2.2: Systems of Linear Equations: Unique Solution

2.3: Systems of Linear Equations: Undetermined and Overde-

termined Systems

e The Gauss-Jordan elimination method The Gauss-Jordan Method is a suitable technique for solving
systems of linear equations of any size.
A sequence of operations (see below) of the Gauss-Jordan elimination method allows us to obtain at each

step an equivalent system - that is, a system having the same solution as the original system.

The operations of the Gauss-Jordan elimination method are

1. Interchange any two equations. Ei. & E |
E, & € Ev

2. Replace an equation by a nonzero multiple of itself.

3. Replace an equation by itself plus a nonzero multiple of any other equation.

E,e B+ cEL
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EXAMPLE 1. Solve the system of linear equations: {

using Gauss-Jordan elimination method:

E|<_”EQL
X""Z%':'7 £\
2X — ‘2‘3-7'3 £,

e, >E3b3E,

{x+'zg=7 E

-3 E,
EZ

3r — 2y =
r + 2y

I
-1

using augmented matrix
P

SETRk
{ | 2. | Ra

R \HRL
71 ™

>
\(‘3 .-1\ 3 M
R, &> Ry + (DR

. '1\7 R
Yo.-z«

-—Z\az—-’l"f €1
\
B, &%k,
Slx+'l‘3=7 E\
NN

E,\ &> E1+ CNE,

Ry
Ro e ~ xRy

R A
o \ =) Ro

R \ ) R\+ =) Rz

/

—
G\

7 1s)
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Ax=B

e Augmented Matrices '_— A \ [5_3 A~

An augmented matrix that is formed by combining the coefficient matrix and the constant

matrix_as shown in the next example.

EXAMPLE 2. Find the initial augmented matriz for the system of linear equations below:

(a) 3z, + 1279 = 20 ax, * [2%2= 20 3 12 \1‘3

x b= &
3z — 2y + 5z = 100 2 -~ 5 | oo
(b) r + z = T | o | K
y — =z = 11 ®) ) = 1
{ o o ||
() Sy = 12
z = 5 o © | S
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The goal of the Gauss-Jordan Elimination Method 1s to get the augmented matrix into

Row-Reduced Echelon Form@
Row-Reduced Echelon Form of Matrix (note that all rules apply to the coefficient part only.):

I) The 1st nonzero entry in each row is a 1, called the leading ..
IT) The leading 1 in a lower row must lie to the right of the leading 1 in a upper row.

(

(

(ITI) A row made entirely of zeros lies below any other row. ( £ox c,oe,H' matrix )
(IV)) A column containing a leading 1 must be a _u’ni_t};mlj that 1s, all other entries in

the column are zeros.

EXAMPLE 3. Indicate whether the matriz is in row reduced form.:

“n'-\\‘,,\ﬁ'\
e 0 0 2|12
0 0 2|12 " ooool 11 3 00
3 0|-5 b) 0 0 5
(a) 5 (b) ) 7 ol 1 (c)
owgo | 11 0 0 0 olo 0 0 0|1
ReE £ po RREF CTUW) “RRE
-3 0|0 0 0| 5 0 0|0
(dy | o 07 |1 (e) | 0 0| 6 )l 0 0 1|22
oo | 0 0 0 t|-11 0 0|11
ho rreg &) RRE ¢ no rReer (©
0 0| 15 0 0| 15
(2) 0 0 1 (h) 0o . 0| 1
0 0 .|-10 0 0 -10
ho RRECFE (2_') keEE
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1o put a matrix in Row Reduced Form, there are three valid Row Operations:
1. Interchange any two rows (R; <+ R;).
2. Replace any row by a nonzero constant multiple of itself (cR;). R; & CRe

3. Replace any row by the sum of that row and a constant multiple of any other row

R;’H(Rl + CR}}.
— The process in which a column transforms into a unit column is called pivoting.

