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ABSTRACT. The extended Cuntz—Pimsner algebra E(H), introduced by Pimsner,
is constructed from a Hilbert B, B—bimodule H over a C*—algebra B. In this paper
we investigate the Haagerup invariant A(-) for these algebras, the main result being
that

A(B(H)) = A(B)

when H is full over B. In particular, E(H) has the completely bounded approxi-

mation property if and only if the same is true for B.

1. INTRODUCTION

The Haagerup invariant for a C*—algebra A is defined to be the smallest constant

A(A) for which there exists a net {¢,: A — A},en of finite rank maps satisfying
lim ||pa(z) —2]| =0, z € A, and ||¢alle < A(A), @ € N. (1)

If no such net exists then A(A) is defined to be oo, while if A(A) < oo then A is said
to have the completely bounded approximation property (CBAP). The definition of
A(A) arose from [12, 8]. In the first of these it was shown that C(F3), the reduced
C*-algebra of the free group on two generators, has such a net of contractions, and a
stronger result using complete contractions was obtained in the second paper. Sub-
sequently, many examples of different values of A(-) were given in [6]. An interesting
problem is to investigate the behavior of A(-) under the standard constructions of
C*—algebra theory. In [19], the formula A(A; ® As) = A(A;)A(As) was established
for the minimal tensor product, while A(A x, G) = A(A) was proved for discrete
amenable groups in [20] and for general amenable groups in [16]. Our objective in
this paper is to show that A(B) = A(E(H)), where E(H) is the extended Cuntz—
Pimsner algebra arising from a Hilbert B, B-bimodule over a C*—algebra B, [17].

Date: 6 November 2007.

The first named author was supported in part by a grant from the NSF.
1



2 K.J. DYKEMA, R.R. SMITH

The C*—-algebras E(H) appear in several areas of operator algebras, notably in the
work of Muhly and Solel, [14, 15], and in work of the first author with Shlyakhtenko,
[10]. It was shown in the latter paper that E(H) is exact if and only if B is exact.
Since exactness is a well known consequence of the CBAP, (see, for example, the
argument in [16, Theorem 3.1(vii)]), this suggested the connection between A(E(H))
and A(B). (See also the remarks at the end of this paper.) We now review briefly
the definition of F(H).

A right Hilbert B-module H has a B—valued inner product (-, -) g, conjugate linear
and linear respectively in the first and second variables, and is said to be full if
{{h1,ho)p: h1, ha € H} generates B. The C*-algebra L(H) consists of the B—
linear operators T: H — H for which there is a B-linear T*: H — H satisfying
(Thy,ho)p = (h1,T*hs)p, and operators in L(H) are called adjointable. The C*—
algebra L(H) contains the closed ideal K(H), that is generated by the maps of the
form

‘gm,y(h) - $<y7h>BJ h € H7

for arbitrary pairs x,y € H, [13]. If there is an injective *—homomorphism p: B —
L(H), then there is a left action of B on H by (b,h) — p(b)h, and we say that H
is a B, B-bimodule. The full Fock space F(H) is defined to be B @ D, H®@B)n,
where H(®B)" ig the n-fold tensor product H ®p H ®p --- ®p H, which is also a
Hilbert B, B-bimodule. For h € H, the operator ¢(h): F(H) — F(H) is defined on

generators by

(hh @ - Qh,=hQh & - ®h,, h;€H,
(h)b=hb. be B.
These are bounded adjointable operators on F(H) and satisfy
g(hl)*€<h2> == <h1,h2>B, hl € H,
ble(h)bg = g(blhbg), bz S B

Then E(H) is the C*—algebra generated in L(H) by {{(h): h € H}, and was intro-
duced by Pimsner in [17].

Our approach to investigating A(F(H)) follows the methods of [10]. There, a

sequence of operations was given to construct E(H) from B in such a way that

exactness was preserved at each step. Here we show that the Haagerup invariant is
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preserved, with the main technical device being Theorem 1 concerning quotients of

C*—algebras.

