13.1: Vector Functions and Space Curves

A vector function is a function that takes one or more variables and returns a vector. Let r(t) be

a vector function whose range is a set of 3-dimensional vectors:

r(t) = (2(t), y(1), 2()) = 2(t)i + y(1)j + (k.
>

- ~—~
where x(t), y(t), z(t) are functions of one variable and they are called the component functions.

A vector function r(t) is continuous if and only if its component functions x(t), y(t), z2(t) are

m—

continuous.

Space curve is given by parametric equations:
=l n =il y =9l - =2}, s},

where I is an interval and t is a parameter.
FACT: Any continuous vector-function r(t) defines a space curve C' that is traced out by the
tip of the moving vector r(t).

Any parametric curve has a direction of motion given by increasing of parameter.

Title : Feb 1-1:42 PM (Page 1 of 9)




EXAMPLE 1. Describe the curve defined by the vector function (indicate direction of motion):

(a) r(t) = (cost, bmt?e,mma*‘ paraker
A= bt ‘j = XAy =4
té: Sint :
2> =0 Cﬂ&“w
—T

Mae %Y plart
We tse)r Qi 5{) inerCeckion,

Rk ween %L-\o\u X Y=\
omd Y xy- plane (2_-_03

F()=<1\,0,0)

?(E) = <Z°. Ly O)
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(b) r(t) = (cosat,sinat, c) where a and c are positive constants.

% = b ok X ay-= 4
Y= Sin at k’?}‘ml"
z2=C

plen”

cicele with radiuwy L

Conlexe) ok (0,0, C)
an Hhe y\w 2=C

~
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f€) rl{) = {2cosf;3eind 13, D<§ = 2y

A= L at Ak_;) Copt = }3— &:}L—é‘\x*
2

"257- A%nY Sint =
z =
Y\M\Q

;ra(.'ﬂ s bwe o% Lolerge o
Qoxwesn Hhe elip¥ical culindec

L L
%-l-.%—:&. omd  Yhe plane 2=\

T oVur wobds, 2O TS eu.cese Wn e plane =4
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(d) r(t) = (cost,sint,t)

x=tht S._,) ‘11-\-\31::4_
C\cw"'c"g‘.“"')‘u

r=<\,0,07

¢ (%) =<0, T
?(T\ =<&-\, 0, T 2
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/ 'Q».MJ. Sljmu&
(#)={(1+¢t3+ 2tgm, —1<t< 1. \gm point

Line 'l"mwsk )
Hhe Poh*’ P(‘-3| %) =
poralled o V=<1,3752

—_—- = = e e e
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EXAMPLE 2. Show that the the curve given by
iy (A <sint,2(zost, \/ésint>

lzes on both a plane and a sphere. Then conclude that its gra gh is a circle and find its radius.

A = Sink Q) x* «‘2 *Zl(o'msa\': + Boatt T 3sinb
3= 2wk (D = Jsind + fott =4 (st +ead)
2 = 13 Sint ) = heyq =y

\“/ 30, Ha cuwrve &-Q.coy\xA Yo e Sphasrel

X+ tg'* 2F = 4.
(D omd () e ply
Yad 5 o T X ond Mg tquakion of fla.n.
Yarugh origif.  thuy ‘e given
Ae.ld\sg do Has plane ap well.
So, Ha given curve IS & Lme o} Tnlrsectroy
-@cz)mwn 6()Y\u'e condrad ok orism and with
Yodiws 4 amd  plaw— Horougle . otigin,

"\’\rww Maa f)%ilm Curve 3S o drcle
conliced ak (0,9 0) with vadiug 2
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13.2 Derivatives of Vector Functions

The derivative ¥’ of a vector function r is defined just as % a real-valued function:

dt ” =)

(t0)

if the limit exists. The derivative r'(ty) is the tangent vector to the curve r(t) at the point r(ty) =

(z(to), 9’(&}) 2(to)) -

q:‘L’cD\

—)

()

F &)

0 T )
THEOREM 3. If the functions z(t),y(t), z(t) are differentiable, then

r'(t) = (2'(t), ¥ (1), 2 (1)) = 2" ()i + y' (1)j + 2 (k.
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EXAMPLE 4. Giwen r(t) = (1 +¢)%i + €*j + sin 3tk.

(a) Find r'(t)

o =<((4**>‘>'> @fy , Gin D

=< 20149, et) 3 Gey3t > ?(0

6"\.0.'\ Q"ﬁ
(b) Find a tangent vector to the cww?@t t=10.
2 = r'(0) = { 2(1+40) ;€° ,3 30> =<2, 4,37

(c) Find a tangent line to the curve att = 0.
Fivs fimd pesiton of +Hme +=0!
F (o) =< (ot])’, £°, sin(30)> = <I,1,0>
Sop Hhe tangent passes Hirouglh the point Cyy) ond—
paralled fo He veckor <213 (Se¢ part (b))

Xz|l+at ¥ =)+t = 3t
(c/) Find a‘%&%ng’ent Z'z'“n,e bo'the curve at the point (1,1,0). 2

Find 4, sudn thak () =<1,1,05,
Then Caladale ?"(.Q[= tangent vec.l-or\-
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