13.6: Applications of double integral

e Area: A(D) = [[, dA

e Volume: V(D) = [[;, f(z.y) dA, where f is nonnegative on D.
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e Total Mass m of the lamina with variable (nonhomogeneous) density p(x,y), where the function

"= / f plzy) dA. §=constont
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p is continuous on D:

e Total charge (): If an electric charge is distributed over a region D and the charge density (units
of charge per unit area) is given by o(x,y) at a point (z,y) in D, then the total charge ) is given

by 0= /L o(z,y)dA.



EXAMPLE 1. Charge is distributed over the part of the disk z* +y*> < 1 in the first quadrant

so that the charge density at (x,y) is o(x,y) = x* + y*, measured in coulombs per square meter
(C/m?). Find the total charge.

Q- [(sunan- Jedan

1 D D
D’a { (r@:.0 srsl 0 égs‘{:}
wf )
Q= §{ ¢ rdrae = { Sv‘ ar) 9=
D" o Vo

_TL
-;.‘

a4



M =my= gAY
\3 ‘V\\1 :M)&:gl\i‘

X

Moment of the lamina with variable (nonhomogeneous) density p(z,y) that occupies the region

M, —f]?;prydA
D

mass

D about the r-axis:

Moment of the lamina about the y-axis:
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Center of mass , (Z,7), of the lamina with variable (nonhomogeneous) density p(x,y) that occu-

pies the region D is defined so that
mz = M,, miy = M.

These yield

g dprr@y)dd o Jlpye(zy)dA.

m m
where m = j/ plz,y)dA
D

REMARK 2. The physical significance is that the lamina behaves as if its entire mass is concen-
trated at its center of mass. Thus, the lamina balances horizontally when supported as its center

of mass.
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EXAMPLE 3. Find the center of mass of the lamina that occupies the region
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if the density at any point is proportional to the squcrre of its distance from the origin.
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