2. RESuLTS

For a short exact sequence
0—-J—A—A/J—0

of C*—algebras, we cannot expect, in general, a relationship between A(A), A(J) and
A(A/J), [16, Section 5]. However, our first result shows that these quantities are
closely linked when the short exact sequence splits. The proof requires the notion of
a quasi—central approximate identity for a closed ideal J contained in a C*-algebra
A, introduced in [1, 3]. This is an approximate identity {e,}aen, 0 < e, < 1, which
has the additional property of asymptotically commuting with the elements of A in
the sense that

lim |leqz — ze,|| =0, z € A.
[e7

Such approximate identities always exist, [1, 3].

Theorem 1. Let J be an ideal in a C*—algebra A, let m: A — A/J be the quotient
map, and suppose that there exists a completely contractive map p: A/J — A such

that mp = id ;. Then

A(A) = max{A(J),A(A/J)}.
Proof. Fixay,...,a, € A, ||a;]| < 1, and fix e > 0. We will construct a finite rank map
v: A — Asuch that ||v(a;) —a;|| <&, 1 <i<n,and ||7]s < max{A(J),A(A/J)}.
This will then prove “<” in the equality.

Fix § > 0, to be chosen later. Let {e, }aen be a quasi-central approximate identity
for J satisfying 0 < e, < 1. By definition of A(A/J), there exists a finite rank map
i AJJ — AJJ, 9]l < A(A/J), such that

[¥(m(a:)) — m(ai)l| <o

for 1 <i < n. Define a finite rank map @Z: A— Aby

b(x) = p(Y(n(x), x€A
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Clearly |[¢]le < A(A/J) and, since m(¢(a;)) = ¥ (x(a;)), we may choose elements
Ji € J such that

I9(as) = (@i + )l <6, 1<i<nm. (2)
Now {eq}acn is an approximate identity for J so, for each o € N, we may choose
B(a) € N, f(a) > «, such that

lesayea’ — el <. (3)
Note that taking adjoints in (3) gives
les ey — e *Il < 6 (4)
also. For each a € N, choose a finite rank map ¢n: J — J, ||¢allee < A(J) such that
[Pales@ics@) = epaicsmll <6, 1<i<n. (5)
Then define 5@ A — A by
gba(l’) = gba(eg(a)xeg(a)), x € A.

These maps are finite rank, and satisfy ||@a s < A(J). Then, for each a € N, define
Vo: A— Aby

Yal@) = e *da(z)el* + (1 = ea) (@)1 — €)' ?, we A (6)

Each of these maps can be expressed as a matrix product

dalz) 0 ed’ )
o) = ei/z, 1—eq)'? ~
Tal) = (€l (1~ ) >< . wm) <(1_6a)1/2

from which it is clear that ||7s||a < max{A(J),A(A/J)}. It remains to be shown
that

ala:) —aill <&, 1<i<n, (7)
for a sufficiently large choice of & € N. We will estimate the two terms on the right
hand side of (6) separately, when x is replaced by a;.

The term eimga(ai)e}y/z equals, by definition, eam(ba(eﬁ(a)aieﬁ(a))e;m so, from (5),

le/2pa(ai)el? — el Pesmaiesme?| < &

for 1 <7 < n. A simple triangle inequality argument, using (3) and (4), then shows
that
le*Galas)ell” — el *aiel)?|| < 36, (8)
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for 1 <i¢<n.
The second term, (1 — e,)2(a;)(1 — eq)V2, in (6) is within & of (1 — eq)"/2(a; +
§i)(1 — eq)/2, from (2). Combining this estimate with (6) and (8) gives

Va(as)—el 2aiel/>—(1—eq) Pai(1—ea) ?| < [[(1=€a)?ji(1—ea) 2||+45, 1 <i<n.
Thus

1ya(a:) = aill < llas — ex*aieq/? — (1 = ea)2ai(1 — ea) 2|

+[[(1 = ea)Y25:(1 — ea)?|| + 40, 1<i<n. (9)

Using the Stone—Weierstrass Theorem and functional calculus to approximate square
roots with polynomials, we see that the nets {6111/2}0461\[, and {(1 —eq)"?}pen asymp-

totically commute with each a;, and
11 = ea) 2512 = 131 = ea)iill = 0
as a — 00, so a sufficiently large choice of o in (9) gives
Va(a:) —aill <56,  1<i<n.

Now take § to be £/5, and (7) is proved.