— How to pivot:
1. Use ROW OPERATIONS to convert the circled pivot element into a 1.
2. Use ROW OPERATIONS to convert the other elements in the column into Os.

The Gauss-Jordan method 1s to use pivot operations to work column by column until the

matrix is in reduced form. The solution(s) can then be reached from the corresponding

system.
EXAMPLE 4. Solve:
< 20 +4y + 2z = —4
~N\° 3r + 8y — = —18
Q"\\ Uk vy rz
\,M-{,menu‘“’} 2r+ y+95z = 8
R\@42—4 | 2 1|-2 1 2 1]-2
Ry < sR - 3R — 2R
705 | as | | g o | s RRRTIE L o [ 2
— —
2 1 5| & 2 1 5] 8
p N - I
2 1|-2 R‘e;ﬁ\ A¥| 1 0 5|10 Ra“’ggtz

0 1 -2|-6 — o 1 -2|-6
0 -3 3|12 0 -3 5|12

‘r{‘
x ¥
o
5 { c -
L[0]) 5110 gye 1) L0 5110 |Reg ng 10 0|0 ReRAE
0|1]-2]-6 — 0 1 -2|-6 N 0 1 2|6
oo @ -6 00 1] 2 00 1|2
i ¢
Q\N\®° 10 =0 —
0 00 s
0 1 012 yagr |(zy,2)=1(0,-2,2)
0 0 1] 2

wmMque sohiran)
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To put an augmented matrix into row-reduced form we can use calculator:

1. Enter the augmented matrix into your calculator.
2. Go to your home screen.
3. Hit , cursor right to MATH, and select B:rref.
4. Call the matrix you want to reduce and hit .
Now you can simply read off the solutions to your original system of equations.

EXAMPLE 5. Solve the system of Example 4 using your calculator.

EXAMPLE 6. Solve the system of linear equations

% + 1y = 70 N et o My
(a) Ol 300
br — 2y = 25 S /
‘HS
\ <9, Sq
~ %
r — 4y 9 ’: -4 9 { © o
(b)By—QIzS.:,_stﬁi o | lo
2r + 4y = 6 9 4 c o © |1
>*3 % =0
YwFW'\ Yy =0
no So O‘=) \\MPOSS\\O’
XY >
+ ¥y + z 1 I L T B
(c) + 5y + 5z —1 . 5 S| l=|e\\|
r — y — z = 4 5_‘-\,1 © O 0| )
]
Ix 5
A=0D
M4 =0
\no solution o=
mpossible
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r + 2y +
EXAMPLE 7. (a) Solve 2r + 3y +
3r + by +

Solution: The resulting rref matrix is

There 1s no unique solution. We have a situation with mfinite solutions.

—

How can we express the solutions in a helpful way?

First, translate the rows back into equations:

A- 2 =4
‘3-& 2 =3

Then solve for all other variables in terms of one of them in order to define a "pattern’

fpr the infinite solutions.

— We can let the parameter ¢ represent the z value (then x and y represent so calle

basic variables)

N ~=4+t
xX—-t=4

7 \%-\-.\:—,5 ——-5 \ég: _7’—‘\:

and get the pattern: ) .

— _ tn G yely

‘("“‘3:?\): (42,7274 t)l T otons
general Solution (patte r)

(b) Use the general pattern for the solutions, (4+t,-3-1,t), to find the missing portions of these

specific solutions:

o Ad-1d100 @ C4_20 © (5554

2=lb=1% 2:1=0 iz&*tr-sgg
X= Y+izlhso= Y| * = 4+0 =4 t = £c-4=5)

