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14.4: Tangent Planes ind Linear Approximation

f(z,y). Let P(xo,yo, z0) be a point on S, i.e. zyg = f(zq, yo)-

be the plane that contains both the tangent lines L; and L,.

e
2 (yol*
alpgte

Suppose that f(z,y) has continuous first partial derivatives and a surface S has equation z =

Denote by C the trace to f(z,y) for the plane y = y, and denote by C5 the trace to f(z,y)
for the plane x = zy. let L; be the tangent line to the trace C; and let Lo be the tangent line to
the trace C5.

The tangent plane to the surface S (or to the graph of f(z,y)) at the point P is defined to
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THEOREM 1. An equation of the tangent plane to the graph of the function z = f(z,y) at the
pomt -P(I’.[}a Yo, f(x[}a yO)) (&

z — f(Zo,Y0) = f=(Zo, Y0)(z — Zo) + fy(20,%0) (¥ — Yo)-
CONCLUSION:A normal vector to the tangent plane to the surface 2z = f(z,y) at the point

P(xo, Yo, f(0,%0)) is
= n(mﬂa yD) — <‘f’u‘lﬂ: &(’ﬁ@a -‘ >

The line through the point P(xg,yo, f(zo,ys)) parallel to the vector n is perpendicular to the

above tangent plane. This line is called the normal line to the surface z = f(z,y) at P. It

follows thatrthls normal line can bhe-e lymsﬁ' arametrically as
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,_E:_’i} Find P Ortum. 2gation fov Haa
normal Lne *o Hw Surface_
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EXAMPLE 2. Find an equation of the tangent plane to the graph of the function z = x? +y?>+8

at the point (}," 1)’.. Tm ¢““- o) '\.\.
3 v, X

2("0: A x¥=lo
P ( \)‘> ‘QB

normal veckor o e ("‘M-
NS x, 2y IV =2 %, 2y -l
normol ok P
R(uLN=¢a, a2,

Tmso‘\\- ?\M\L ok (l>\\
@ (x-0) + 2 (4-D) v 0 (E-19) =0

AX + )B-} +6 =0
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Differentials. Given z = f(z,y). If Az and Ay are given increments of = a and y = b respectively,

then the corresponding increment of z is

Az(a,b) = f(a+ Az, b+ Ay) — f(a,b).

4 (a+Ax,b+ Ay, fla+ Ax. b+ Ay))

surface z = f(x, v)
. g .

LT % Ay
- ®- - - -
g = dy d.
/" dy = Ax a, b, fla, b)) I 1
A I [
. | | S .
0 1 7+ Ax \ . .
- fla, b)
tangent line
v= fla)+ flajx—a / |
fla,b) 1 ! =y
fa+Ax.hb+ Ay 0)

tangent plane

fia, b) = [ da,b)ix = a) + [ la, by —b)

(1)
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The differentials dz and dy are independent variables. The differential dz (or the total

> " 2=F049)
d.f. = d_dl —I_ %d

dr "~ By dg = fax+ £ dy-

differential) is defined by

FACT: Az =~ d=z.

This implies:

F(aJrA:errAy) aﬂ
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Title : Feb 6-9:04 AM (Page 6 of 12)




EXAMPLE 4. Use differentials to find an approzimate value for 1/1.032 + 1.983,
€L
;(,@:\] X+ 43
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G) =L ¢
£ — [
)= 2L
g — L( Xl—\'js — _
d E:Re Q\QQ“J@%
L
P!
'g:‘é (\\2'\" —-5::""5"’ -

So,
J1.07+|. 433 Nab-r— 003+ 2 (-0.00)

= 24 0.0)- 004 =% 0.033297

Q\% Gl ullidor. .40 040
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If u = f(z,y,z) then the differential du at the point (z,y, 2)

the differentials dzr, dy and dz of the independent variables:

(a,b, c) is defined in terms of

du(a,b,c) = f.(a,b,¢c)dz + f,(a,b,c)dy + f.(a,b,c)dz.

AU Lahd ¥ du (a,bye)
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EXAMPLE 5. The dimensions of a closed rectangular box are measured as 80 c¢m, 60 e¢m and 50
cm, respectively, with a possible error of 0.2 em in each dimension. Use differentials to estimate

the maximum error in calculating the surface area of the box.

Su.r&gu. oxLa_

S = al x= + Y2t ry)

¢ Find &S (20, 60, SO)
Y and, AX =AY -_-_e%zo.z.
* = :lg = o2 =972 3
We know +hat  AS(20,8% sD) ~ 45(80,69 50

So, first fird dS 5
35 = Sy dx + SyAy+Sadz
ds :@X+Sy *SQAX =
=(2(2+Y) + 2C2+X) T Z(X'l"h\d" =
— 2 (22t 2x+29) dx=Y (xtYt2)dX
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15(80,60,50) = 4(gotéo+50)0. 2
= 4190 02 = §l9=152
AS (80,67 SD) X [S2¢m®
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A function f(z.y) is differentiable af (a,b) if its partial derivatives f; and f, erist and are contin-
wous af (a,b).

For example, all polynomial and rational functions are differentiable on their natural domains.

Let a surface 5 be a graph of a differentiable function f. As we zoom in toward a point on the surface
& . the surface looks more and more like a plane (its tangent plane) and we can approximate the function

J by a linear funection of two variables.
fla.y) = fla,b) + fela. b)(x — a) + fyla, b)(y — b) =: L{x, y).
The function L{x.y) is called the linearization of f at (a,b) and the approximation
Sz, y) = fla,b) + fz(a,b)(x —a) + fyla,b)(y - ])

is called the linear approximation or the tangent plane approximation of f at (a, b).

1(— fx oamd -\:5 are continuous ,M Lis M.Heru-h‘a.lok
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