Main properties of Laplace transform

Definition 1. (piecewise continuity) A function f is called piecewise continuous on the interval a <
t < b if there exists a partition of this interval by finite number of points a = tg < t1 < ... <tp_1 <
t, = b such that

(1) f is continuous on each open subinterval t;—; <t < t;,
(2) one-sided limits tlignJr f(t) and tli?l f(t) exist and finite.
—t; —ti—

A function f is called piecewise continuous on [0, +o0] if it is piecewise continuous on the interval

[0, A] for any A > 0.

Examples:

Definition 2. (functions of exponential order a) A function f is said to be of exponential order a as
t — 400 if there exist real constants M > 0, K > 0 and a such that

If(t)] < Ke™,  forallt > M.

Examples:

Theorem 1. (on existence of Laplace transform) If f(t) is piecewise continuous on [0, +00] and of the
exponential order a then the Laplace transform F(s) of f(t) exists for any s > a. Moreover, |F(s) < %
for some positive constant L.

Sketch of the proof:



Main properties (regarding problems of section 6.2):

(1) Translation in s:
L{ef(t)} =F(s — a);
Proof.

L{esinfpt} =

L {eat cos Bt} =

(2) Laplace transform of the derivative:

L{f'(t)} =sLA{f()} — f(0)

More generally,
L{f")} = s*L{f()} = sf(0) = f'(0),

By induction,

{5} =L sy =) = 0) — = sf 07D (0) = F 0

(3) Derivative of Laplace transform:

LA f()} = (=1)"F"(s).
Example L {t"e} =

Theorem 2. (Ezistence of the inverse Laplace transform) If f and g are piecewise continuous func-
tions of exponential order a on [0,+00) and they have the same Laplace transform, i.e. L{f(t)} =
L{g(t)}, then f(t) = g(t) at all points of continuity of the functions f and g. In particular, if f and
g are continuous then f = g.



