Y
X — —De Y,
Xy * 9
X3 > 93
La+Xy, but £Hx):=$00)= Y,

nobk ovne-fp-one

one-huw -one
4.2:Inverse Functions

injeehive-
DEFINITION 1. A function of domain X is said to be a one-to-one function if no two elements of X
have the same image, i.e.

if x1 # w2 then f(x1) # f(x2).
Equ-imlen.ﬂy.[-if flzy) = f(z2) then z1 = z5. l

Horizontal line test:A function if one-to-one is and only if no horizontal line intersects its graph more
once.

EXAMPLE 2. Are the following functions one-to-one?
f(x) =2,

g(r) = Vr +3,

W@ =|o], wlz)=snz,
A I‘Fx‘, / %ﬁﬁ \ A ‘\5',\*\
/ 3f \ //
77— - : o
| [ves ~ES NO

0= £(x2)
N =Xy

Conws dec F (X)

]

\

Fex)

z_
X|’

%
1)
X,-‘- X)_

13-l bt F()= B(-0)=1.



T —23

EXAMPLE 3. Prove that f(x) =

is one-to-one (r # —3).

Poof ) ) = £0x) )
s Sk T :(.).—3

(ac\-zb(x,jcab = (2 (Xam2)

%"BXU'BX\M W Y
IX 43X, = 3 X, 3 X
6 x = bXy

>| = Xa\
So) F 'S one - Jo- one_




L f : 4= §09 = £(3(y))
4= 30) =G-e)

n = $(9) = § ($03)
=4 * 85 :%(og)(x)

DEFINITION 4. Let f be a one-to-one function with domain X and range Y. Then the inverse function
=1 has the domain Y and range X and is defined for any y in Y by

fFlly) =z < flz) =y
REMARK 5. Reversing roles of x and y in the last formula we get:
fFla)=y& fly) =
REMARK 6. If y = f(x) is one-to-one function with the domain X and the range Y then

cr
for every x in X 1 !2“*‘0“ LRJAIS
and ]M

for every x inY  f(f! =




1
CAUTION: f~Y(z) does NOT mean m
T

TO FIND THE INVERSE FUNCTION OF A ONE-TO-ONE FUNCTION f:
1. Write y = f(x).
2. Solve this equation for x in terms of y (if possible).

3. Interchange = and y. The resulting equation is y = f~(x).

r—3

EXAMPLE 7. (cf. Example3) Find the inverse function of f(zx) = I——I-E'm Find the domain and the range
T

of both f and f7'.

\&' ,:c,-kb

wlay) = X-3

AY+IY = A= 3
Yty = XX
3(w) = xl "‘5) W= 5%\{:—\ - S?(x‘)

_ 3>(4t)
1—— A — ‘k

Domain Range

Function f (- (Dr'b) U ("’3 \ 003 (,yo, |\ 9, ([' 00)

Function f~! (Inverse of f) (-:p,l)L) (l ‘@) (_oo’-s) U(-Sl 09.)




FACT: The graph of f~! is obtained by reflecting the graph of f about the line y = .

x-3
x+3

10
4 o
A
x
: ~—+——5 3 5 o
g -5
_,,.-—'_'_'_'_._.
X
~15 —10 -5 37 5 10 15 —10
f —-15

va ( Q\C\ M"Y\ﬂS b Hae ﬁ“ra?k \ﬁ’:—J%C XB)
e 2o b Hae  gva bh = f‘(xs -
(Lya) b Wg:&(ﬂ graph Yy




THEOREM 8. If f is a one-to-one differentiable function with inverse function g = f~! and f'(g(a)) # 0,
then the inverse function is differentiable at a and S

AF@W_ - L= A
Proot. kN PO g (57 (a)

3‘5\& Concellaton Law
£C§7 @) =X, er

£ (3(x\\ =X
Di%&-erw\*a}L both  Aider

{' ( 3()4\\ q'(%) = A
\ _ A _
3 ("\ - —‘—el(g(x\\

'I.\~ X=0. ahd g'(g,(a\\:#o,'l‘km \
9'(a) = £'(gla))

(\me Chain Rul QB




EXAMPLE 9. Suppose that g is inverse of f. Find g'(a) where

r—3
r+3

(a) flz)=

2r—3
@) “(x)= 7
H I

g( %) =%
2 (y) =

B n-t x ;...u:. et
= L)
A 2%=3
= X443

®KAY = 1-(1"'3'\
-‘."b = & o "';

3x=q 3= 33@

1{=3

a=3 This problem was covered on recitation. Below is solution of a similar one

g= §*  Find 3‘( %)

®
g (%)= i

E' (a(})) ~
sk Rele
x=-3

f:' 2 (x+3) — (2x-3)
13 (x+3)*
-3

.

' o
£ '(x)= =

£ in)= 226 = 2=

T ¢




(b) f(x)= Vs + 224+ 241, a=2

‘a: g-‘ Rﬂ4 3\ (1'\ )

—

3 £ ' (3

% (y =X
*R F(D=% =D L(D= 2L
Guess #*=4 = £ =d4=2

So, q(2) = 1L

Find £ (0"
3
2 () = 21% 4+ 2%+ = -t't(“\:.ﬁ*lﬂ _,;_'_
A X7 AT x4 1\‘; y




Find a(@ wheet 3= §7

(¢) fix)=4+3x+ 3"l g=8, F{‘i ﬁt'\ .
\ - A () =x
3 (o £'( = ta) £ (8) = x
1 4 2 = £(x)
3 (8)= £ () Find x s4. gox=%
i Guess £y ° <
A 1) = ql'}:-f_ = 3
%l (ﬂ\: ;f (,h S’: r‘fiﬁ = q

\‘3,' (%)= ':?,J Find  £3CA

’;'l:"j = O *11_.1&11"‘"
£'0y = 3+ 3\ = e
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