‘a:“}‘{zf‘&-‘o =% \6:-9.0-;_3 ‘3:—%—{5_3,3\-; -Gl
2=t =S )
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EXAMPLE 8. Solve: oo 0
1+ 3—’*?20 - T3 — 3z = T 05 o““ Gc(® (QO-’(
22y + 4dzy - 2_,7;4 _ ‘. ‘.
x| Xl k: ‘ }
' 3 =\
[1 4 @) -I -2 | 2
7 M
X\ +) X3 -\'3)<q=l ‘i\'\'l*_‘\'%S:_\
fa-X5m2 K472 xa—-\—,-ag—l—_)
Xa = t X3 = t
XH = 5 Xy =5

xg)= (1-2¢735, 244533, E. 5 )
B 2y ene ra\ so\wrion

(b) Find one specific solutlon
(123 ; 2+ 9 5 | 3 \m
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E)‘( MPLE 9. A chemical manufacturer wants to lease a fleet t:‘_i_mzlmad tank cars with a combined carrying
mgaczty of 520,000 gallons. Tank cars with three different carrying capacities are available: 8,000 gallons, 16,000
gallons, and 24,000 gallons. How many of each type of tank car should be leased?

Dedine variables
& =4 tenk cors with Cxa.foxc\"j 830'00‘3 gooo x
Y& u 16,000 9.]16,000%
%

vV 24%1°°° §-|24, 0002

EIM ‘520)000

‘Li"a*l =24 (\o- ‘\eo. o
%000% + le oy + 24 500 2 = S20,000 s'\g“’ .,‘1-
Solve  fox xu, > o (Y
Auvgmenitd vnah'tx Y
| | _‘fia [
[ 3 o \Slol ! 2
= gy
% __< 2= ,|7 —> x - t = —l7 =
Y +22 =4 Y+at=41 7
2 =% r=t 7

According to the problem, the variables x,y,z must be
nonnegati ‘i.e.

=2\

-n+t=z2 = £217 ~

y| -2t zo 41 =22k =

t 20 €70 t=o

X is integer 17¢t < 20.5

£=17, 1%, 1a,20

@ﬂﬁ SP&O% Sol whiom * 1=1%
ey < (1) 5, 19)

1 tank car with capacity 8,000 g, 5 tank cars with capacity 16,000 g and
18 tank cars with capacity 24,000 g
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EXAMPLE 10. A company wants to purchase 25 trucks with a combined capacity of 28,000 ft*. Three different

types of trucks are available: a 10-foot truck with a capacity of 350 ft?, a 14-foot truck with a capacity of T00§ ft*,
and a 24-foot truck with a capacity of 1400 £t3. How many of each type of truck should the company purchasé?

Define variables cAeaclTY .
¥ -4 0~ 84 Yrueks —3‘50 X ‘ Aty 22 =25 3'
Y- % Y- B drucks 700 ¥ {,v,gox+ 700 Léfwoozer‘?
2 ~W 24- ¢ Frucks |H00 2 awaﬁw\ﬁnkd matrix
r T las
|25 28,0004 [V a
£ 350 100 1400 |3BOM
(o]
~ ) \ ol rve.F
:‘i“ y wete®
- =5 \-»0
« - 22 =-30 \ © ]
S
{%ﬁcszﬂ; Lo} 3|6S
s=t x = =30+ D.%:-j aenexa\ solution
X -2t= 20 \‘é T SS 2% | G the syshun
Yo+t = g 2=t /

According o the problem, the variables x.y,z

must be nonnegative integers, i.e. 30,
= 2 \s
~x=|30+231 =O = 2+t 2% DO = r7= 2
4 55-3t 20 | H “3E F 73 = v 2
O

One Q‘V&&{g—ic So lution (S\A3c&es<ho%3
=15 =) L=-30+2-(S=0

3:55—5-\5:\0
2= Is

The company may purchase O 10-ft trucks, 10

14-ft trucks and 15 24-ft trucks.
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Useful Remark:

e The system has exactly one solution:

e No solution:

e Infinitely many solutions:

XY 2 x Y

1 0 0| * 1 0| *
0 1 0]* [, 0 1|*
0o 0 11|* 0o 010

, where a is a non zero constant.

?} o | % x VY 2
o olo ' 00 1]|*
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