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M602: Methods and Applications of Partial Differential Equations
Final TEST, December, 2008
Notes, books, and calculators are not authorized.

Show all your work in the blank space you are given on the exam sheet. Always justify your
answer. Answers with no justification will not be graded.

Here are some formulae that you may want to use:

+oo +oo
FO o [ @i @ = [ pee i)
F(f *9) =20 F(f)F(9), (2)
Fleoll) = -0 At w) = e 3)
)

F(f(z = B))(w) = P F(f)(w), (4
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Question 1

Consider the PDE
utt_umwzoa 0§(E§2, 0<t7
u(0,t) =0, u(2,t)=0 0<t,

T 0<z<1,
2—x 1<x<2.

0<zxz<+2.

u(z,0) =0, wu(z,0) = f(z):= {

(a) Give u(x,t) for all z € [0,+2], ¢t > 0. (Hint use an extension technique).

We notice first that the wave speed is 2. We define f, to be the odd extension of f over (—2,+2),
the we define f,, to be the periodic extension of f, over (—oo,4+00) with period 4. From class we
know that the solution to the above problem is given by the D’Alembert formula

u(z, t) = %(fop(x —2t) + fop(x + 2t)).
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(b) Using (a), compute u(z,

~—

for all z € [0, +2].
) and fop(z + 3).

1
2
1
We have to compute fo,(z — 5

Case 1: 0 <2 < 1. Then —3 <z — 1 <0 and by definition of fop, fop(x %) =—f(-z+1)=
r— L1 We also have i1<a+3< 1 which means f,,(z + 1) = f(x + 3) = z + 3. Finally
u(z,3) =% —1+a+3)=aforallzclil]
Case2: 3 <z <2 Then0<az—3 <1and foz —%) = flx—1) =2 — 3. Wealso
have 1 < z + 3 < 2, which means fo,(z + %) = f(x+3) =2— (z+ 3) = —z + 3. Finally
uz, ) =1(xz—-1-z+3)=1%forallze[5, 3]
Case3: 3 <=z Thenl<z—-1<3and fop(z—3)=flz—3)=2—(z—3)=3 -z We
also have 2 < x—f—% < 2, which means by periodicity that fop(:c—i—%) fo p(x—i—%?—él) = fop(z—1).
Now we observe that —2 < o — 2 < —2 which means fop(z 4+ 3) = fop(z — 2) = —f(£ — ) =
—2-(Z-2)=—(-3+2)= % — . In conclusion u(z,3) = (5 —2+ 3 —2) =2 — z for all
z€[3,2].
Conclusion: We now put everything togther
I ESE S S )
U(.I', 5) = %7 T E [%7 %]a
2—z, z€l[3,2.
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Question 2

Let Q = {(t,x) € R?: t >0, x > —/t}. Let I be defined by the following parameterization
I = {z = ar(s),t = tr(s),s € R}, with ar(s) = s and tr(s) = s? if s < 0, zr(s) = s and
tr(s) = 0 if s > 0. Solve the following PDE (give the implicit and explicit representations):

ug +2uy +3u =0, inQ, and  u(zp(s), tr(s)) = e =7 yg e (—o0, +00).

We define the characteristics by

dX(t,s) _o
a7

X(tr(s),s) = xr(s).

This gives X (t,s) = xr(s) + 2(t — tr(s)). Upon setting ¢(t,s) = u(X(¢,s),t), we observe that
Oo(t, s) + 3¢(t, s) = 0, which means

B(t,s) = ce™™.

The initial condition implies ¢(tr(s),s) = u(xr(s),tr(s)) = e~ r)=or(s) = e=3tr(s); a5 a result
¢ = e2r(s)=ar(s) gpd
(b(t,s) — thr‘(S)*CBF(S)fgt.

The implicit representation of the solution is

w(X (t,s),t) = e2tr(s)—or(s)=3t X(t,s) = ar(s) + 2(t — tr(s)).

Now we give the explicit representation.
We observe the following:
2tr(s) —ar(s) = 2t — X(¢, s),

which gives
w(X(t,5),t) = 2t X(te) =3t — o= X(ts)—t

In conclusion, the explicit representation of the solution to the problem is the following:

u(z,t) =e "0
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Question 3

Solve the integral equation: f(z) + 5 fj;j (m—fgs,)yz)-f-l dy = 5 + 727, for all z € (—o0, +00).
The equation can be re-written
1 1 1 1
f(x)+%f*:v2+1 BT

We take the Fourier transform of the equation and we apply the Convolution Theorem (see (2))

1 1 1 1

f(f)+g27ff(x2+1)f(f)Zf(m)+f(x2+1

).

Using (3), we obtain
1 1 1
Z el = —e2lwl 4 Zg—lwl
f(f)—i—ze F(f) 1€ +5e

which gives
1 1 1
F(fH(1+ §eflwl) = 567\“(58*'“ +1).

