30: Non-homogeneous Linear Systems (section 7.9)

1. Consider a Non-homogeneous Linear system

X'=Pt)X + G(t), (1)
where
r(t) pia(t) pia(t) .. pialt) g1(t)
- 3’32:(15) Pt = lez(t) paa(t) .. pﬂn.(f) G = 92.(?5)
In(t) pnl(t) pn?(t) s pﬂn(t) gn(t)

2. By analogy with the case of a scalar equation we have here that general solution can be
expressed as
X () = X,(t) + Xau(0),
where X, is a particular solution of the given system, and X}, is a solution of the correspond-

ing homogeneous system,

X'=P(t)X. (2)



3. Suppose that {Xi(t),...,Xn(t)} is a fundamental set solutions of the corresponding homo-

geneous system (2). Consider the so called fundamental matrix, ¥(¢), whose columns are
vectors X (t),..., X, (1) *

Tin (f)
w(t) = :
ZTun(t)
Then
(3)
Cy
where C' = : .
' Vargafe
Ch c

Note that i \s(, 3o ,,v(». } fundam. se} oe— soltons
r  X=Px then

(¥’ =PY




Method of Variation of Parameters

4. We use the above method to find X,,(¢). Seek a particular solution of (1) variating parame-

ters:

ul(t)
where U(t) = : :
un (1)

To deterraine U  we subskiule Has part. soluhion
indo he given non- homogeneoul sys e
' =PX+G

X () = ¥OU )= Xp (+)

A=VYU

X'=("'U)I:L‘ﬁ'“ ryyl = PYUtY U

(

X' = PAt G = PYUXG Yu'=¢
'y u'=¥Y"'G
V(OU'(1) = G(1), [ u' =¥ 16

5. One can show that then

which implies

W= Y'06) ¢
S ul)= f»r"(c)(;(t) dT

o
Xp=tOu () |
LL> X0 = [ weumgman

As a result we get general solution of (1):

X(t)=9(t)C + ]: U)W (7)g(r)dr.

¥p

5

Genersl Soluion off
x'=px



- « Xplt)
6. Example Find general solution of the system: X (‘é) = X h l"'.) x’

T = —2x) + a9 £ RN - (—7. 1
Th = 11 — 2xof— €7 1 -2

-t
where 0 < t < . bk): €
Find soludom of x'=AX G (—c“)
One can 9ot a==3, ™ - Cheek i+

SRR
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Fundomenkd set | ¢ ), et M
X, (0- c,e““(:,‘\ \ cle'{(\') = \y(-k\C=Y(9(2)
il
Fondom. maktiz ¢ |4) = (_ o e-1.)
\ociale paramefers do find %pH) :
X&)=Y uk) ""‘"“‘*"(M)

(VY
Wekmw et Y@= V'WOEH
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Xf l'i:) = \PH’) UH')
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