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15.2: Double Integrals over General Regions

A1l functions below are continuous on their domains.

¥
Let D be a bounded region enclosed in a rectangular region
1. We define
fley) if (zy) isin D
Flx,y) = ] o . 0
0 if (x,y) is in ¥ but not in I,

If F is integrable over R, then we say F is integrable over D and we define the double integral of

fo{J:.y](lA=fI/HFI{J:.y:Il.lA _ o
——~—A

d

N (rwpah — (6D AD

FACT: If f(x,y) = 0 and f is E‘?J-.rtt-.in'fw-u.'f on the %ﬁf& D then the volume V' of the solid 5 that lies
above D and under the graph of f, i.e.

[ over [ by

S={(x,y.2) R’ 0 < z < f(x,y). (x,y) € D},

V= fLJ‘{u:.deA_
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FACT: If flz,y) = 0 and [ is conbinuous on the region D then the volume V' of the solid S thal lies
above D and under the graph of [, i.e.

S={(zx,y.2) eR* 0 < z < f(z,y), (x.y) € D},

V= f Sz, y)dA.
D

EXAMPLE 1. Fualuaie the tntegral . A
Lid 2= {1b-¥-Y

./.[u 16-a%—ytada wpper SCH\QSPM"Q

where D = {(J y) e B2 2?97 < lI':} by identifying il as a volume of a solid.
Y
Lase

SS \G_*I._‘al — vo\ume °(\ he
solid  Sem: sphere
With  cading 4

3 ™
ﬂ;q". 4" = \23

1%

= n h-l“' e

L.
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Properties of double integrals:

e If D =D, U D5, where Dy and D> do not overlap except perhaps their boundaries then

[ rewar= [[ feaas [[ e
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e If v and 3 are real numbers then

/ /D (@f(@.9) + Bg(e.p)dA = a [ /D fpaa+s [ fD o(e.y) dA.

e If we integrate the constant function f(z,y) =1 over D, we get area of D:

//D 1dA=A(D)s 4
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EXAMPLE 2. If D = {(x,y)| 2% + y? < 25} then

//DdA: ocea o D = AST
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Computation of double integral:

March 22, 2018

A plain region of TYPE I: A plain region of TYPE II:
D={(z,y)la<z<bg(r)<y<g(r)}. D={(z,y) e<y<dhy) <z <hy)}.
o \59%:.‘.*7 4P
y 4_" T\ y
3
— T fr=W\D)
J’ Z
(2 y=c
Y= 4,00 T *
0 0
1 3
THEOREM 3. If D is a region of type I such that | THEOREM 4. If D is a region of type 11 s.t. D =
D={(z,y) a <z <baglzr) <y<gez)} then {(z,y)| e <y <d hi(y) <z < ha(y)} then
¥’ Crrve -
Fv h:r{yF 9‘\
//f:ry)dA / f flx,y)dydz. //fry)dfi / / flz,y) dedy.
gi(z) hi(ﬂ)
Lower cuxrve yve
L}
Y
T
0
y
. T
0 ] b 0
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EXAMPLE 5. Evaluate I = [/ 302’y dA, where D is the region bounded by the lines
J Jp
x = 2,y = x and the hyperbola xzy = 1 in two different ways (i.e. considering D as a type I and

D=3 M| 1exs2 ) $eyes]

then as a type II region).
TYPE T

|
Lower Gerve Y=z §,04= >

Upper Gurve Y= 3,00)= x

S
:\gc%-nﬂz(_ﬂﬁ.__,g
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’["‘3?69:, D :{(x.*:b\—‘;sgsa W x 5“7:'5,
B ) < vight

where y,:hl@:{ 1e%=l ‘):w&
b o 1Y

/'7( +3’ b/
2\ —"7x=L Lefl Y <y
: Wl—
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EXAMPLE 6. Find the volume of the solid bounded by the eylinder % + y*> = 1 and the planes

T .y = 2,z =0 in the first octant. x7e
Aol W‘i’;f,’ 2=L0aY) N4
V= [[fen dn 23

&

D:J‘ ()Hﬂ)\ Xl-q-‘lLﬁ | ,

X e 3 X209, 42 0_‘3
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EXAMPLE 7. Evaluate the following iterated integral by reversing the order of integration:

1 gl
I= z* sin(y*) dydz S 3sin(y®)dA
/ﬁ .[ﬂ} sin(y”) dydr = (-1_ SI’\(B )a )

D
where D:{(*P’)\o‘x‘\ y X C‘as\s
i 3 v*m_ L {y
\1 Zra-0ry L= S X sin(y) dx dy =
\\ 2 © O B
3 |
3 \ ¥ y Ty
= S‘:‘mz %? 4% o\\é, = Ss""‘f (—I,;— e )A'g’
\ . [
2 3 _
= S ‘nn(‘a"\ Q}_ - % d‘a = ':"" Sl} 4\“(‘3\&\3’ - ---
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