7.1: Areas Between Curves

One of interpretations of definite integral

Arrea (D) =/a f@)dz, f()>0 on [a,h

is the area between the graph of y = f(z) and the z-axis on [a,b].
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For example, if f(z) = cosx and x € [0, 5] then
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If f(z) >0 on [a, b then/ flz)de 2 O

b
If f(z) <0 on [a,b then/ f(z)de < O

The previous example on [0, 2] 3“—{3
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Our goal: Find the area between two curves.

CASE 1. Determine the area between y = f(x) and y = g(z) on the interval [a,b] assuming
f(z) = g(x) on [a,b].
I other words, find the area of the region D defined by
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o A=A(D)= fab flz) — g(z)d=
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CASE 1I. Determine the area between x = f(y) and x = g(y) on the interval [c,d] assuming

fy) = g(y) on e, d.
I other words, find the area of the region D defined by
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Solution:

:fjf(y)—

The above formulas in the "word” form:

()
CASE I A_ ippes ) || lower (0
a function function
g right ) left (¥ \
CASE Il A= Y
C function function
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Coming back to the previous example: f(x) = cosz, where 0 < z < 27/3 we get:
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EXAMPLE 1. Determine theaareqof the region enclosed (=bounded by) by y = z* and y = /.
v e\
\53 X W \
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_ per Y= X =) xq-.-_ \P%
e Y=ix = 4 _
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= \ )(1 x |L2 Lok
= (= x)dx= =333
0
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REMARK 2. 1. The limits of integration in the above example were determined as the inter-

section points of the two curves.

2. Sketch of a graph of the region is recommended (it helps to determine which of the functions

is upper /right).

3. The area between two curves will always be D OSi +l Ve,
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EXAMPLE 3. Determine the area of the region bounded by y = % andy——1, z=1,2=—3

Y
1
\\j:'\i .
0 3
\ 1 bc_‘
X=\ X=3

Area — 83(\) )= (Le)dx =
\ 3
= S?(J; -(—-l))alx = Lnbe] + ¥ '| B

0
- &,\")—‘ev\\ + 3=l =
= Lo +9
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‘ = S(wx+c-1x Jdn=

Find X-Coord. hj(( thersecdion Q"\"‘“ -1 .. =
S0 ~_ 4
4=t k-_-.) 2X+4 = yxt10 (*‘a\ )
4= Axtlo K42 = 2% 45
X=1X-2=0

(X+|§(X*i'>)=°

X=~1 or X=3
\l |
a b
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EXAMPLE 5. Determineftihe area of the region bounded by y = 22> +4 and y = 42 +10, z = —2,
——
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EXAMPLE 6. Determane the area of the region enclosed by én e — @ = 5 —a

, Find ¢ * \p
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) Sinx copx = Sin %
D\ Sinn cam ~ Siwv W =O
ginwe (2 lor — 0 =0
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: ’ Sinm=0 or D.M\‘";'l
= —1 — x=0 @ax=s
1
h c=3 T
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EXAMPLE 7. Determine the area of the region enclosed by x = %yz -3, y=z—-1.

Find ¢ amd &

15 =94 (*2)

Y -G= 2942

Y -2y-8 =0

(4-9+2)=0

\3;4\ of 13:—2=C
i
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EXAMPLE 8. Determine the area of the region bounded by the x-axis, the curve
tangent line to this curve at the point (1,1).
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