12.7: Maximum and minimum values

Function y = f(z) (QIL-I Function of two variables > = f(z,y) Cl(( E

DEFINITION 1. A function f(x) | DEFINITION 2. A function f(x,y) has a local mazimum

?‘5("‘5)“’ I?Ff)ma;im“m at T = ‘; I at (z,y) = (a,b) if f(a,b) > f(z,y) when (z,y) is near (a,b)
> f(: T e

z_naa r;éghgor:o;no;c:j.n;a;uict:; (i.e. in a neighborhood of (a,b)). A function f has a local

F has a local minimum at © = a if | TEAMUM at (z,y) = (a,b) if f(a,b) < f(z,y) when (x,y) is

fla) < f(x) when T is near a. near a b E E’

If the inequalities in this definition | If the inequalities in this definition hold for ALL points (z, y)

hold for ALL points r in the domain | i the domain of f, then f has an absolute maximum (or
of f, then f has an absolute max

absolute minimum) at (a,b).

(or absolute min) at a

If the graph of f has a tangent | If the graph of f has a tangent plane at a local extremum,

line at a local extremum, then the | then the tangent PLANE is horizontal.
tangent line is horizontal: f'(a) = 0.
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THEOREM 3. If [ has a local extrernum (that 1s, a local mazirmum or minimum) al (a,b) and

first-order partial derivatives exist there, then

P—

fela,b) = f,(a.b) =0 (or, equivalently,V f(a,b) = 0.)

Notmsk {th,cn& plane of 2 = fex, )
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DEFINITION 4. A point (a,b) such that fz(a,b) = 0 and fy(a,b) = 0 , or one of this partial

derivatives does not exist, is called a critical point of f.
—_—

At a critical point, a function could have a local max or a local min, or neither.
- . . . . —
We will be concerned with two important questions: —_—

e Are there any local or absolute extrema?

e If so, where are they located?
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THE EXTREME VALUE THEOREM:

Function y = f(x)

Function of two variables z = f(z,y)

If f is continuous on a closed inter-
val [a, b], then f attains an absolute
maximum value f(x;) and an abso-
Iute minimum value f(z2) at some
points z; and z3 in [a, b].

If f is continuous on a closed bounded set D in R2, then f

attains an absolute maximum value f(z1,y1) and an absolute
minimum value f(z9,ys) at some points (xy,y;) and (z3, ys)

in D.




EXAMPLE 6. Find extreme values of f(x.y) = 2 + y°.

Local | Absolute
Maximum
NO NO
Minimum | (e,0) (o,0)

L
Domain: R ( unclosed

un bdd

z=£‘|“lt'

Nofe v4=<2x2y>=<0,00 ¥
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EXAMPLE 7. Find extreme values of f(z,y) = /1 — 2% — >,

Local | Absolute ""' _ ] _11_ u{-wrt
Maximum (et 8,0) | ek (0, 'b'} s "L
o o=
Minimum rele

L
(z‘= Pt 2 “9
- 2

o
s

Domain: £*\|1'$ | it disk
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EXAMPLE 8. Find extreme values of f(x,y) = y* — 2.

T L
Local | Absolute 2 =Y =X
Maximum
v |
Minimum
NO NO

Domain: R‘ wldd S w\ddd

REMARK 9. Example 8 illustrates so called saddle point of f. Note that the graph of f crosses
its tangent plane at (a,b).



EXAMPLE 10. Find the points on the surface 2* = xy + 1 that are closest to the origin.
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ABSOLUTE MAXIMUM AND MINIMUM VALUES on a closed bounded set.

THE EXTREME VALUE THEOREM {set akote)

Gale1
To find the absolute maximum and
~

minimum values of a continuous
function f on a closed interval [a, b]:

1. Find the values of f at the critica
points of f in (a,b).
2.Find the extreme values of t at the

endpoints of the interval.

