12.4: The Cross Product

REVIEW: Determinant of 2 x 2 and 3 x 3 matrices.
A determinant of order 2 is defined by

a b

(.‘ = ad — be

T¥d

A determinant of order 3 is defined by
'““1"'“2 by bs by by by by
by bo )‘ = @ — as as
Cy C3 1 €3 1 €2
c1 €2 C
= aibocs — arbseo — asbies + asbsey + asbice — asbacy

or copy the first two columns onto the end and then multiply along each diagonal and add those that
move from left to right and subtract those that move from right to left:

1 (1.2“(13 a; a9
l')l‘l')g b: b bs = aibacy + asbscy + asbico — azbocy — a1bsco — asbics

cl‘/ cE ;@9 P0n

Title : Jan 18-12:19 AM (Page 1 of 9)




¢ THE CROSS PRODUCT IN COMPONENT FORM:
Given a = (aj,a2,a3) and b = (b1, be, b3). Then the cross product is :

axb= (agbg == (L;:;f}-g,agf)l — alf,‘-g,a] bg oy (Lgb1}

ensional vectors.
product is a VECTOR!!!

To remember the cross product compogpent formula use fhe fact that the cr
sented as the determinant of order 3:

axb=|a a a3 :’(\_ Qo qs N | @y QS\
by by b3 b, b
2 ba o b
1 3

REMARK 1. The cross product requires boph of the vectols to be three ¢
REMARK 2. The result of a dot product isfa number and the result of a cro}

Ns product can be repre-

—
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EXAMPLE 3. Ifa={(-2,1,1), b= (3,5,0), and ¢ = {—4,2,2) compute each of the following:

A ~ a
a) axb = L=
(a) b \-;. 2 : =1_\| |\_3\ -2 |‘\*¢El.; \
3 § o 5o 3o 3 5

=1 (\.o -1's) - 3 (-2 - \~3§ v (-a-s -l-s}

= -5C =+ 33\ ~(3% = {-5, 3, ~I13>

(b) bxa = Ty ox Readen

:—: ‘5 ? z (‘;.-3, 135 \o»\;\’ \U\

ca a b

(c) ax(5b) = 5(d xB) = 5 <=5,3,43% = <-a5, )5 ,—6 S
(d)i:x\,: D = <£0.0,0:0 becawn |ab

3 S © "<°1 1000, =0

3 S o Qb :
(e) axc = < ‘)‘ Q' a b

2 l —(0\0,07 ;3’ hewoaune Ke XL =0

-4 a2 A . “
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Properties: 6
(Daxa=0

(NMaxb=-bxa

(Naa) xb=ax (ab)=a(axb), acelR
flax(b+c)=axb+axc
(f}(aer)}c:c:axc—Fb}ch

EXAMPLE 4. Show that if a and b are parallel then a x b = 0.
~q
_Qanb => quka -Fo'l" Some KQR_——>>

—5

axb = ‘ax(K?‘tB(:ﬂ k(8,2 Pk3:7
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L]
e GEOMETRIC INTERPRETATION OF THE CROSS PRODUCT: ’ .—g

Let 8 be the angle between the two nonzero vectors a and b, 0 < # < 7. Then ; *te 5.
‘.
1. |a x b| = |a| - |b|sin# =the area of the parallelogram determined by a and b; ® Pig
[y

2. a x b is orthogonal to both a and b;

3. the direction of a x b is determined by “right hand” rule: if the fingers of your right hand curl
through the angle 8 from a to b, then your thumb points in the direction of a x b.

L7 ST

) - S .
é;CT: alb = axb—o. (Neft if @ =b=0 ,thwm
= nolhing “'orroos.
ExH hm}
-1 - > - 1. . ’
@ 2R =8 518~0=0 217 1T1500. 0
=>Ql.ﬂ9 =0 930 o’« Ol

I
@B
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EXAMPLE 5. Given the points A(1,0,0), B(1,1,1) and C(2, -1, 3).Find

(a) the area of the triangle determined by these points.

% Comv\d! s ARC +he PM‘«\\QHNM,
Q ~D ARC D. J
> -
" & Then e
it
Au.o.( LRB():L’: Ar-u.(g ARC D) ( W
AB=<0,1,17 --,:) ABxAC\,;)L- 3k
=<\, 37 .
:(‘—’ <\ ) o l\‘ - 3\

(=] | A ° |
\ 3\ + K\"‘
( 3= () - =y (o3-11) % % (0 (-1 - H\\~
ik“’*"j - ):a\\‘ﬁl*(l) i

)-""'

32
-2""&\3'
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(b) Find a unil vector n orthogonal to the plane that contains the points A, B, C.

!, It s SM.{-,F.‘C;@'(' 4o Find
X c, O Wit vecker B swel Hhar

f\.\.?& MJ/;\.\. R
First find W= At x AL
Yem R L AR and » LAE,

53 Pa:r‘(—(’é?) L
2Rk RE = LH, 17\

o \—Y'\’ :\i_?; %"T:C]:gq:zﬁﬁsi

© %
_j
%:.*.n __‘.<Lf)l)‘> \Y;_
'Rl T 7 ¢ '—"6‘<L‘)')’(7
2
_+2G § %
<3)Z‘) '6‘>
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e SCALAR TRIPLE PRODUCT of the vectors a, b, c is
a- (b xc).
(0
Note that the scalar triple product is a NUMBER. Ve utor

FACTS:

1. a-(bxe)=[axb)-c

ay az ag
b1 b2 b3
i Ca Cg

2. If a= (a1,a2,a3), b = {b1,b2,b3) and ¢ = (c1,c2,c3) thena- (b x ¢) =

3. [a- (b x c)| = the volumg of the parallelepiped determined by a, b, c.
S~ -~
1) | bxZ| n © = h - (base aﬂ-n%

G).s-\‘w bbxe | Vaseame
/o
ol
b
h= 17| @
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EXAMPLE 6. Determine if the vectors

a=(0,-9,18), b=(1,4,-7), c=(2,—1,4)

1

are coplanar (i.e. they lie in the same plane).

NN?S Yover vecdkers asce oo(;\ahw il and only i L
Wair o walar ‘\'r'\‘)\t (;roclud is Lol\bo.l * €<ro

) (-a - O -9 L}
a* |bxC ) = ~ i
- -y
i B ) 2 -
| = (4¢14) +18 () - 9)
= 9-18-1%9 = 0O
50 ’ E , TZ and -C-‘? ofle oo?)o.nar,
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