We now turn to the inequality A(J) < A(A). Given ji,..., 5, € J, ||l7:]] < 1, and
g > 0, we may choose a finite rank completely bounded map ¢: A — A such that
6]l < A(A) and

lp(i) —gill <&, 1<i<n.
For each a € N, define ¢,: J — J by

¢a(j) = €ad(j)ea, I<i<n,
then each ¢, has finite rank, ||¢,|le < A(A), and, for 1 <i < n,

16a(5i) = Jill < lleagiea — jill +¢. (10)
A sufficiently large choice of « in (10) gives

¢ (i) — Jill <e, I1<i<n,

showing that A(J) < A(A).



6 K.J. DYKEMA, R.R. SMITH

Finally we show that A(A/J) < A(A). Consider elements 7(aq),...,7(a,) € A/J,
and fix ¢ > 0. There exists ¢: A — A such that ¢ has finite rank, ||¢|s < A(A),
and

lp(pm(ai)) — pr(ai)|| < e (11)
for 1 <i <n. Apply 7 to (11) to obtain

Imop(n(a:) = (@)l <e
for 1 <i < n. Now define ¢: A/J — A/J by

¢ = mpp.
Clearly ¢ has finite rank, ||¢|l, < A(A), and

l6(m(a) — m(a)l| < e

for 1 < i < n. This shows that A(4/J) < A(A), proving the result. O

Remark 2. If we loosen the hypotheses of Theorem 1 and require only that p be

completely bounded, then the same proof yields the inequalities
A(A) < max{A(J),[[plle ACA/ )}, A(J) SA(A),  A(A)T) <|plle ACA).

The next three results are preparatory for Theorem 6, and will handle some tech-
nical points arising there. The first of these is a spceial case of [5, Cor. 4.4(ii)]. For

completeness, we include a proof.

Proposition 3. Let A and B be C*—algebras. Let E be a right Hilbert A—module and
let F' be a right Hilbert B—module with a x—homomorphism ¢ : A — L(F). Consider
the internal tensor product E®4 F, which is a right Hilbert B-module. Let S € L(E)
and suppose T' € L(F') is such that T and ¢(a) commute for all a € A. Then there
is Re L(E ®y F) satisfying Rle® f) = (Se) @ (T'f); we will write R=S®1T.

Proof. The operator S ® idp is well known to belong to L(E ®, F'); (see [13, p.
42]). It will suffice to show idg ® T € L(E ®4 F), for in general we will have
SR®T = (S®idp)o (idg ®T). Hence, without loss of generality, we assume S = idg.
The C-linear map from the algebraic tensor product (over C) E ® F to itself
defined by e ® f — e ® T'f is a right B-module map and sends the submodule

N =span{ea® f —e®@ ¢(a)f |e€ E, f € F, a € A}
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into itself. In order to see that the resulting map (E ® F)/N — (E® F)/N gives
rise to a bounded B-linear map £ ®y F' — E ®, F,let n € N, e1,...,e, € E and
fi,.o,fa€F,andlet g =>"" € ® fi. Then

<ga g)B - Z<fu ¢(<ei7 e]>A)fj>B = <f7 ¢n(X>f>F" - <¢H(X1/2)f7 ¢7’L(X1/2>f>F"7

i,J
where f is the column vector (f1,..., fn)" in the Hilbert B-module F", where X is
the matrix X = ((e;, ;) a)1<ij<n € M, (A), which, by [13, Lemma 4.2], is positive,
and where ¢, : M,(A) — M, (L(F)) = L(F™) is the *~homomorphism obtained
by application of ¢ to each element of a matrix. On the other hand, letting h =
Yo e ®Tf;, we have

<ha h)B - Z<sza ¢(<6i7 6]>A)Tf]>B
i,J

= (G (X)TF, (X )T f) pr = (Tdn(X2) £, T (X 2) f) on,
where T = diag(T,...,T) € M, (L(F)). Therefore, (¢f [13, Prop. 1.2]),

(hoh)p = |Tou(X ) f12 < T I lon(X ) f1 = |IT1*(g, 9) 5

and ||h]] < ||T|| |lg||. Consequently, we get idg ® T : E ®y F — E ®4 F with
lide @ T'|| < ||T||. An easy calculation shows that idg ® T* is the adjoint of idg @ T
Thus idp @ T € L(E ®4 F). O

Recall that a conditional expectation of a C*—algebra A onto a C*-subalgebra
B is by definition a projection of norm 1. It follows from [22] that a conditional

expectation is both completely contractive and completely positive.