We then deduce

F(f) = 567‘“)‘-

Taking the inverse Fourier transform, we finally obtain f(z) = -t

241"
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Question 4

Consider the following conservation equation

if x <0,
15) + az :07 € (— 7+ 7t>07 ’O: = < <2
4 udyu z € (—00, +00) u(2,0) = uo(2) 2—z if1<z<2
0 if2<z

(i) Solve this problem using the method of characteristics for 0 <¢ < 1.

The characteristics are defined by

dX(t, ,To)

o = u(X(t,z9), 1), X(0,z9) = xo.

From class we know that u(X (¢,20),t) does not depend on time, that is to say
X (t,x0) = u(X(0,20),0)t + xo = u(zo,0)t + o = uo(x0)t + zo.
Case 1: If 2y <0, we have ug(zg) = 0 and X (¢,z9) = xo; as a result, g = X (¢,x0), and
u(z,t) =0, if © <0.
Case 2: If 0 < x9 < 1, we have up(xg) = xg and X (¢, x0) = txo + xo; as a result zo = X/(1 + 1),
and

u(z,t) =z/(1+1t), fo<z<1+t.

case 3: If 1 < xp < 2, we have up(xzo) = 2 — 9 and X (¢,29) = (2 — o) + 2o; as a result
xo = (X (t,x0) — 2t)/(1 —t), which implies

u(z,t) =2—(z—-2t)/1—1t)=(2—2)/(1 1), ifl+t<az<2.
Case 4: If 2 < x, we have ug(z9) =0 and X (¢,20) = zo; as a result xg = X (¢, 29), which implies

u(z,t) =0 if 2 <ux.
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(ii) Draw the characteristics for all ¢ > 0 and all z € R.

t

(iii) There is a shock forming at ¢t = 1 and @ = 2. Let z4(¢) be the location of the shock as a
function of ¢t. Compute z,(t) using the fact that the solution for ¢ > 1 is given by

0 if # <0,
u(z,t) = u_(t)ﬁ(t) if 0 <z < x4(t), where u™ (t) is the value of u at the left of the shock
0 if 25(t) <z,

Let u™(¢) be the value of u at the left of the shock. Conservation of mass implies

+oo

— 0o

The Rankin-Hugoniot formula gives

This implies
xs(t)as(t) = %%(ms(t)% =1, with z,(1)=2.

The Fundamental Theorem of Calculus implies
xs(t)? — 22 =2(t — 1),

which in turn implies z(t) = v/2¢t + 2, for all ¢ > 1.
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Question 5

Use the Fourier transform method to compute the solution of uy — aug, = 0, where € R
and t € (0, +o0), with u(0,z) = f(x) := sin?(z) and u;(0,z) = 0 for all = € R.

Take the Fourier transform in the x direction:
F(u)s +w?a®F(u) = 0.
This is an ODE. The solution is
F(u)(t,w) = c1(w) cos(wat) + cz(w) sin(wat).
The initial boundary conditions give

F(u)(0,8) = F(f)(w) = c1(w)

and ¢(w) = 0. Hence
Flt,0) = F(f) ) cos(wat) = 2 F(f) @) (€ + 7).
Using the shift lemma (i.e., formula (4)) we obtain
u(t, z) = %(f(ac —at) + f(z +at)) = %(sinQ(:C + at) + sin(z — at)).

Note that this is the D'Alembert formula
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Question 6

Consider the equation u”(xz) = f(x) for x € (0,1) with u(0) = 1 and «/(1) = 1. Let G(z, )
be the associated Green’s function.
(a) Give an expression of u(z) in terms of G, f and the boundary data.

The Green's function is defined by
G"(z,20) = 0(x —10), G(0,70) =0, G'(1,209)=0.
We multiply the equation by u and we integrate (in the distribution sense),
1
/ G" (z,z0)u(z)dr = u(x).
0
We integrates by parts twice and we obtain,
1
u(xo) = —/ G (x, x0)u (x)dz + G' (1, 20)u(1) — G'(0, 29)u(0)
0
1
= / G(x,zo)u" (z)dx — G(1,20)u’ (1) + G(0, 20)u’(0) + G’ (1, z0)u(1) — G'(0, 20)u(0).
0

Then, using the boundary conditions for G and u, we obtain

u(zg) = /0 G(z, o) f(x)dz — G'(0,20) — G(1,20), Vo € (0,1).
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(b) Compute G(z, o).

For z < zg we have

G(x,x0) = ax + b.

The boundary condition G(0, z) = 0 implies b = 0. For xy < x we have
G(z,x0) = cx +d.

The boundary condition G'(1,z9) = 0 implies ¢ = 0. Moreover we have
1 =lim G”(x,xo)da? = G/(Ia_,xo) - G/(IO_a IO) = —a,

—
6076

meaning a = —1. The continuity of G at xy implies
axrg = d,
implying d = —x¢. As a result,

—zr, if0<ax<ux,
—xg, ifzg<z<1.

G(z,z0) = {