3. The largest of the wvalues from

steps 1&2 is the absolute max value;
the smallest of the values from steps
142 is the absolute min value.

Cole I

To find the absolute max and min values of a continuous func-

tion f on afclosed bounded set D:

@ Find the values of f at the critical points of ffin D.

ind the extreme values of f on the boundary of D.(This
usually involves the Caleulus I approach for this work.)
| —

3. The largest of the values from steps 1&2 is the absolute
maximum value; the smallest of the values from steps 1&2 is

the absolute minimum value. ‘&z
SORT AW points feom S¥PS

The quantity to me maximized/minimized is expressed in terms of variables (as few as possible!)

Any constraints that are presented in the problem are used to reduce the number of variables to the

point they are independent,

After computing partial derivatives and setting them equal to zero you get purely algebraic problem

(but it may be hard.)
—_—

Sort out extreme values to answer the original question.



Daily Grade #2

Name

Find the absolute maximum and absolute minimum vales of the
function

f(x)=2x>+3x*-12x
on the interval [0,2].
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closed and $dd

EXAMPLE 11. A lamina occupies the region D = {(x,y): 0 <z <3, —2<y<4— 2$}.. The
temperature at each point of the lamina is given by -

— - .
LT(ZU’!/) =4(a® + oy +2y° — 3z +2y) + 1@ tqud&ﬂ'"’j )

Find the hottest and coldest points of the lamina. ‘F“A d‘M )
X extrema o‘-T(’W
¢ /\ = o D.
. ) ey s in D
5 STEP L F,a‘ Gﬂ"l‘t’ Po‘ 37
. -2)=0=2 Y=53~-
ros o 1 =i(eney 3)
-1 1;.-.4(::.:‘!9"-)’0
-2 Ly 4(3-2M+2=0
Y 412=-8% 42 =0
1% = 14 S A3 .
Cit goint (2) D 2L

1‘(»1)--1(«-4*4-6-2\*&\0:-\(.“0.&
T T Jer places an uxkeme volue can
sTEP 2 w'ab =ﬁ3“t)h$c v CA ““NM.‘“‘% :un.

—

- = tk(lb\:

Common. poies (s e et ™
e T, (8 ~4)¥1o =\2C
T(B) = T (3 3|2
T() =T m{ 170)

X
Edgs: Reduer numbee of variables (“"){0 ,>
ap.  f=-2 [ 0¢ACS

T, 2 T(xyDe 4(F2x8-324) sioska
AR os of htx) o (0.3)

Find entical poi c
=0 =) Ww=5 %=

V=0 & 4 (2x-2-3)

122« w(5)4)

wk  p¢c)
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RC Y Y= 42X, 0¢ X <3

T\ = T(x,4-2%)
BC “ _
:.4( % + x(Y4 -ax

= 4 vyx ax +2l!

0
)+ ;(q-lx)iiax-*l(“‘"‘))
X 3+ g ~4x)+I0

CA " x=0 -2 < S<L‘
T(0,4)= 4 (2¥*+2v)t10 = M (y)

wMN=0 ¢=) 4(4Y412)<0 yz_«z

n(-5)=Tlo-§) =4 (grztgtio
= L\(-\z--n-HD :‘@
CTEP3  SokT ouT-

=170 = isthe hotlst
ma-xT(X,‘J\:_T(Oﬂ\-“O )(0,1\l$ QPO;”’.:
D
T = T (N6

% ‘o tho ooldest f03”7‘

(2,
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Cale T

Suppose f is continuous near a and
f'(c) =0 (i.e. ais a critical point).
— et

e If f"(c) > 0 then f(c) is a local
minimum.

o If f”(c) < 0 then f(c) is a local
maximum.

NOTE:
e If f(c) = 0, then the test gives no

information.

