4.5: Exponential Growth and Decay

If y(t) is the value of a quantity y at time ¢ and if the rate of change of y with respect to t is proportional

dy _ | S
where k is a constant. J‘ f&f‘“"‘“l q\l.ﬂ*iﬂ n

to its size y(t) at any time, then

THEOREM 1. The only solution of the differential equatlon — = ky are the exponential functions

E=a)

where yo = y(0) is the initial quantity.

—

In the problems below vour primary goal is to find the constant k.
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EXAMPLE 2. A bacteria culture starts with 4000 bacteria and the population triples every half-hour.

(a) Find an expression fo-r@ number of bacteria after t{hours) = %({-\

S(o\: 4000
y(L)=13 4(0)=12000

Y (%) = 4000 (e KY
| 4(6) = 4000- ﬁf) tin hours

(b) Find the number of bacteria after 20 mmures = / h

4w(%) = 4000 93

- -
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EXAMPLE 3. After 3 dags a sample of radon-222 decayed to 58% of its original amount. 3(0)
-\
(a) What is the half-life of radon-222¢ S(t\ =5 7(03 for what

‘%('ﬂ amownt 6‘(" radon LA Q. G-P“ '(:= day 5
(x) 3(3} =0.6% ‘&(o)
Rt

= 40)e

To e{'(’-\rvvm\nl’_ k. wse (ﬂ

}Xﬁs O.‘S% A

e
| 8 3
t
t %
_E\EL"! y )= ‘Q(O\éx) = ‘j(o)-O.S'? ]

=

We lonse 4o &m) t  Such that
\j(f\—" ‘—l\g(o\

x =% = 2.8 days
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b) How long would it take the sample to decay to 10% of its original amount?
q P Yy q

——

Fond 1 st
\3({—\: O .\ ‘j(e)
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EXAMPLE 4. A curve passes through the point (0,5) and has the property that the slope of the curve

at every point P is twice the y-coordinate of P. Find the egquation of the curve.

1 " slope (Y () =2 ‘3, =) k=L
/‘k\ Y= 5
. We knew thet e gohution
o} Hais nitial valua problem
\S

y(®) = Yiore ™

oY -

> \\3 (®)= e’
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EXAMPLE 4. A tank contains 1500L of brine with a concentration of 0.3 kg of salt per liter. In order
to dilute the solution, pure water is run into the tank at a rate of 20L/min. The resulting solution, which

is kept mized, runs out at the same rate.
%om‘f\ .

(a) How many kilograms of salt will remain _after half an hour?

= kg
Q w0 &D\—/mm Concenlration " Salt = 8.3 /L.

y(&) amount o galt ot tanle
ok Kwe K (‘\.v\ min.

find 4 (30) =7
. ol ani
o\‘ﬂﬂ_ (m‘e ‘“\‘ﬂ. & ©

20%,Y sf sokt

rode in (1) = Cnhu.;\d\'r:'ﬂm r.ns o

(¥
rale NA'[Q= Conaahtrahiom | \ ‘:M\ \
o sk (&) = '
ﬂ—oﬁ 8(*) Oﬂ:~‘_ 15- L
R T PO e
- */ 5
J=ywye

Y(0) Qmount of salk in kel of e heginmny
Y = 0.3 %2 . |spoL = 45D kg |

M@: yso '€ Sths After hal§ o.h o

f\r\/\_\_
y(20)= 450 &~ LR M

(b) When will the ‘ﬂoncentmtion be reduced to 0.2 kg of salt per liter?

J

RV o

w(k) = 0.2 52 15O L = 300 k9
F‘\M\ A Such Phak ‘9(#\‘='§,00

-the _a
3
25 e'\,,.—" 3
1L

+ =—'7S€n3§‘= 30.40 Win
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Newton’s Law of Cooling states that the rate of cooling of an object is proportional to the temper-
ature difference between the object and its surroundings. For example, if y(t) is the temperature of the

object at time ¢ and 1’ is the the temperature of the room in which the object is cooling then

dy

= =k -T).

The solution of this equation, which gives the temperature of the object at time t, is

s .

where yg = y(0) is the initial temperature of the object. Indeed, ﬁT

y(¢)

Denote L\k \3 T‘ fod\"r

au 4y _ -1 =ku
&30 K(4-T)

\/

22 ke = w=ulo)®

dt
-~ T —3 "T ]

Ly = G©&-1)
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EXAMPLE 6. A thermometer is taken from a room where the temperature is 20°C to the outdoors,

where the temperature 18 5°C. After one minute, the temperature reads 12°C'.
e

(a) What will the reading of the thermometer be after one more my

- Y(4) = kemperature of Hu. Hermomeler
T=5 ok P‘:w\e A (wminutes)

‘5(0)-:10' \LSMS Newtm's law o C_°|‘h3 we
@\ Y& = (V- T) 2%

‘3(?'\7'.? > Uge s coneiton Ko o\QRrM\Y\Q k
12= (1) = (20~ §)e +5—

ae'\-

e‘“=((’.'3{—/—1 2 -15e% = le*=1z
=l:w-5') .y t'l' 5
Y&) @ ysesis

(yo= 1523 +5) = s2)=15 ] Teas=Ly
Y(2)x 8.27°¢C

(b) When will the thermometer read 6°C' ¥

Find &  sucdk Wok ‘3(@\7'6‘

6= \5'(.,15‘5':*5.

1
( \ —_—
L
-t: &lf :—sggm-n
n 5
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