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14.6: Directional Derivatives and the Gradient Vector

Recall that the two partial derivatives f,(x, y) and f,(x,y) of f(z,y) represent the rate of change
of f as we vary x (holding y fixed) and as we vary y (holding = fixed) respectively. In other words,
fe(z,y) and f,(x, y) represent the rate of change of f in the directions of the unit vectors i and j
respectively. Let’s consider how to find the rate of change of f if we allow both = and y to change

simultaneously, or how to find the rate of change of f in the direction of an arbitrary vector u.

DEFINITION 1. The rate of change of f(x,y) in the direction of the unit vector 0 = {a,b) is
called the directional derivative and if is denoted by Dyf(x, y).
The directional derivative of f at (xg, yo) n the direction of the unit vector 0 = {a, b} is ,(\o\"

Ve 0\,\ Ne
(o + ha, yo + hb) — f(zo, yo) 7 g
h ?o} - -._‘/?

if this limit erists. \
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REMARK 2. By comparing the last definition with the definitions of the partial derivatives:

flxo + h,yo) — f(To, yo) flxo, 0+ h) — f(xa. 10)
I h
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Dy f(zo.mo) = lim

¥

fa(zo, o) = Jim + fylwo. o) = lim

we see that

falzo,m0) = D/c -(: (*o\\lo\ and FolTo: y0) = D’j —g(x\\[;)
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For computational purposes use the following theorem.

THEOREM 3. If f is a differentiable function of x and y, then f has a directional derivative in
the direction of any unit vector 4 = (a,b) and ,-\J_q—f\

| Duren) = faz.p)as Aap = < £x fg7 o>

EXAMPLE 4. Find the rate of change f(x,y) = 2° +sin(zry) at the point (1,7/2) in the direction
indicated by the angle 8 = 7 /4.
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The Directional Derivative As The Dot Product Of Two Vectors. Gradient.

DEFINITION 5. The gradient of f(x,y) is the vector function V f defined by
af . of.

=1+ =]

oz " By

Notations for gradient: gradf or V f which is read "del f”.

%ro.cl q-b"y_l- Vi(z,y) = (folz,y), fylz.y) =

EXAMPLE 6. Find the gradient of f = cos(xy) + ¢* at (0.3).
T =< £ 0N, £4 G N>
- <_\3 S\A(KY) 'fe,x ) -_ X Sl'v\(xy} >

v,@(o\ﬂ = <4,0>
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By Theorem 3 we have: .
. b
Daf(e.y) = fulay)at f (e )b = <§x 6a7s 30 > L

:‘V.F-/Ut-\

Formula for the directional derivative using the gradient vector:

Dyf(z,y) =Vf(z.y)

Duk =94-u

or
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EXAMPLE 7. Find the directional derivative for f from Erample 6 at (0,3) in the direction
(3,4) %
Ogu.\# o xy) * e

9§3)=¢,0y &y & 2.
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The directional derivative of function of three variables

THEOREM 8. If f is a differentiable function of x, y and z, then f has a directional derivative
in the direction of any unit vector 1 = (a, b, c) and

Dyf(z,y) = falz,y,2)a+ fy(z. y, 2)b+ fo(,y, 2)c =in ‘u, s

5] 0 0
VI02) = (el 2, oo, 2) L ) = i o+ Sk

where

is the gradient vector of f(x.,y, z).
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EXAMPLE 9. Find the directional derivative of f(x,y,z) = 2* — 2%y at the point (1,6,2) in the
direction u = (1, -2, 3).

Fina sra.d,'\w* ok (\\5\"}N L
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QUESTION: In which of all possible directions does f change fastest and what is the maximum
rate of change.
ANSWER is provided by the following theorem:

THEOREM 10. Suppose f is a differentiable function of two or three variables. The mazimum

value of the directional derivative Dy f is |V f| and it occurs when u has the same direction as the

gradient vector Vf. A
Proof. D‘_z_"_: V‘F'“’ Lg' V'\'\;Vr\/
where o =X kv" \A)
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EXAMPLE 11. Suppose that the temperature at a point (x,y, z) in the space is given by

100

T@w2) = 5y Y2+ 22

where T is measured in °C and x,y, z in meters.

(a) In which direction does the temperature increase fastest at the point (1,1,-1)7

in W divedhon  of YT (1, 1,~1).

-~-\o0- 2% = D)= - 209
T:f. (s + Y _\,_23 Tx(‘>‘> 3 16
=~ —200% =) TS G ‘) _—_—'

.__——/
s A a2 -0 ——5
( =) —r}(\)‘ (‘ \)\);

- -200%
%b H’I_ (1\+ xcf?.\,t_,,iﬂgi .
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Tangent planes to level surfaces:
FACT: The gradient vector VF(xy, yo, zp) is orthogonal to the level surfacelF (r,y,2) =k \

at the point (xg, yo, z0).
So, the tangent plane to the surface f(x,y,z) = £ at the point (xg, yo, 20) has the equation:
(=¥ + b(y-vs) + CC2-2) =0
Fo(zo, Yo, 20)(z — xo) + F) J:'Jn z0)(y — Jﬂ) + £ (0. Yo, 20) (2 — 20) = 0.
hormal ‘o W uuawf 1....; T E O, Ve 20

The normal line to the surface at the point (xg, 3o, z0) is the line passing through (g, ¥o, z0)

. . . T 2D
and perpendicular to the tangent plane. Therefore its direction is given by the \f [ n (X.,‘Io.ao)

;\”Vq".,‘)“ Q ‘: (x°\y°| Z') ov ? ” 7 F (x'ly'l a‘) .

vector
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¥° 4o 20
¢ %99
EXAMPLE 12. Find the equation of the tangent plane and normal line at the point (1,0,5) to

the surface xe¥* = 1.
2
F (,Y,2) = ¥ e’
Find  SFE(,09) !
Fx - Q\il- => Fx (\|°|S—\=— &_ ;7VF(I.O,S)=<':5;°)
F‘a = X %e\j% =) F\& (\|0l53= S
Fe= *Yy '™ D S (10:5)=©

) is
! ﬂ* (,lo’s-
Qo, normal o He *“‘3"‘* sz,*f,\mf/

Y-? ( l|°|$) = <II$| °>‘

- (x=1) +6(9-0) + 0-(2-5) =0
x-| t59 =0

1*53"\
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Likewise, the gradient vector V f(z,y,) is orthogonal to the level curve f(z,y) = k at the
—_—

point (zg, Yo)-

Consider a topographical map of a hill and let f(x,y) representgthe height above sea level at

a point with coordinates (x,y). Draw a curve of steepest ascent.
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