16.6: Parametric surfaces and their areas

Consider a continuous vector valued function of two variables
gurfeace iw  veckor {%x-vw—

)

Fu,v) = 2(w, v)i+ y(u,0)j + 2(w,0)k,  (u,v) € D, :
- P Qo™

Parametric surface: /

S mme=imieie). Sr=gaary, S=zlaw); Eape b

In other words, the surface S is traces out by the position vector r(u,v) as (u,v)

moves throughout the region D.
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EXAMPLE 1. Determine the surface given by the parametric repre¢sentation
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EXAMPLE 2. Give parametric or vector representations for each of the following

surfaces:

(a) the cylinder: x? +y? =9, \ l'sz5 3 — geeneT
Ase (/aLm dricad oordanerts

T -
X= ¥ Cen © Xt *l‘f _-CI Nz 2 Sint
Uz rsing Yk_;; 2=2
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. q
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P (9,2) = <3n® 3308 E 7, ODR
\
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(b) the upper half-sphere: z = \/100 — z2 — y2.

/f-'L
WOA{'&. -\B Cx\\/) = <X ) \/) \) \oo - X Y= >
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CONCLUSION: To parametrize surface we may use polar, cylindrical or spher-
Tw a\l  Conth e paxamerers

ical coordinates, or domain D 1% pvejechon onto Hha
G
¢ z=f(z,y) — r(z,y) =2i+yj+ f(z,y)k X\~ plane

.y:f(xaz)H_“}P(IJZ):Ii—Ff(:Ejz)j_i_Zk X & —P\CU\-K

o x=f(y,2) — r(y,2) = f(y,2)i +yj + 2k Y- plane
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e Tangent planes:

PROBLEM: Find a normal vector to the tangent plane to a parametric surface
S given by a vector function r(u,v) at a point By with position vector r(ug,vy),
Le. Py(x(ug, vo), y(ug, vo), z(ug, vg))

z

=

Iy 2% T

The normal vector

- 4
N =N(u,v)= Vu * Y

If a normal vector is not 0 then the surface S is called smooth (it has no

”corner”).

Special Case: a surface S given by a graph ]z = fi(z; 'y)& Then one can choose

the following parametrization of S:
r(z,y)= < ¥, Y, §N>

and the then the normal vector is

) 1 ) -
N:\(\x X\\ﬁ\ﬁ":— : o ‘FX :<‘ I;")_g“31|>
o ) FB
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EXAMPLE 3. Find the tangent plane to the surface with parametric equations

! . o1 wnY e
r=uv+1,y=ue’,z=ve" at the poth on pl ene_
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e Surface Area:

Consider a smooth surface S given by
r(u,v) =z(u,v)i+y(u,v)j + z(u,v)k, (u,v) € D,

then

._.) -
45 = [N(u,0)[dudy = | Fu ¥ ¥ |dudV

and the surface area dudv
A(S) = ]/ ds :/ vy 5| dal
REMARK 4. Special Case: a surface S given by a graph z = f(z,y) we have

r(z,y) =zi+yj+ f(z,y)k
and

dS = [N(z,y)|dA = | < fx. £~ 2\ A.m\a.

=00 05\ dudy
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EXAMPLE 5. Find the surface area of the surface

S: E=w ="ty E=u—w TR )
5:{(&«,\!)‘ u‘&v":l}

F(uw) = {uv, uav, u-v>

N =Yu * ¥y = v l ) | =y (-v-w) y V-u)
W

| =4-2, V¥, V-w>

|-l\7 (w) ]| = |F’:* Fv\’ <=3, Veu, V-l

=\ 4 + K\/-\-:‘;f + (v -w)*

=\ 4+ ?:;M*u@'« W -2uwG cu
o dm * 2 (v avd) S
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EXAMPLE 6. Find the surface area of the part paraboloid z = x> + y? between

two planes: z =0 and z = 4.
Wﬂ‘- S‘sz.ad. (VS
=)= XY
wheore 6. €O and
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