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Int

1.

roduction

Ordinary differential equation (ODE) is an equation for one unknown function of one variable
that involves the derivatives of this function. We are generally trying to solve these for the
unknown function.

The order of ODE is the order of the highest derivative in the equation.

State the order of the DE y” + y = 0, and confirm that the functions in the family y(t) =
Cysint + Cycost are solutions.

1. Solutions of some differential equations (First order linear equations
with constant coefficients, section 1.2)

1

10.

11.

. If the differential equation can be rearranged to only have linear terms in y and its derivatives
then it is a linear differential equation.

(a) Find y(t) satisfying the equation y’ = 0.

(b) Find y(t) if ¥’ = 0 and y(to) = vo.
In many applications we need to find the particular solution that satisfies a condition
of the form y(ty) = yo. This is called an initial condition and the problem of finding

a solution of ODE that satisfies the initial condition is called an initial value problem
(IVP).

. The graph of a solution of ODE is called an integral curve for the equation. So, the
general solution produces a family of integral curves corresponding to choice for the arbitrary
constants.

Geometrically, the initial condition y(¢y) = yo has the effect of isolating the integral curve
that passes through the point (%o, yo) from the complete family of integral curves.

(a) Solve ODE: ¢/ =t and sketch some typical integral curves.
(b) Find the equation for the integral curve that passes through the point (4,7).
(c) Solve IVP: ¢/ =t, y(to) = vo.

Suppose that f(¢) is a given continuous function. Solve ODE: v/(t) = f(t).

(a) Solve ODE: ¢/ =y.
(b) Solve IVP: ¢/ =y, y(to) = yo.

Solve y' = ay, where a is an arbitrary real constant.
Consider ¢y = ay + b, where a and b are arbitrary real constants.

(a) Find general solution.

(b) Find solution satisfying the initial condition y(0) = yo.

Solution that doesn’t change with time (i.e. y(f) = yo for any t) is called an equilibrium
solution. The corresponding 7, is called an equilibrium or stationary point.
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12. An ODE that describes some physical process is called mathematical model.

13. A model of free-fall motion retarded by air resistance.

Suppose that an object with mass m falls through air toward Earth. Assume that the only
forces acting on the object are gravity and air resistance (=drag force). Denote by v the
drag coefficient.

(a) Formulate an ODE that describes the motion
(b) Find general solution of the ODE obtained in the previous item

(c¢) Find a particular solution of the ODE obtained in (a) satisfying the initial condition
v(0) = vp.

2. Separable Equations (section 2.2)
1. Separable ODE is any ODE that is expressible in one of the following forms:

y' = f(t)g(y), p(y)% =q(t).

2. Steps to solve a separable ODE:

e Separate variables, i.e. rewrite the given equation in the differential form:

p(y)dy = q(t)dt. (1)

[pwas= [ aat. 2)

e If P(y) and Q(t) are antiderivatives of p(y) and ¢(t) respectively, then the equation
P(y) = Q(t) + C will define a family of solutions implicitly. (Note, in some cases it
may be possible to solve this equation for y to find the solution explicitly.)

e Integrate both sides of (1):

3. (a) Find general solution of ty/ = —y (¢t > 0) and sketch some typical integral curves.
(b) Solve IVP: ty/ = —y (t>0), y(4)=2.

d 1
4. Solve Y i, x> 0.
der  zy+ xy?

5. Separate variable in the following equations:

dy _ _bBsinz—y3
(a’) dl‘ =€
d
(b) d—?zl—l—t—u—ut.



