16.2: Line Integrals

Line integrals on plane: Let (' be a plane curve with parametric equations:

r=2(t),y=y(t), fa<t<b, ]

or we can write the parametrization of the curve as a vector function:

x(t) = (2(0),y®), |a<t<b |

DEFINITION 1. The line integral of f(x,y) with respect to arc length, or the line integral of f along

ff(ﬂfay)ds I—F(x,y,%)ds
) C

C is

%
A y =1

https://brilliant.org/wiki/line-integral/
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Recall that the arc length of a curve given by parametric equations = = z(t),y = y(t), a <t

can be found as
B f g W (4 " dt

where

ds = V/(@'(t))? + (¥/(1))* dt.
The line integral is then \‘/

[ swvas = 5£(w&~ﬂ®)5 At

If we use the vector form of the parametrization we can simplify the notation up noticing that

r'(t) = (2'(t),5/ (1))

and then

’ ds = V@OR G ORdt= | 7 ()] At

Using this notation the line integral becomes,

]fxym—/f ), y(&) ()] dt.

<b

REMARK 2. The value of the line integral does not depend on the parametrization of the curve, provided

that the curve is traversed exactly once as t increases from a to b.
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Let us emphasize that ds = |r'(t)|dt = \/[ ()] + [ (t)] dt.

EXAMPLE 3. FEvaluate the line integral f yds, where C : x =13, y = st =< 1.
C
x' —Hz y 3 = ;H:

ds= \ GO + @O oAt
ds=\ ait l-lJc1 ot

N (t0)

b |3
C wt
T wues Ax +Y g N
_ 3% Ak . S wik - 4y
,_-:lul. 1 = "‘lq dUT- .
4<u<ly y 1.3
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Line integrals in space: Let C' be a space curve with parametric equations:

r=z(t),y=y(t),z=2(), a<t<h,

or
r(t) =z(t)i+y@)j+z2(H)k, a<t<b.

The line integral of f along C is
b
]p f(z,9,7)ds = / F((t), y(2), 2() | (1)) .

Here
\E = |r'(®)] da= \/[-’i—fi"(?f)]2 + [y (1)) + [/ (¢)]* dt.
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EXAMPLE 4. Evaluate the line integral / (r + y + z) ds, where C' s the line segment joining the points
C
A(—1,1,2) and B(2,3,1).

Q: Z}%:(l—(—(3, 3‘|)\"9~> :<%‘&‘~l>
PR <= o {Tr o b= T1AS
{ = Sc
y= | *ak = J =2 =
Ch3- 2 — % R
o<t <

\
SU*\J*E\AS = g((-n-wc\ + (\xak) v (2 Q}m dk =
C O

:iﬁgﬂ(c-i—'{'c) k= - ..

-\
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Physical interpretation of a line integral: Let p(z,y, z) represents the linear density at a point
(z,y,z) of a thin wire shaped like a curve C'. Then the mass m of the wire is:

[ fommn ] g

EXAMPLE 5. A thin wire with the linear density p(x,y) = x> 42y* takes the shape of the curve C
which consists of the arc of the circle x* + y*> =1 from (1, 0] to"(0,1). Find the mass of the wire.

C'. Y'-"—‘k'_ ) \é: Q\-_&A )® Cyaw\rle a@ Yo,_ra.m&Rr?Sq_ﬁ‘

j We will wne another  podmd gekTen

¢ < T
X= Sint 3: st ) o“"?t) /L< cor €, —Sint >
F )z < sinéy cnt> =2 el = Jm_a
- & o =
ne §peis = [(ap)es
¢ C
Tl ey Lt
— g G\V\Z{"l’ ‘200}\ ‘t}
Y
gﬂliﬁﬁﬁc + conrt C’“léxd’{_
-— \/\/——
o) g
[~ N
= T T S ot dt = -
2 VT
14 L2
72
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Line integrals with respect to x,y, and z. Let C be a space curve with parametric equations:

r=wliw=4ll. =20, a=i=b
dx= ¥ dx
The line integral of f with respect to z is,

ff:r'yz dz—[ (a0 0(0), =)' (1) dt.

olX
The line integral of f with respect to y is,

b
/f(ﬂf::r;=2)dy=/ f(z(t),y(t), z(2))y'(¢) dt.
C a AN~

d
The line integral of f with respect to z is, 2’
= (DHdt
ff“”z 'z = j ﬁ(x(e), y () 2(4) T

These two integral often appear together by the following notation:

L/ Pdz+ Qdy + Rd=z
Jo &

/ Pdz + Qdy.
C

or
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= X
where FO0)=-2, ) TR

EXAMPLE 6. Compute Suy) Axy)
—J -~ Y £ —_ 0\)(+Xc15,
JF.Jr = I= - dz + dy— )%
C e iz + y? 5 pay C.
where C' is the circle z° 4+ y* = 1 oriented in the counterclockwise direction.
C. x= wrt, Y= Sin+t ot £ AT
ClX= X‘A&:‘SW\Q it
_ = N
S A 2
o Con £ Cont At :f@l““’té}”u‘
1: S— 5int (- gint) dt T L/\g_’
— Y

0
o Z - [t <b7]
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Line integrals of vector fields.
PROBLEM: Given a continuous force field, /*“\-
F(:B! Y, Z) . P((I: Y, Z)i + Q(LE.. Y, Z)j & R('I- Y, Z)k,

such as a gravitational field. Find the work done by the force F in moving a particle along a curve

C: rt)=z@®)i+y@®)j+z@t)k, a<t<bh

SOLUTION: C Rem1.L

f B
N7y

- ]

5
bl B
W;_':-F(F(l«f))'u(t;) ) )
Where “?{t:')?-’- ’r(k;.u)"\'(l.:)

W L. S w; 160 = Max | BT

irllap * o
0 E(?“?»'M{h):gs;.dr

C

hfllo o
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DEFINITION 7. Let F be a continuous vector field defined on a curve C given by a vector function
r(t), a <t <b. Then the line integral of F along C is X & ".o‘o-d'

== b 4 e b 4
5(26:,’(.%)0 dr = f F - dr(t) =f F(r(t)) -r'(t) dt. C
C 0 oy A~
ieter i . Yador Vidor / > B
REMARK 8. Note that this integral depends on the curve orientation:
B
/ Frdr{t)z—/F~dr(t)
o JC
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T=<P Q,RY

Relationship between line integrals of vector fields and line integrals with respect to z, v,

and z.
fF-dr(t): J( P'Q‘R7.<Ax, JY,A%) =
'z-ﬂ*vr‘* ¢

Lowe inkgral :fPJX*QJ,'j"' Rd2
C
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EXAMPLE 9. Find the work done by the force field F(x,y, z) = (xy,yz,xz) in moving a particle along
the curve C : r(t) = ﬁgg{?):ﬂ 0 o
Y & Y—

w - S e {xn’;%\. d? = S(XY, ‘jZ, X2>'<J"t d,,d%):
C

C
Jx:gdk:dé—

= S xydx + Yyzdyt xedz =
C

= Sle’"*?’- v P2
0

! I P £
= f( L2484 34:‘)““L[*7'a8
o

+ f.ﬁ.glﬁ t =
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