11.6: Vector Functions and Space Curves

A vector function is a function that takes one or more variables and returns a vector. Let r(¢) be

a vector function whose range is a set of 3-dimensional vectors: R : P
r(t) = (z(t),y(t), 2(t)) = 2()i+ y(t)j + 2(t)k,

where z(1), y(t), 2(t) are functions of one variable and they are called the component functions.
A vector function r(t) is continuous if and only if its component functions z(t),y(t), z(t) are

continuous.

EXAMPLE 1. Given "m 1@,%[*

r(t) = <tln(t—l— 1),t smt et>
(a) Find the domain of r(t).

D) = | 4+170Y :{-l?—ﬁlsb(?ab 17 )
D(y)= D) = R or (-1,00)

(b) Find all t where r(t) is continuous.

(-1, o)



Space curve is qruen by parametric equations:

C={(z,y,2)lx =x(t),y = y(t),2 = 2(t), t in I}, C

where I is an interval ;‘ga& z:a par‘\nete b

FACT: Any continuous vector-function r(t) defines a space curve C' that is traced out by the
tip of the moving vector r(t).

Any parametric curve has a direction of motion given by increasing of parameter.

-L <4, = Ked Y'('h\ ?(’k}\

EXAMPLE 2. Describe the curve defined by the vector Junction (indicate dmecﬁ)n of motion):
(a) r(t) = (cost,sint,0)

A= cob &
Y=Sink

<=0 eavc\e in
¥ (0) =<1,0,07
¥ (%)= <o, 1,0\




(b) r(t) = (cosat,sinat,c) where a and ¢ are positive constants.

A wde
A=Co) ak - uwi ©
.=> A+ Y" 1

Y= Sinat S w0 /G

2=C éc.oc

\ =
(c) r(t) = (2cost,3sint, 1), 0 <t < 27 “. ‘M \

_ e\\‘ P‘ n
: = ?;65:‘:'& (xs-.‘(q;_ [C
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(d) r(t). = (cost,sint,t)
Aokt 2y
Y= Sint
2=+

Cine segnen-l—
t(0)=<1,347
.\'a(d\ =(2, S\"\)




EXAMPLE 3. Show that the the curve given by
r(t) = <si11 t,2cost, V3sin t>

lies on both a plane and a sphere. Then conclude that its graph is a cirele and find its radius.
A A

3 = 2 Gt v plane
x Ahrous
2 = {3 Siat Yhe ovigin

a2 = (Sind) + (aa»ﬁ-\- Q\?S‘ﬂ*};"

= st + 4R N3 TE
= 4 st + '-lCto‘zT= H




Derivatives: The derivative r’' of a vector function r is defined just as for a real-valued

Sfunction:
dl‘(fg) o T I‘(f[) + h) — I‘(f[))
B

dt
if the limit exists. The derivative 1'(to) is the tangent vector to the curve r(t) at the point r(to)

(z(t0), y(to), 2(t0)) -

r'(t) = (2'(t), y'(1), 2 (1)) = ' (H)i+ ¥/ (1) + 2 (k.

EXAMPLE 5. Gwen r(t) = (1 +t)%i + e'j + sin 3tk.

(a) Find r'(t)
o) (4 (14", _(A A—(s...'st\) (i) ) 3

(b) Find a tangent vector to the curve at t =0

V = ?‘(0) =<2,1,37

(¢) Find a tangent line to the curve at t =0

X o= f/]+ a Y (0)=<1,1,07

‘3: YO "' L'E /T

I R A N ES =]+ 2k 2 =t2t
U LTI D) | ysied
vy V.7 3> 0% 34 22k

(ct) Find a tangent line to the curve at the point < 1,1,0 >
( )
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