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10.7: Taylor and Maclaurin Series

Problem: Assume that a function f(x) has a power series representation about © = a:

o)

f(x) = el —a)"

n=0

and f(x) has derivatives of every order. Find formula for ¢, in terms of f.
Solution. We have

fz) =

Putting = a in f(z), we get

f'(x) =

Substituting x = a we have

Similarly,
f(x) =
then z = a = f"(a) = and |:|
(e =
then z = a = f"(a) = and

Continuing in this manner, you can see the pattern:

f(n)(a) =

The Taylor series for f(z) about x = a:

fa) =3 L gy =
n=0 ’

n

1) gy @)

o1 a0 (x—a)®+...

= fa) + f'(a)(z — a) +
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Split the Taylor series as follows:

> () (g N 4(n) (g > ),
Zf ()(m_a)n: Zf ()(l,_a)n + Z f ()(x_a)n
n=0

| | |
— n! v ™
Tn(z) Ry (z)
N — th degree Remainder

Taylor polynomial

THEOREM 1. If li_>rn Ry(xz) =0 when |z — a| < R then

fo) =3 D ap ea<r
n=0 ’

REMARK 2. In all examples that we will be looking at, we assume that f(x) has a power series
expansion, i.e.

li_>m Ry (x) =0 for some R. (This means you don’t need to show it.)
n oo

EXAMPLE 3. Given that function f has power series expansion (i.e. Taylor series) centered at 4. Find

this expansion and its radius of convergence if it is given that

(=) 11.3.5-...-(2n—3)

23n—1n

f4) =
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EXAMPLE 4. Find Taylor series for f(z) = e3* at x = 1. What is the associated radius of convergence?

EXAMPLE 5. Find Taylor series for f(z) = lnx at x = 1. What is the associated radius of convergence?
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EXAMPLE 6. Find Taylor series for In(1 4+ x) centered at x = 0. What is the associated radius of
convergence?

The Maclaurin series is the Taylor series about x =0 (i.e. a=0):

> (n) " "
flz) = E fn'(o)x" = f(0) + f'(0)z + f2('0)x2 + / 3('0)903 + ...
n=0 ’ : :

EXAMPLE 7. Find the Maclaurin series for f(x):

(a) f(x) =e"

(b) f(z)=e™"

(0) fla) = afe2’
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EXAMPLE 8. Find the Maclaurin series for f(x):

(a) f(z)=coszx

(b) f(z) =sinz
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Known Mclaurin series and their intervals of convergence you must have memorized:

1 oo
— n — 2 3
— = 7;)1’ = l4z+zc+2°4+... (1,1)
X n 2 3
X X X
e? = ZF = 1+$+§+§—|—... (—00,0)
n=0
oo
_ (=Dra® ozt af
n=0
oo
) - (71)nx2n+1 _ $3 $5 1,7
n=
e $2n+1 .’E3 $5 $7
arctanx = Z(—l)”2n+1 = x—§+€_7+... [—1,1]
n=0

EXAMPLE 9. Find the sum of the series:

n,.2n

o~ (D)
(a) nz:;)ggn(%,)

oo
2012™
(b) 3
n=0 ’
o x4n+2




(©Dr Oksana Shatalov, Fall 2012

sinzx

EXAMPLE 10. (a) Determine Maclaurin Series for/ dz

sinx

dx correct to within an error of 0.001.
x

1
(b) Ewaluate /
0
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1—cosx

EXAMPLE 11. Use series to find the limit: lim ——
z—=01 4+ — €%