Proposition 4. Let A; C Ay C --- C A be an increasing chain of C*—subalgebras of
a C*~algebra A, such that \J,—, A, is dense in A. Suppose that there are conditional
expectations p, : Apy1 — A, onto A, for alln > 1. Then

A(A) = sup A(A,). (12)

neN

Proof. From the family (p,),>1 we obtain conditional expectations i, : A — A,, onto
A,, n > 1. It then follows that A(A) > A(A,) for all n > 1.

To see the reverse inequality in (12), let n € N, let F' C A,, be a finite subset and
let € > 0. Then there is a finite rank map ¢ : A,, — A, such that ||¢(z) — x| < ¢ for
all z € F and ||¢]|s < A(A,). But goh, : A — A, C A satisfies ||pot),(x) —z|| < e
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for all x € F and ||¢ o ¢y || = ||@]|- By indexing over all finite subsets F' of | J,, A,
and all € > 0, the corresponding finite rank maps ¢ o ¢, yield a net approximating

the identity map, with completely—-bounded—norm uniformly bounded by the right—
hand-side of (12). O

Proposition 5. Let B be a C*—algebra and let H be a right Hilbert B—module such
that {{hy,ha)p: h1,he € H} generates B. Then A(X(H)) = A(B).

Proof. This result follows immediately from the fact, mentioned on [4, p. 391], that
K(H) is an inductive limit of matrix algebras over B, in the sense of the definition
on [4, pp. 380-381].

For the reader’s convenience, we will describe a related proof based on another
construction of D. Blecher [5]. Following the notation of [5], let C,(B) denote the
right Hilbert B-module which consists of columns over B of length n with the B-
valued inner product

n

(a1, an)', by, b)) s =D aibi,  a;,b; € B.

i=1
Then, by [5, Theorem 3.1] and the part of the proof found on [5, p. 266], there exist

nets of adjointable contractive maps
H ¢a lba
- n(a)(B)—>H, OZGN,

such that
tim (Y (6a(h)) ~h| =0, he .

These maps induce a diagram

K(H) 22 K(Coio (B)) 5 K(H), € N, (13)
of complete contractions given by

0a(S) = 0507, Ya(T) =0TVl a€N,

for S € K(H) and T' € K(Cp(a)(B)), whose compositions converge to idgg) in the

point norm topology. The relations

Palni ho @ty = Opo(h)batha)s  Vabiy koW = O (1) b (ko)
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for h; € H, k; € Cy)(B), are easy to check and show that (Ea and {ﬂva have the
appropriate ranges in (13). Now X(Cp)(B)) is the matrix algebra M) (B) over
B, for which A(X(Cya)(B))) = AM,)(B)) = A(B).

Given S5y,...,S, € UC(H) and € > 0, choose & € N so large that

19a(@a(S:) = Sl < /2,  1<i<r, (14)

and then choose a finite rank map f1: K(Cha)(B)) — K(Cp(a)(B)) such that ||l <
A(B) and

I1(@a(S) = Ga(Sll < /2. 1<i<r (15)
Then Vo e : K(H) — K(H), the composition of the diagram

K(H) 2 K(Cotey (B)) > K(Coio(B)) 2 K (H),

has finite rank with completely bounded norm at most A(B), and the triangle in-
equality gives
[apoa(Si) = Sil <, 1<i<r,
from (14) and (15). This shows that A(K(H)) < A(B).
To establish the reverse inequality, we can consider H as a left K(H)-module.
Then [18, Prop. 3.8] shows that the roles of K(H) and B are reversed, and the above
argument gives A(X(H)) > A(B). We note that a similar result for modules over

von Neumann algebras appears in [2, Lemma 4.8]. U

We are now able to state and prove the main result of the paper.

Theorem 6. Let B be a C*—algebra and let H be a Hilbert B, B-bimodule such that
{{h1,h2)p: h1,hy € H} generates B.
Consider the extended Cuntz—Pimsner C*~algebra E(H). Then A(E(H)) = A(B).

In particular, E(H) has the completely bounded approximation property if and only
if B does.

Proof. We will follow quite closely the proof of [10, Thm. 3.1]. Since B is contained as
a C"—subalgebra of F(H) which is the image of a conditional expectation E(H) — B,
we have A(B) < A(E(H)).

