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3.9: Slopes and tangents of parametric curves

Consider a curve €' given by the parametric equations

or in vector form:

(1) = (2(2),4(1)). teto
)
If both =(t) and y(t) are differentiable, then Q ,4.)
V(1) = (2,4 (1)) -

is a vector that is tangent to C. Its slope is:

y' (Lo)
X' (t.)

Another way to see this is by using the Chain Rule. We have y = y(z(t)) and then

slope =

dy dydzx

dt — dr dt
which implies
dy
dy _ ar
dr dx’

dt
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EXAMPLE 1. Find the equation of tangent line to the curve
z(t) =sint, y(t)=tant

-
at the point corresponding to t = T

Find  [tangent point| of t=q
08), 508)- (oF 2]
Rad  formude, qﬂoz Slcr:y% Cangerct |
\ Con o2
)= i\((% " (st =
_ oA
v £ oAtk

Red E\i‘)e of *rw}&cn’r‘ ok fﬂ/‘g-
@ 0;3 _T_Lr- - k A \3 :6@3
| Nz _ @

[4-1=atz( X:E;D
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EXAMPLE 2. Find the equation of tangent line to the curve

m&t_):t+1, y(t) =t* + 4

. on ‘e_h‘{' D"‘
at the & v

Wan £ Slimdwhe  paramater
Yo 62/\' A= ’GCXB'

\I\Jﬂfs\ -‘——-\Y\cl ‘{’: Swuch A
‘ (% (YD =25 2
[£4), KP4 =52

%_\(LJ(.L{ :g = *t:il

Cind gorvalc\ ’E’Y\ sl°}3€ U( "La-”jfh'(‘
m(JC\: 5‘(&\ _ (-'El-l-"fs _ ?i:&
)(\('e> <+: -\—()' ) <
fslope ok lamgent porht

POV =

€ quakion of tangent Line ok Q)
u- 5 = 3 (¥- 2)
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EXAMPLE 3. Find the points on the curve
r=t+1t, y=t2—t

where the tangent lines are horizontal and there they are vertical. ,
9= I® ()= (£+E) =142k

= '
M7 —0) 7w =) =2k

Consider Y following  Canes!

C,o-he A X () =\4=0 = .E=_l1-
A A 3‘(*\:9.‘(’."‘*0 S t-f t_

—

\’Ca_ﬂ:;gs{- Line s Veviical ok +1=-
(<€), 84 = (5 + (400 )
= (b, Frx) =0k

QM&'-L . x'('t\=|*).t =0 = +
y' (B =2+¢-1=0

{
28

T
)=

Cone™ |x' (@) =1t2¢ =0 (possible | )
\$|({.>\ =2t~1=0 (wo Swek Pom-l-S

ahﬁ’kcm} (,AVLQ\’iaJaJ\"'om
15 ususlly rarded in XS Cane
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REMARK 4. It may happen that z'(t) = 3/(t) = 0 for some value of t.
Nustration 1. z(t) = t3, y(t) = 3

X (&) = 3“7:" = x'lo) =Y (e)=0.

‘() = X
Y (_t) =3t er Wi 3,_4_ ysX,
\vnlij"'\ arome > A
i oA

A‘\SO, -‘.‘: wt \‘L\':Mawse-l-!rl}{ '\'\\\S CarV 4
x =t ,y8= =t ,we get =iz

Nustration 2. z(t) =3, y(t) = > %' (ol
x'(t) = 3¢, vy @®- a.t——\> £\.mmo.’nﬂj
x'(6)=0 , Y'fe)=0 R
x=t" , Y=
=t , y=1t¢
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| Sinat = 2Sint Co b

EXAMPLE 5. Show that the curve
r=cost, y=costsint = -'i Sin 2¢

has two tangents at (0,0) and find their equations.

Fiest fLind L such thak (x(-ﬂ, 'j(k‘))'—'—(O,O):

—
. - . wot
Cd){ Sm'& =0 %t wrt and sint Cam -\-‘.M'.

be equal o 3oro ok the Seme
ert=0 = = ‘_L; + K (k=0*\,2223, )

Fird a fW\muh for sloPe a‘g Lan Sen+ |
m(k\:: &——-:(é Sin 1{-);_
X (%) (600'63‘ Tt
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Find  slope 9,6; {—amge_nJr N
ok (0,0) (or ot t=ETK)
2 (X +TK)
m(_—n—;-i'(l\\K): — &5 > .
sin (L + T I)
Con ((IT +9flTKX B con T
Sin (1% *WK\ (-D\(s{n%:
_ = 1 =
Y4 GOT

o 5o

. 'S €ven
)l‘F I

--
—

—
N

So, Hera axe Fwo —\—ahSQm'\‘S

ak (0,0) with slopes + 1 ‘
equ&x( onNn S O_G {‘d—h%QJ\H oA [0, DB.

\E*;X omd W= -—Xj
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