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14.3: Partial Derivatives

DEFINITION 1. If f is a function of twe variables, its partial derivatives are the functions

[z and f, defined by
fula.y) = lim flz+h,y) = flz.y) 9 Pa.r*'ia.o-—

h
w4+ h) — iz,
fylz.y) = lim flz.y 4 JF]: fiz.9) ,B #: d,

Conclusion: f.(x,y) represents the rate of change of the function f(r,y) as we change = and

hold y fixed while f,(z, y) represents the rate of change of f(z, y) as we change y and hold z fixed.

Notations for partial derivatives: If z = f(zr, y), we write
) f il .r.'L
s = = = =
z - gﬁ‘ '\D falz,) - dr r.i'rf{I v) A=y /

fu{:r' .U} = fy — ?4
| EY e &cx —3%_
}\3 }‘6 ‘b 'g zg'-‘—‘bjg.

Title : Feb 4-12:03 AM (Page 1 of 11)




Notations for partial derivatives: If z = f(z,y), we write

d 0
e =fo=0 =2 fay) = = = Dif=D.f

folz,y) =

RULE FOR FINDING PARTIAL DERIVATIVES OF z = f(z,y):
1. To find f,, regard y as a constant and differentiate f(x,y) with respect to x.

2. To find f,, regard = as a constant and differentiate f(x,y) with respect to y.

EXAMPLE 3. If f(z,y) = 2* + y°¢* find f,(0,1) and £,(0,1).

{ Guy)= Bxa'-r‘ag?«x 2 L0, =30 +1%.e° =E
fytug) =0 +54'€" 9 fylel) =5 e’
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EXAMPLE 4. Find all of the first order partial derivatives for the following functions:
o Prow Rule
(a) =(z,y) = 2*sin(zy) 7

\ . 3 _2__ P
2)‘ — % —3 (2:’3 Sin (X:’l) + X <S (xj)yz ‘w“mk
- 2 (xY)
— Sin(X
X (j) + X con %
= 3Ix SmQt:)-\- x* \3%0“3\
Z2y> 3 -—(x"’ 9&6‘3\) = % M(xb\-‘b—-(xg\ =y w,(,:b

Sy
)
(¢) .y, ) = yerv SN

\"

y .
w3 %€ =y e™ 2oy | e."“*l
Q‘y’w\'— & - x94T
=4 ‘3‘—3-(6"“) ek ye \;‘:}?{
\ + X 32e_“€]
X3

mz—v&xe (6\3 S\jw\md—rﬂ Cedwean X and 2\
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EXAMPLE 5. The temperature at a point (x,y) on a flat metal plate is given by

30
2 o2

T(z,y) =

where T' is measured in °C and x,y in meters. Find the rate of change of temperature with respect

'S ‘T}(\\z\

o _ %0 .(_ A D (2
T\AT' AR —%3—( fﬂ(‘ +‘§'\ a ( (14 x"*ﬁ;.%(mfﬁ

to distance at the point (1,2) in the y-direction. T™his

— -80- 2 Y
Q+x”‘+g>
T (\ 7_\_, - 802 - O X RO °c
s R ) - - /
11T+ 2k 9 /m

Title : Feb 4-12:07 AM (Page 4 of 11)




Geometric interpretation of partial derivatives: Partial derivatives are the slopes of

traces:

e fr(a,b) 1s the slope of the trace of the
graph of z = f(x,y) for the plane y = b at "
the point (a,b). 2 2> f((

)

o fy(a,b) is the slope of the trace of the
graph of z = f(z,y) for the plane = = a
at (a,b).

":M\GF_ '&(Q\b')
tan 0,= gz(Q\O
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EXAMPLE 6. If f(z,y) = /4 — 2> — 4y?, find f(1,0) and f,(1,0) and interpret these numbers
as slopes. [llustrate with sketches.

L2 (4
b 2\ 4-x-yy- %
- ¥ = £.(1,0) - -5

G "3

- AT

{4 = —%% _ -1y
L N T par

2 L0 =0

+an 9\:,9‘)((!,0 - -1z

_ ST
9\"5

Ltan 0y = ¥3<l(0> — 0

0,=0
(Law oprt 15 hor %°“*"‘£)

Wl
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foay={y -x* -4y
E:WXQ—L\‘A’L

17-:' L(_)("LNLJB'L | 220
><"‘+L{‘3(LJ< %1‘—'-21 ) €= O

"‘““}; "‘"1 7o

wpper seni eliptere
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Rerivabive of igher orders (2, !,‘r,-..)

Higher derivatives: Since both of the first order partial derivatives for f(x,y) are also

functions of r and y, so we can 1n turn differentiate each with respect to = or y. We use the

following notation:

0 (OFf) 9 f
0 (0f) g
fxy = fl? == d_y(gj = dy@:r
o (Of) 02 f
fy-:t = f21 = g(@) — aIay

2 e
et 308) 3%

Ordy

W

- 3__%1—
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EXAMPLE 7. Find the second partial derivatives of

f(z,y) = y> + 5y2e’® — cos(z?).
2 _4Yx
‘F'x.:' 103e + 2x sin ()

Q* 4\3, 3\3 rloye e

aﬁ‘
_ _-3___( -\-,;Lx Sth(;'\x

N :.xao‘g e‘“‘+ 19\003“7 + 145" coy )

fry= 35 (h) =20 2 (205 "+ 2x Su))

qo%e
fye=2:(6) = 2 (3% + toye™) = Hoye'”
4‘3‘3' 3 ("\3}— Y 33«—10\36 >

yx
= 6\3 +\O€
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Clairaut’s Theorem. Suppose f is defined on a disk D that contains the point (a,b)

functions f,, and f,, are both continuous on D then

fa‘y(as b) — fy:r:(av b)

Partial derivative of order three or higher can also be defined. For instance,

o [ 83z
fyya‘ = (fyy):r " a dyg - w

. A it

Using Clairaut’s Theorem one can show that if the functions fyyz, fayy and fy., are continuous

then

‘?‘wx = ‘ngs :43*3
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EXAMPLE 8. Find the indicated derivative for

f(z,y,z) = cos(zy + 2).
» - —_— ("Sfr\ [)‘jf?‘\ (xﬁ*%\)

- 9 (—-x Sin ()“31’2\3
X N

(EI_) fmy = ax

e
= = Sin (x'ji—é) - X Y CoA C XY+t z)

) S = Frga = 25 (Fxg) = 25 (0 Sm0ad Xy

= - @ (xyr D+ x§sin (xy+2)

Title : Feb 4-12:12 AM (Page 11 of 11)