Let H = H & B and identify H with the submodule H &0 C H. Then (see [17]),
E(H) is contained in E(H) in the obvious way. There is a projection P : H — H

that commutes with the left action of B, and using Proposition 3 to take tensor
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products of copies of P yields a projection F(P) : F(H) — F(H), compression
with respect to which gives a conditional expectation E(H) — E(H). Therefore,
A(E(H)) < A(E(H)).

We will show that A(E(H)) < A(B). By [10, Claim 3.4], E(H) is isomorphic to

the crossed product A xy N of a certain C*—subalgebra A C F(H) by an injective
endomorphism W, that is given by ¥(a) = LalL* for an isometry L € E([TI ). As
described by Cuntz [7] and Stacey [21] (see also the discussion on p. 432 of [10]), the
crossed product A xg N is isomorphic to a corner p(g X o Z)p of the crossed product
of a C*—algebra A by an automorphism «, where A is the inductive limit C*-algebra

of the system
AL A% (16)

We have A(E(H)) = A(p(A x4 Z)p) < A(A x4 Z). From [20, Thm. 3.4], we have
AA x4, Z) = A(A). Letting 0 : A — A be o(a) = L*aL, we have that o is a
completely positive left inverse of ¥. Thus W o ¢ is a conditional expectation from A
onto ¥(A) and Proposition 4 applies to the inductive limit (16). We conclude that
A(A) = A(A).

From the proof of [10, Claim 3.5], we have an increasing chain
B:A0§A1§A2§"'§A (17)

of C*—subalgebras of A, such that | J>7, A, is dense in A. Moreover, for each n > 1
there is an ideal I,, C A,, such that A, /I, is isomorphic to A,,_1; this isomorphism

followed by the inclusion A,_; — A, splits the short exact sequence
0—1,—A,— A,/I, — 0.

Finally, the ideal I, is isomorphic to KX(H®5™). By Proposition 5, A(I,,) < A(B).
Using Theorem 1 and proceeding by induction, one shows that A(A4,) < A(B) for all
n > 0. The quotient map A, — A, /I, followed by the isomorphism A, /I, — A, 1
is a left inverse for the inclusion A,_; — A,. Thus, Proposition 4 applies to the
chain (17) and we obtain A(A) < A(B).

These inequalities, applied sequentially, lead to A(E(H)) < A(B). O
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3. CONCLUDING REMARKS

An interesting open problem is whether taking reduced (amalgamated) free prod-
ucts preserves the class of C*—algebras that possess the CBAP, or, for example, the
class of C*—algebras having Haagerup invariant equal to 1. It was shown in [10, Prop.
4.2] that a reduced free product C*—algebra A,

(A, ¢) = (A1, ¢1) * (A2, $2), (18)
can be embedded into E(H) for a particular Hilbert bimodule H over A; @i, Ao It

was also shown in [10, Prop. 5.1] that a reduced amalgamated free product C*—algebra
A

(A, ¢) = (A1, ¢1) *B (A2, $2),
can be realized as a quotient of a subalgebra of F(H’) for a particular Hilbert bimod-
ule H' over A; @ A,. This, together with the result from [10] that E(H) is exact when
H is a Hilbert bimodule over an exact C*—algebra, yielded a new proof that the class
of exact C*-algebras is closed under taking reduced (amalgamated) free products.
(See [9] for the first proof of this fact.)

However, this paper’s Theorem 6 does not answer in a similar way the question
about the CBAP for free products, (at least not obviously), because the CBAP does
not automatically pass to subalgebras or to quotients. Moreover, the copy of the free
product C*-algebra A from (18) in E(H) exhibited in [10] is not in general the image
of a conditional expectation E(H) — A. To see this, first note from [11] that E(H)
is a nuclear C*—algebra whenever H is a Hilbert bimodule over a nuclear C*—algebra.
(This also follows readily from the proof of exactness found in [10], combined with
the conditional expectation E(H) — E(H) used in the proof of Theorem 6.)

There are many known examples when A; and A, in (18) are nuclear, but their free
product A is not nuclear. In these cases, E(H) is nuclear and A, therefore, cannot

be the image of a conditional expectation E(H) — A.
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