23: Appendix: Matrices and Matrix Multiplication (section 7.2)

Determinant

(continued)

11. Determinant of a matrix is a function that takes a square matrix and converts it into a

number.

12. Determinant of 2 x 2 and 3 X 3 matrices.

e A determinant of order 2 is defined by

a b
= ad — bc
¢ 4
e A determinant of order 3 is defined by
a; a9 das
by b3 by
bl bQ b3 = — U9
Ca C3 C1
Cl. En E3

bB bl b?

C3 C1 C2

= ay1boc3 — a1b3co — asbycs + asbscy + asbico — asbsc
102C3 103C2 201C3 20301 301 Co 30201

e [f the determinant of a matrix is zero we call that matrix singular and if the determi-

nant of a matrix isnt zero we call the matrix nonsingular.
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(3. Matrix Inverse. Let A be a square matrix of size n. A square matrix, A", of size n, such

that AA™! = [, (or , equivalently, A~'A = [, is called an inverse matrix.

14. A inthecasen =2 Tf A= [ “® 2] then
21 U922
il 1 1992 —a12
A= (5 5] A= s s

n = r~ P." 'S‘l's .
r H 2K\
on Si’\ 3u\a ) inverse

- -2 |
-1 _ | 4 A _
A ':_2_(-3 \>_ (l -
z

15. FACT: A~! exists if and only if det A # 0.

|
*

Equivalently:

e If A is nonsingular then A~ will exist.

e If A is singular then A~ will NOT exist.
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16. Solving Systems of Equations with Inverses.

Let AX = B be a linear system of n equations in n unknowns and A~! exists, then

X = A7'B is the unique solution of the system.

A a% =hB
hA
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(3]

. Note that this determinant is called the Wronskian of the solutions X

. Note that by analogy with section 3.2, det¥(ty) # 0 implies detW(t) # 0 for any t.
. IfdetW(t) # 0 then X,

24: Basic Theory of Systems of First Order Linear Equations (sec. 7.4)

System of homogeneous linear equations (continued)
3. Consider IVP %X ({D) bh'
X=POX, X(t)=B D | x4 . @
Bys ition Principle. if #§ tl functi ¥ :
v Superposition Principle, i he vector functions )
O\ Xl VB
r11 () T1a(t)
Xi(t) = A Xa(t) =
Tt (F) Ton (1)

are solutions of the homogeneous system (1), then the linear combination

X(t) = CiXu(t) + ... + CuXa(t)
is also a solution for any constants 'y, ....C,
Question: How to determine the the constants Cy, ..., corresponding to the given [VP?

B= x o)=¢, X, () ..+ Co Xn (*)

-c, (-;:.(t.\ +C

‘-f'n\ (*u\ " x"nn (*.) C|XM(Q-|__. +Cp Xnn “.)
An ({.’ I TN ({0\) <

.
-_— . .
= .

- .

A, (_{.) L Xan (&) Cn

- .
e

¥ (4)

4. Consider the matrix, whose columns are vectors Xi(t),. ... X (t):

an() .. ww()
U(t) = : : :

LEr(t) s Zial(E)

o
X (f) + o+ CuXo(ty) = W(ty) ( ) . equivalently,
Cn

()e =) C' Sy () B

Cn

Then B :X(r,,)

We can find a solution for any initial condition given by vector column B if and only if

detW (to) # 0. In other worJS) T'F' W RONSKIAN =+ D

denoted by

WIXy.....) X,] () = det U (t).

solution of the system (1) is C1 X () + ...+ C,, X, (%).

Liw (40) (& X, () "...*C»."m(l.)\'
\n °

Title : Apr 3-3:37 PM (Page 4 of 5)



9. Question: How to find a fundamental set of solutions? In the next section we answer it for the

case P(t) = const, i.e. for system of linear homogeneous equations with constant coefficients.

PH)':A (2 0>‘

10. Find general solution of X’ = AX, where A = g "

%= (=)

= Xy

x
('x: ) ( 2 o\( ')
\ (= x
= = \ -1 S

xX=ax = 57 o

X n) T =%

\

mra\ solukion in alkernate form

_t
24 o at [ | °
X=(C‘: \* (c,e"‘ =G (°)+C2€ (')
a (1= (3 )00

ol o ~I/A0O 0

T o¥her wocds, A shrekches i

2 e dbecohion o e e .

ACF (3 D6 ()
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