) is in the fixed field of {e, u1, s12, p2}. Similarly,

61(iV2) = 01(ia?) = —i(ia)? = ia? and 63(iv2) = —i(—ia)? = ia?
hence the fixed field of {¢,d1, 02, p2} is Q(iv/2).
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Galois Theory

It remains to find the fixed fields of groups of order two. They must be
degree 4 extensions of Q. py fixes i and a® = v/2, which gives the degree
4 extension Q(i, \@) 1 fixes v/2, which Q({‘/ﬁ) Lo fixes iv/2, so it gives
Q(iv/2). 61 switches o with i, so it leaves o + i« fixed, so it gives

Q(V/2 + iv/2). 0, switches o and —icr, and we get Q(v/2 — iv/2).
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Galois Theory

Cyclotomic extensions

The splitting field of x” — 1 over F is the nth cyclotomic extension of F.
If ais a root of x" — 1, then using long division, we get

g(x) = % =x"ttax"?2 4+ a?x" 3 4 - 4 a"2x + o™, hence
g(a) = na"~1 = na~1. This is not equal to zero if and only if n is not
divisible by the characteristic of F. Consequently, if n is not divisible by
the characteristic, then all roots of x” — 1 are simple, and the cyclotomic
extension is separable.
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Galois Theory

The set of roots o of x” — 1 is a group with respect to multiplication.
Since it is a subgroup of the multiplicative group of a field, it is cyclic.
Hence it is isomorphic to Z,. Recall that a residue kK modulo n is a
generator of Z, if and only if n and k are coprime. It follows that the
group of roots of x” — 1 has ¢(n) generating elements. They are called the
primitive roots. Since the property of being primitive is purely algebraic,
any automorphism of the cyclotomic field must map a primitive root to a
primitive root. It follows that the product of all (x — «) for primitive roots
« is a polynomial invariant under the action of the automorphism group of
the cyclotomic extension, hence all its coefficients belong to the simple
subfield of F (i.e., to Z,, for fields of characteristic p and to Q for fields of
0 characteristic). We denote this polynomial by ®,(x). We know that

deg®, = Qb(n)
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Galois Theory

Since a root is primitive if and only if it does not generate a smaller
subgroup, it is primitive if and only if it is not a root of x¥ — 1 for some
k < n. It follows that

x"—1

Hd|n,d<n ®4(x) ‘

This gives another proof that ®,(x) € Z[x]. For example, we have
di(x) =x—1, dy(x) = X2:11 =x+1, &3(x) = ’5:11 =x*+x+1,

X
dy(x) = f;j =x2+1, Op(x) = % =xP L4 xP 24 ... 4 x+1ifpis
x0—1 2
B-D(x+n) — X

d,(x) =

prime, ®g(x) = — x + 1. They are called cyclotomic

polynomials.
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