11: Complex roots of the characteristic equation (section
3.3.)

1. Case 2: two complex conjugate roots r; = 75 (in this case D = b? — dac < 0)

2. Recall that the characteristic equation of a linear homogeneous equation with constant

real coefficients

. «9\ ay’" + by +cy =0 (1)
v
: L~
.
D<0 ) ar? +br + ¢ = 0. ,7 Jq (2)
+
) = b——lrz(<0:>112)2\ﬁ o3 s

Then two particular solutions which form a fundamental set are

\35 {r\t er,’k . o
l\‘ix e I gt = esglPRRE
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8, = 7 (casfue) + L sin (V)

3. Note that formally there is no difference between this case and Case 1 (two distinct real
roots). However in practice we prefer to work with real functions instaed of complex ex-

ponentials. By Superposition Principle the following linear combinations are solutions as
well ’ _ = I (Y)
—(i1 + 1) = e cos(put), i,(-yl — yp) = eMsin(ut)
2 L g 2 .
Note that these solutions are real functions.

vy ¢
L(sr¥) = 5(9*Y ) =Re Y = e™* cfut)
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4. FACT: %(e”) = re’’ for any complex r.
At

5. Show tha.tl{e/\t cos(ut), e sin( ,ut)} is a fundamental set of solutions, i.e. that general solution
—

of (1) has a form
y(t) = Cre cos(ut) + Coe™ sin( ;gﬂ (3)
at

Tue partiadar solekons g @=e” co ut)
— at
le'at. o ez’i] N, (B = € Sin| le-)

S at ..
) & capfut) e ™ Sin( ut) .
W \J\) )= ¢ A€ con (M) & Qa M‘r"
A€ - pE S AE (2

2 in v+ S."\t( 'l')
P P .\.9.o+¢~w><y*3-3;-/(4‘°€” Y 1

2At
22¢ . 2 A\ = 1
s (@t ¢ G0 o™
$
'{lL 0 %LW"L DLO

Title : Feb 15-12:13 PM (Page 3 of 11)




6. Solve the following two differential equations which are important in applied mathematics:

_yu 4 w?_y =0

where w is a real positive constant.
r‘ > W=

'z —w A v e ~\"~’°D

r=23LM
2=0 r/('-'—-u)

Tuh dom. set

\.e M)}.’k | < S\M‘M{'I_S

and

-y"—wzy:O.,

h\\_w13=o

Y‘t_w?.‘o _.5*-10)
'z,v-n.o.l-
“ghnd- \_

RhAM set yoo

rt h W -"’*}

L™ e e ]

3 ~w*
[ogeta <)

) %% st @ sinbet]

= 51 C,o:)&.at\ S S.h(wf).ﬁ

\Fw\*. ol + C2 S""(w&\]
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7. Alternative form of solution (3):
0.3‘455 +Cy =0 where D= L" 4o <0 =D h‘__ 2% tr~

General selukion ‘lua = c‘e c.,(,..q + (L e Smr \ C; 3
( ) s (f“ {_))J C\EE-*CE ;zé@
gy = e (Geafpt) + G T C‘(
G
——eeee Sinlpt
Y= e Jg +Q ——:‘% ,t CA(IA*\ + &T_E"( s Q‘ \)

yw) =¢
Remind  cobd cappp + S0 & Sin = ca(e.-p)=cc(’-£)

uoke_re R=CF +Cs
EL«\: R o (p ——ﬂj er S-S ,sit;%

where

Note that tand = Cy/C].
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8. Application: Mechanical unforced vibration: a mass hanging from a spring (more details in
Section 3.7 ). \j ({)__ QM R Coé('}lf _S\)

e A\ = 0 corresponds to undamped free vibration (simple harmonic motion)

e \ < 0 corresponds to damped free vibration

e R is called the amplitude of the motion

e 0 is called the phase, or phase angle, and measures the displacement of the wave from

its normal position corresponding to 0 = 0. Y T
I R * )
e T'= — is the ot the motion.
0 is the period of the motion. e
220 = y(t\:Rw(\)\kﬁ'ﬂ 5
" - "
°9 *3 e S
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2 W= R e (o -F)

3

5(-&3 — O
Or + 1 hChtoses

2<0 =)
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9. Consider
' + 2y + 3y =0. il

o
SN—

(a) Find general solution.
: +AY+I=O

: w2z
{B,S_—g = L8 =
'?.r N - * L
Y7_="l'j'\' = e.—\-.’f.\orl =AM
Y

2= -4, i iz
at -t -t .ﬂ@;*)}
sn ) J= A€ @ 4),€ S

- -t Sin(ﬂ*’\
Yle) = ¢, € LnliE) ¥Ca ©

o&/ -t (C con($2 +) + C Sm(rl ﬁ)\]
|

Fum doume ntal set

\ 87*69’)(]\&3 RS
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(b) Find solution of (5) subject to the initial conditions

/ e
Y= e"{ (c, w($TH) + G sn.(l‘ e)\

/

1= 9 (O)-—y_-n-o -\-o-\—

=5

> i 1\
5(H=eg(am(m3*—f,§ > “*\)
-

——————
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(¢) Sketch the graph of the solution of IVP from (b) and describe its behavior as t increases.

%({3: Q“t (agg)bc\ﬁ%) -+ ——\%_ §M<\R€\3

7t
4 £‘8
Rewrile 9(d in aliermedive form (=€ R con (ut-F)
A= -4

Iy. oLV coLSe 2 »]
c, =2, %= T R=
= _

—9/ i) =»°o o t increa fes
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