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12.5: Equations of lines and planes

Lines determined by a point and a vector

Consider line L that passes through the point Py(xo, yo, 20) and is parallel to the nonzero vector
)
v = {a,b, c).
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— o < =100 If, for example, a = 0 then
X = ¥ 2 ta the symmetric equations have the form:
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Vector equation Parametric equations Symmetric equations

If abe # 0 then

x = xo+at,
r(t) = (zo, Yo, 20) + t{a, b, c}, y = yo+ bt e=zg _ YW — 22
z = m+et
B oo o Oe—~t—i0e If, for example, a = 0 then
tER teR the symmetric equations have the form:

L Y—UYp __ =Z2—Z
=¥ =Lb-L__cﬂ

EXAMPLE 1. Complete the following.

(a) The equation r(t) = (1,2,3) +¢(4,5,6) is a "\ €@ chol™ equation of the line passing through the

point II'! e ! ) and parallel to the vector v = gq < e >,
I

(b) The equation r(t) = (1,2,3) + tj is a Nedkof” equation of the line passing through the point
(1,2, 3\r and parallel to the %-aﬁ's.

(c) The equations x =2 —t,y = —t,z =5 are |, i@quations of the line passing through the
point (Z.Ol S—) and parallel to the vector v= & =| =|. 07

(d) The equations 1"34 =y +1 = Zare 1Cequations of the line passing through the point
‘H’,"h % ) and pardllel to the vector v = S S.1 -2 >

(e) The equations 5""34 =y+1,2=2 are C equations of the line passing through the point

M and parallel to the vector v = M
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L
EXAMPLE 2. Find vector equation of the line passing through the point (3,—4,1) and parallel to the

vector v = (7,0, —1) - Y —
= %y v, =0P, = <3,74,1>

Y= {3 74,10+t <70,-17, ter
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Line segments
How to find parametric equalion of a line segment:
1. Find parametric equation for the entire line;

2. restrict the parameter appropriately so that only the desired segment is generated.
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EXAMPLE 3. Consider the line L that passes through the points A(1,1,1) and B(2,3,—2)
L

(a) Find parametric equations of L.

22 ae =3, 34, T3> =< ,973)

¥ = | + t-/ .
= "3 .

(b) Find point C' at that the L intersects the yz-plane.

The y2-plane ! X =0
<
o= I+t = -L—-I
Y=1l+a2€ 9° |+ (1) =-1 = (O (()

2= 1"'3"6 z - I_ 3.(_‘) L’
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) Find parametric equations describing the line segment joining the points A and C.

Fean ,  C (o,-1,4)

Find Live -\"\rows\s A andC
3z RE = Lo-l, -1, 419 =<)72,37

x= |-t g_:}—,ze, 2=1It3€

If 1=0, we gef point K
f:l ) we 924- fo:'n+ C.

om # +0 C’

The 9{91"\_424' f"
lx:l—‘f., g‘l’l-{ ) 8=t 3¢  where foﬁl\}

— el
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EXAMPLE 4. Determine whether the lines

m -—
V|:<l)3) ,> L —1:y+222_4
3 -1
and
-
v, =42, LAY Ly: 2=2t, y=3+¢t z=—3+4t

are parallel, skew, or intersecting.

‘—7_1-‘2 = vV, AV D Lk,
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Planes

Planes parallel to the coordinate planes: Z=9, 4y=9, X=0O

z2=0 , 2=k
{°|0|\‘) 2 ?¢rdu|.¢ + ""\l xs_. r'd.ﬂ(
4

\E - e
=yl
/ %

X

*

1]
r

X
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Planes determined by a point and a normal vector

A plane in R? is uniquely determined by a point in the plane and a vector n = (a, b, c) that
is orthogonal to the plane. This vector is called a normal vector.

Assume that P(x,y, z) is any point in the plane. Let ry and r be the position vectors for Fy and P

1'espectnelv h L POP o R
= 0P, -

;_0—; / / n Ll -V & - (F-R)=0
6P = V-1

Vector equatmn of the plane n- (r —Tg) = UJ = n-r=n-ro.
L

<Q L,CY '< X—XQ\Y‘Yo,z"io> =0
QL lx=%) + b(V-Y) *c(2-2)=0

Scalar equation of plane:

a(x —xg) + bly — yo) + ¢(z — z9) = 0.