Second derivatives test:
Cale i
Suppose that the second partial derivatives of f are contim
ous near (a,b) and V f(a,b) = 0 (i.e. (a,b) is a critical point

Let D = D(a,b) = fua(a,b) fyy(a,b) = [fay(a,0)]”

o If D >0 and fyz(a,b) > 0 then f(a,b) is a local minimun
—_—

e If D >0 and frz(a,b) <0 then f(a,b) is a local maximur

e [f D < 0then f(a,b) is not a local extremum (saddle point

If D = 0 or does not exist, then the test gives no informatio:

fails.

To remember formula for D:

f:c:.: fry

D= zxyy — ry2:
Jazfyy — [fy] o

13



EXAMPLE 12. Use the Second Derwative Test to confirm that a local cold point of the lamina in
the previous Ezample is (2, —1).

T(z,y) = 4(2® + zy + 2y*> — 3z + 2y) + 10.

T,-,: Y (‘)_x+\j -3) (1'-l\n criticad point"

T,= 4 (x 4y \T,, 1;,\= \8 "‘=s-us-'6>°

= 16
Tan = g >0 Ty Ty !
+ .
ng" 16 by nd u.r' T“w’ o 2) CM C“J"'d-
T“ - (1|.|\ s
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EXAMPLE 13. Find the local extrema of f(x,y) = > +y° — 3zy.

Solution: Find critical points:

.f‘:3{—3, =0 = %=

4 4 =0
¥ 1 - =) A -A=
= -3% =0 o5 y-A=0
‘3 3’ ,((13,_)) :o
Y 4 <D 3
7:‘—0 X a i
L x=1
Y= 020 YE'{L?\

Cr{h’uﬂ ?oin‘d: (0,00 & (i,

Calculate the second partial derivatives and D.

(0,0) (l,l\
fer = Gn 0 (S A
© o
f:f-y — -1 -} _
. J
f-yy oY 0 '
D‘lf‘: 1 N=13 2[-3<o 63|99 )
JALY AR DA | IS A | l“}b\ hd

saddle loal  rim
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EXAMPLE 14. The mountain is defined by|z = x3) in the elliptical domain

D= {(aay)l %ﬂf < 1}. M

(a) Find the top of the mountain. chosed B u‘ '\
k D >
Fiad abs. max of 2 ©° vy

=)

STEM c.-:’c.rinh in D
2x =Y 5 (0,0)in D = 2(0.0)‘-'@

!ng

Method 4
(rep 2 Poundary :';4’1-1/,1,3@
—_—

. — - !tm:gw
Pucoomiecite.  He Boundery awd, yax ) wd o

<= Ucapt, Y=smt 0f tar

we can wstiek &= [ symmetry
fhe parawmder domerh 206Y) = 7Y
™ 2(x) = 2 ex,-7)
- &2‘_«_’ T ou) bebovgs b J“'{;:
o on )
2| _ 2 (1at , Sot) = Y t5° shen ((35,20)
= Qsmat = M'&\
0 (0.17\
Ll for o oot 5 a=% @ 4%
UAER wat=0 = : _3%
o =g D t°

h(F) = 2 (1enf, o5 -2(2%, §)z2508k B

() 2 (1§, )20 81 -2 2k &)

Eud pirts h(0)= 2(1@0 jsia0) 2 ('l,tz-g i(,:-l.g/
22 (e siaT) = AV =

N bs™7)

The pOWiAP by & 'Qk which are

=" (—aﬁ,‘g‘)) and (2%, E-")B
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(b) Is the eritical point found in the previous item the highest or the lowest in its neighborhood?

Z )
BEJ'QYW\'\WQ '\.(— 6t (0,0)

we have gﬁf?“mxlaﬂ&v“h ot

neither

Use Second derivakive Test

2=2%Y
27[":3 ‘
2y = D(°u°\: \o\ 0\:-—‘\<O =
2 =0 2 (0,0) saddle ’[’°“‘+‘
27‘/ =0 s et Mé

Nngoer!. Mot highes )

2y = : ol ;meﬁ o it m\s\“'!

Thewe & = fass * (O,Q)
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