12.2 & 12.3: Vectors and the Dot Product
DEFINITION 1. A 3-dimensional vector is an ordered triple a = (a1, a2, as)

Given the points P(x1,41,21) and Q(x9,ys2, 22), the vector a with representation P_Q) is

\;—a = a= (12 —ml,yz—m,zzz—m):(-)-a-b_b

The representation of the vector that starts at the point O(0,0,0) and ends at the point P(xy,y;,21)
is called the position vector of the point P.
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EXAMPLE 2. Find the vector represented by the directed line segment with the initial point A(1,2,3)
and terminal point B(3,2,—1). What is the position vector of the point A?

0A =KX1,2,3>
BTw -

OB = &3, 31>

{:% = 0_?.% - 61 =<3-1,a-2,-\-37 ={< 2‘0,-‘0X




Vector Arith L ( ) and b = (by. by, b) gers 453
ector Arithmetic: Let a = (a1, a9, a3) an = (by.bs, b3). deo
. 1< /: ATy
e Scalar Multiplication: aa = (aa1, aaz, aaz), a € R. ‘ 1=l T
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e Addition: a+ b = (a1 + b1, a2 + ba, asz + b3) |) >} L/
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Two vectors a and b are parallel if one is a scalar multiple of the other, i.e. there exists o € R s.t.
b = aa. Equivalently: - -
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(€ —

Y
Rewrif& in ecoonrdinate)
-a- =< a\‘ Q“Q3'7

_g = < by, by 753>

Q.\\b = <biyba b7 = oL M QA A37
&) <b.,\»1 b7 =L LR ey, &L A3y

= = ol I¢ a3 O Hen
\: Sy
‘L ’o(a Q.“.g(.—\ “’.L_‘l:-
&~ «> A



The magnitude or length of a = (a1, a2, a3):

la| = \/a? + a3 + a3.

Zero vector: 0 = (0,0,0), ﬁ = (. '6’ = (0'0‘07

Note that |[aj| =0 < a=0.
] a

Unit vector in the same direction as a: |a = ﬂ The process of multiplying a vectoe a by
a

the reciprocal of its length to obtain a unit vector witll the same direction is called normalizing a.
Note that in R? a nonzero vector a can be determined by its length and the angle from the positive

T-axis: \ - _ ‘ -” )
al=| Gl | aE = Lol =y

In R? and R? a vector can be determined by its length and a vector in the same direction:

i.e. a is equal to its length times a unit vector in the same direction.




EXAMPLE 3. Find the components of a vector a of length \/5 that extends along the line through the
points M(2,5,0) and N(0,0,4).
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z ~
Standard Basis Vectors: ° Lg \ k

i=(1,0,0) whit veckors 2 3

j = (0.1,0) et
k =(0,0,1)

Note that |i| = |j| = |k| = 1. x

We have:

a={a1,as.a3) = (C!.‘7 ©,07 + <o, A, 0> +<9,0, >
= 0,<1,0,07 + @,<0, 1,07 + Q39,915

A
= a1 + ] ¥ &y'x



EXAMPLE 4. Given a = (1,0,-3) and b = (3,1,2). Find
(a) |b—a|= \ {13,),27 -X),9 ‘3>\ :\(3-', -0, = ('3\>\
= \ <2,\, g7) = \l—f-\-\la- ot 16_0—

. : : L
(b) a unit vector that has the same direction as b.—Q
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Doj, Product of two nonzero vectors a and b is the NUMBER:
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where # is the angle between a and b, 0 < 0 < 7.
Ifa=0o0orb=0thena-b=0>0.

Component Formula for dot product of a = (a1, az,a3) and b = (b, bgTEg}:'

a-b:ﬂlbl-l—agbg"‘ﬂgbg. (3.3
If 6 is the angle between two nonzero vectors a and b, then
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DEFINITION 5. Two nonzero vectors a and b are called perpendicular or orthogonal if the angle

between them is 0 = /2. F.ex. 2 _\_? A "2
EXAMPLE 6. For two nonzero vectors a and b prove that
e
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EXAMPLE 7. For what value(s) of ¢ are the vectors ci+ 2j + k and 4i + 3j + ck orthogonal?
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EXAMPLE 8. The points A(6,—1,0), B(=3,1,2), C(2,4,5) form a triangle. Find angle at A.
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AA = 22 BL)
AB =< -3-6,1-(-), 2-0 >
=<-4,2,27
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AC =<2-6, Y-¢1), 5-0>
=<L-4,5, 55>

K—é~§2=<-4.a.17-<-q.9,s_>\ .
=29 (-4)+ 2.5 +2.5| »XA= ?T\%\TEC)
= 36+tw =Sk
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