16.3: The fundamental Theorem for Line Integrals

16.4: Green’s Theorem

S.u_ S‘L\cl tc|’
DEFINITION 1. A wvector field F is called a conservative vector field if it is the gradient of some

scalar function f s.t F =V f. In this situation f is called a potential function for F.
Recall Part 2 of the Fundamental Theorem of Calculus:

b
/ F'(z)dz = F(b) — F(a),

where F' is continuous on |a,b].
e The fundamental Theorem for Line Integrals: Let C' be a smooth curve given by r(t), a <
t <b. Let f be a differentiable function of two or three variables and V f is continuous on C. Then

8
S‘N?" /C,Vf dr=fe@) - fr@). o c 8
8 =$(&)-%(p o
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e The fundamental Theorem for Line Integrals: Let C' be a smooth curve given by r(t), a <
t <b. Let f be a differentiable function of two or three variables and V f is continuous on C. Then

[ VF-ar = () - f(e(). = fCB) - FCA)
REMARK 2. If C is a closed h P is conservadive =5
EN 2. is a closed curve then
‘,f"q’ . .e vL for some £ =D
c &v{-dr = => '§€A\— &q;¢r=

C C  for avary,
closed canpve C.
COROLLARY 3. If F is a conservative vector field and C' is a curve with initial point A and terminal

point B then: N 3
+h tearal
e intepred fapdi - (ag-a2
C

A
P doehy hot de |’>€"-°k on

PaHn o-ﬁ, Cvx’ebs'ro:!'\'or\.
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sec. (6. |
EXAMPLE 6. (see Example 2)Let
GmM
r !x.’r.i)

=y, 2) =

where r = a2 4+ y? + 22, Find its gradient and and answer the questions:

(a) Is the gravitational field conservative?

(b) What is a petential function of the gravitational field?

SRR = e e S SR
R <oy T
(@) YES. Gtiamm Hhare evisk o Scalar gretd (foniron g0l
Sueh  that vg=F

(W) £0aya) = G——-'"\,_M

EXAMPLE 4. Find the work done by the gravitational field

GmM
5 (62

F(z,y,2) = g e

in moving a particle with mass m from the point (1,2,2) to the point (3,4,12) along a piecewise-smooth
—— —N—
curve C'. A ®

W= (F4F
C

-
Py €x-6 (Su.léﬂ , F
£ b‘l\é\%) = cmM is its f‘okhﬁak

1. A
X+Y funckion, v.e.

(3,4,12) FTLT \ ve= ?_ . l
)

\/\l: SV4~AT1 S V‘(’d? = %(3,‘1,[2)":?-(\\2‘9'3:

< (L2,2)

s conservakive and

GMH CmM

— -

\‘1:'*‘11'1'[11’ a4t -

—
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Notations And Definitions:

DEFINITION 5. A piecewise-smooth curve is called a path.

e Types of curves:

stmple not closed | not simple not closed | simple closed | not simple, closed

e Types of regions:

stmply connected | not simply connected
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e Convention: The positive orientation of a simple closed curve C refers to a single counter-
clockwise traversal of C. If C is given by r = z(t)i+ y(t)j,a <t < b, then the region D bounded by
C' is always on the left as the point r(t) traverses C.

Yy Yy
0,70 W’ D
s .

0 0

e The positively oriented boundary curve of D is denoted by 0D.

——
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—)
F (5,Y) =< P(x,Y), QAY) > vednr frold
¢GREEN’s THEOREM: Let C be a positively oriented, piecewise-smooth, simple closed curve
in the plane and let D be the region bounded by C. If P(x,y) and Q(z,y) have continuous partial

derivatives on an open region that contains D, then

S .S
\? Fdr = Pd:r+Qdy=]/ i %)
aD p\0z Oy

: \/y—‘—,
3D :ne indegral dowile tategrad .
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EXAMPLE 6. Evaluate:
= f e’(1 —cosy)dzr — e*(1 —siny) dy
C

where C' is the boundary of the domain D = {(z,y) :0 <z < 7,0 <y <sinz}.

y Woy4 Parameterise C @
_\_l_:\_p_?- Wse Green's Th. ©
we S p= e (-wny) = e*e¥any
c=23D Q==e* (\—S?n‘b
0 7 -
%% -3% = - ’(I—Sinz) ——gim‘t =