Often this will be written as a linear equation in x,y, z
ax+by+cz=d

where d = axg + by + c2p.
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EXAMPLE 5. Determine the equation of the plane through the point (1,2,1) and orthogonal to vector
(2,3,4). Find the intercepts and sketch the plane.

Pe (2D 2(x-0 43 (4-2) « 4(2-0)=0O
-‘: 8(2\3\"‘) \ 3 \

Ax-2 43IY-C * Y2-Y4 =0
The x-intercept! Y=2=0 = Ax=WHX=0
(6,9,0)
T\\‘- ‘a‘ i'\'\"ﬂr"". ¥=2=0 =) 35:\2 =S 3_:“
(o,u, o\
-\1& %-’\v\*\-&ru'ﬁ‘. X=Yy=o = Y2 =2 =D 2=3
(°\0,3)

ot & e PUT first ockert
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EXAMPLE 6. Determine the equation of the plane through the points A(1,1,1), B(0,1,0) and C(1,2,3).
/#\ -A_%-—(O", "'() O"|>=<~l’°'°|>
\1 © P_«Z=<l-\,1-\,3'|> =<0, 1 25
?‘A We can chosse N an PR
c A S v I GRS B
| -1 o
/ . \
=1 "'5(.'23 *?&(-\\
- <\’2‘-‘7
(=D + 2 (4-D +(-D@-) =0 Scalar £ quaion,
L=l + AYy—d - 2 %\ =0
\‘1-\'2,\3—-% =-Q,1 livean Suabboon
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e Two planes are parallel if their normal vectors are parallel.
e Two planes are orthogonal if their normal vectors are orthogonal.

e If two planes are not parallel, then they intersect in a straight line and the angle between the two
planes is defined as the acute angle between their normal vectors.

Title : Jan 30-12:59 AM (Page 12 of 15)




EXAMPLE 7. Given four planes:

i o 2c 4+ 3y + z 4+ 11 = 0
Po: =4z - 6y — 2z 4+ 77 = 0
Py 2z — 4z + 33 = 0
B -2r 4+ 3y + =z + 11 0.
(a) Find normal vectors corresponding to these planes. (
also
ﬁ‘1:<2\3|\7 4 2.3"7
iz = -H=6,~2> | £ 2,3,\7
ﬁ'ﬂ:<7_l0)—q> <|'°‘_17
= 42,3,y <,7_‘3|17

(b) Determine whether the given pairs of the planes are parallel, orthogonal, or neither. Find the angle
between the planes.

(i) P, and P, ruq\ld
-'7'";"1 = P("Pz@ x-Pl)PZ:O

(ii) Py and Py oru‘o’ohal.
Wy zcan e <o iy S 4¥e -y =0,
% b0 =

-
(i) P, and P, neither n, 7\'

- = _ N A
cos % Pi,Py = cob ¥ n'.’“"l THE 'qu
- <2\3">'<-;\3(‘7 -_qqul
—\ S —_—
Q’h?ﬂt) 4+ 4rl

'-‘—_é—:}_
vy 7

3
AP Pp=aredhIx
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Line as an intersection of two non parallel planes:

L. P|'.a1:r: + by + c1z + di = 0
: 9‘: asx + by + coz 4+ dsy

I
=
3

pl

i
A
o)
~
o
<
(a)

=)
The direction vector of L is ¥ = n; x ns.

mLL amd w AL
ﬁ",\_'\'i and W AV =D
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EXAMPLE 8. Find an equation of the line given as intersection of two planes:

A W £ L I PRI 0 R|=<|a°‘|37
i S P S S NN

R
TR 3 Feren e
Lobon ~2 (- =
=41, -1,27
(@) 70 find a poivt on L subskitule | for example | 220
inte the plane equakions!
-\=0 —> =
r%33Ts T 0T xrv X=\ o)

X =23 = x =\ ?,(\,I,Ow

@ Line u\un-*\'o‘o'.
X= 1 + £.67
4= 1 + £.1-0) ok,
27 0 1 € .9

W‘T-\-'H:, Y= 1-t,2=2¢ (*é&
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