12.6: Quadric surfaces

REVIEW: Parabola, hyperbola and ellipse.
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The most general second-degree equation in three variables r, y and z2:

Az + By* + C2* + azy + brz + cyz i@dﬂf tdyz+ E=0, (1)

where A, B,C.a.b,c,dy,d5.dy, E are constants. The graph of (1) is a quadric surface.

Notef A=B=(C=a=>5b=c=10then (1) is a linear equation and its graph is a plane (this
is the case of degenerated quadric surface).

By translations and rotations (1) can be brought into one of the two standard forms:

A2+ By +C22+J =0 or Af?+ By +1z=0.

In order to sketch the graph of a surface determine the curves of intersection of the surface
with planes parallel to the coordinate planes. The obtained in this way curves are called traces
or cross-sections of the surface.
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(Quadric surfaces can be classified into 5 categories:

ellipsoids, hyperboloids, cones, paraboloids, quadric cylinde

geL s‘("n I\

ety

n

rs. (shown in the

table below.) A2
Surface Equation Surface Equation
3 M ¥ . . . P a .
T - E T T 2k
Ellipsoid 2 » = S B

All truces wre ellipses
If a = b = ¢, the ellipsold is
a sphere

Horizontal traces ane ellipses
Vertical traces in the plancs
r=4tady=1are
hyperbolas if & = 0 but are
pairs of lines if k = 0

Elliptic Paraboloid

P

¢ a? b?

Horizontal traces are ellipses.
Vertical traces are parabolas

‘The variable mised to the
first power indicates (he axis

Horizontal races are ellipses.
Vertical traces are hyperbolas.

The axis of symmetry
corresponds (o the viriable

Vertical traces are parabolas.

The case where ¢ < Ois
ihstrated

of the paraboloid whose coefficient is negative.
x -
>
- 2 H H 0l =1
Hyperbolic Paraboloid LS Hyperboloid of Two Sheets | _ 2 _ Y_ _ Z__ |
e a& » a ¥
Horizontal traces are Horizontal traces in 2 = k are
hyperbolas. ellipses ifk > cork < =¢

Vertical traces are hyperbolas.

The two minus signs indicale
Two sheets.

elements which characterize each of these categories:

. Traces (horizontal { by planes z =

y=0).

. Standard equation.

. Intercepts (in some cases).

k), yz-traces (by = =

0) and zz-traces (by
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To find the equation of a trace substitute the equation of the plane into the
equation of the surface.

Note, in the examples below the constants a,b, and ¢ are assumed to be positive.

EXAMPLE 1. Use traces to sketch the following quadric surfaces:
(a)

2o
a

a;2+

&l

Solution
e Find intercepts:

— z-intercepts: ify=2=0thenz= 4 |
(110,0)

— y-intercepts: if v =z =0 theny = + 4

(0,24 0)

—z-intercepts: if x =y =0 then z = % 3
(0,0 ,v)

e (btain traces of:

2 g
— the zy-plane: plug in z = 0 and get 2° + ?1;_6 i ¢ ¢

— the yz-plane: plug in x = 0 and get
2

y* 2t -
-—lz % ?= \ . (o O/}’I' N
— the xz-plane: plug in y = 0 and get %A
2 (N
4+ 2 _ 4
X . [

— plug in z =k

-0
Uit?
— pluginx ==k

plug iny ==k

Title : Feb 1-9:28 AM (Page 4 of 10)




2
2 2 Y
=T+ =
9
Plane | Trace
z=k '3? . \_3:- _ k" K=o (o,0, o)
q K %0 '—“i'p”.

o 2= % &
- 3 MA&.:}U_ﬂ;m

q
e Xt &
= X oy 2= f£x  HFuwe Lwy 'H““"qk

Hx SHATw

Node: T He horizontal
frows are crcls | for example,

‘sz’?__{_é:z_
Yo we %,v\- o- c)“Cukr Cone.

Mo, 2=J\7% +Y 1

e

Title : Feb 1-9:29 AM (Page 5 of 10)



\0)0“'“,. > $2 + y2
X = o
W TR
‘ Plane | Trace
=k | oc* 2 K<o ne peints
T*L:'K K=0 o, ©,0)
i K>o ellipse s
r =0 - '
ic
G
¢

e,\\iP‘HCaQ P&-"ﬁlo(oid

y

circlufor t»arakalad
£.ex.

2 =X ey-

Title : Feb 1-1:18 PM (Page 6 of 10)



TRANSLATIONS AND REFLECTIONS OF QUADRIC SURFACES

EXAMPLE 2. Describe etch the surface z = (v +4)* + (y — 2)® + 5.
2,5)
ety (4 2 -
> « Z -3 =(X+4!B + (4-2)

Z X 0
Z = X‘L-" YL Verkex (o;9,0)

e

*  cavewdar Pom.b!oin, with e verkex of 6—‘{,‘1.5}

I~
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Note that replacing a variable by its negative in the equation of a surface
causes that surface to be reflected about a coordinate plane.

EXAMPLE 3. Identify and sketch the surface.
(@) z=-("+y?)

_z - x‘l.*%'l—

v u e i
Z X Y
Z=xX+Y"
7
g
7
g
Cireulax
[ vv‘-rdo!n.l* y
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(@tb) = a"t2ab ¥ b-
EXAMPLE 4. Classify and sketch the surface

224+ +2—4z—6y+13=0.
ComP\e)l. Sqwasrel
(£-—‘lx +4)-4 +
+-6y + Q- 4
r2+«13 =0
(1’9’51* (y-3\"=-2

Uradar pacobelsid with verkex of (2,3,9)
(see e pichure) .

z
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