= =@ + € Siny — " Siny = _¢*

P)\a Green's Theoren,

1=J§(2= -2% N h= (L
D

ar GinX r
= - Se," oltaolx= - ge"sinXolX-——--.
0 © °
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EXAMPLE 7. Let C be a triangular curve consisting of the line segments from (0,0) to (5,0), from
(5,0) to (0,5), and from (0,5) to (0,0). Evaluate the following integral:

: | [
T = f (% + 50) da+ (oy + 50+ 32) dy
C » '3 v -

P QU
2P e — =
y %%...75’ \3‘{‘)( 3 (%-\-3.\

By Grean' s Theorem

SS&%’% dk= ({5 An
D
=3 [{ap= 3 (Areal®)

D
55 1S
3 2

-
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SUMMARY: Let F(z,y) = P(z,y)i+ Q(z,y)j be a vector field on an open simply connected domain
D. Suppose that P and ) have continuous partial derivatives through D. Then the facts below are
equivalent.
The field F is

conservativeon D

‘ There exists f s.t. Vf=F

E Getenitar fundkror

The field F is

. = [ F - dr is independent of path in D
conservative on D AB

p ~0

335 >
]

The field F is — |ag or
conservative on D — = — throughout D
Jdxr dy

The field F is
conservative on D #F - dr = 0 for every closed curve C' in D
C

| Grreen's Theorem

(23 _287\ 4p
w—‘\‘b -
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EXAMPLE 8. Determine whether or not the vector field is conservative:

(a) F(z,y) = ($2+y2:@>- ?% =24 %}5} = % for allxyg .
° Q %3 13 € s %“SWGH::

(b) F(zx,y) = {(«* + 35> + 2,3z + ye¥)
e——"

P

Q
P - 08 _
-—-—5' G‘A« # e 3

==
F iS not Conservative
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EXAMPLE 9. Given F(x,y) =sinyi + (z cosy + siny)j.

(a) Show that F is conservative.
P = Sl'nz.
Q= X o \3 + S'fng

2.

T ay = %9; foc al %Y -

Find Vpolomttal o .
(b) Find a function f s.t. Vf=F

Findf 01 ])  Such +hak /<Tx, fy7 ° <P, QY
ﬁx\:: s;nc?;\a-r sm\a,(?z\ Tofind § selue E;::;
gy = (simgdx = xS +C (y)  (3)
Plug in (2)
F0m e Prmy sy -8y

fy .

o= +C"(\af)=/¢4&* Sty
C,lj) '-:-ff/'nJ dyfc
Ci1y)=-cony . (4)

(4) = (3
fOuy) = Asing - cony 4 Cj
Angwert  for exemgle:
‘(}.\9213“’“&-‘-‘5‘-
V"

o peleniran .(.?697) .
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(¢) Find the work d ‘f&e by the force field F in momn% a particle from the point (3,0) to the point (0,7/2).

W= JF ae f.) S op-43 FTLT £(oT)- g0) L (L)
(30) ? umcs Z‘rvd-r ve

= 050G, —E —(2s500- o) =1

(d) Evaluate §,F dr where C is an arbitrary path in R2.

/\
q%
a,,
)
\1

) @& D?BAA -0

D \_/Y-s_,
7 ()
i ©
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EXAMPLE 10. Given P8 R
e()‘.yla') = F= <2:I:y3 + 22, 32%% + 29z, 4% + 2:1:2:) g

Find a function f s.t. Vf=F ( Tn other weords, Show Vet
ok tbral T 15 conservakive)

TE=<Su fy, 522 = SPQURD
fo= A%+ O (erd= (axg +Dax + C(y D=

> ‘l‘)‘i' + ¢ (5113
- e N 5 ( / = xl\t
3 LA j %’(i'\f LT R P s
“ = y* x> (%) 0D o
27 Y% 3%# i = 3x 0 % Ay

¢, 53 333'3%" + C W)
@: \f% + GR)

Se,
— foud= AP 216D ()

2 pax@rar @) = yreaxz

W A+ W+ aya

rC;(%) = C/ﬁl
\\-7 Boegy® = XY + X am'* C

(4)=(3) -
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