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GENERAL WITNESS SETS FOR NUMERICAL ALGEBRAIC

GEOMETRY

FRANK SOTTILE

Abstract. Numerical algebraic geometry has a close relationship to intersection the-
ory from algebraic geometry. We deepen this relationship, explaining how rational or
algebraic equivalence gives a homotopy. We present a general notion of witness set
for subvarieties of a smooth complete complex algebraic variety using ideas from inter-
section theory. Under appropriate assumptions, general witness sets enable numerical
algorithms such as sampling and membership. These assumptions hold for products of
flag manifolds. We introduce Schubert witness sets, which provide general witness sets
for Grassmannians and flag manifolds.

Introduction

Numerical algebraic geometry uses numerical analysis to study algebraic varieties. Its
foundations rest on numerical homotopy continuation, which enables the numerical com-
putation of solutions to systems of polynomial equations [26]. It relies on the fundamental
concept of a witness set [24, 25], which is a data structure for representing a subvariety
of affine or projective space on a computer. Witness sets also appear in symbolic compu-
tation under the term lifting fiber [10].

A witness set for an irreducible variety V of dimension k is a triple, (F,Λ,W ), where F
is a system of polynomial equations whose zero set contains V as a component and Λ is a
general linear space of codimension k (represented by k general linear polynomials) which
meets V transversally in the finite set W of points. Numerical continuation of the points
W when Λ is moved allows one to, for example, sample points from V . Consequently, W
may be considered to be a generic point of V in the sense of Weil [28].

A witness set for a subvariety also represents its fundamental cycle in homology. The
homology of projective space has a basis given by classes [L] of linear spaces. Since
linear spaces satisfy duality—L ∩ Λ is a point when L and Λ are general linear spaces of
complementary dimension—the homology class [V ] of a subvariety V of dimension k is
determined by its degree, which is the number of points in its intersection with a general
linear space Λ of codimension k. That is, if L is a linear space of dimension k, then

[V ] = deg(V ∩ Λ) · [L] .
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In a witness set, we replace the number deg(V ∩ Λ) by the set W := V ∩ Λ and require
that the intersection be transverse, which we may, by Bertini’s Theorem.

The concept of witness sets and their manipulation is linked to ideas from intersection
theory [8, 9]. A witness set W is a concrete representation of the localized intersection
product [V ] • [Λ] ∈ H0(V ∩ Λ) [8, Ch. 8]. As W is a set of deg(V ) points of V , we are
implicitly working in the group of cycles modulo numerical equivalence. As a homotopy is
a family of varieties (or points) over C, homotopies are connected to the notion of rational
equivalence.

We propose a notion of witness set for subvarieties of a smooth algebraic variety X,
based on ideas from intersection theory. This requires an equivalence relation, such as
numerical equivalence, on algebraic cycles such that the resulting group of cycles on X is
a finitely generated free abelian group on which the intersection pairing is nondegenerate.
Choosing an additive basis of cycles gives general witness sets for subvarieties of X. With
additional assumptions (see § 3) this notion is refined, and there are algorithms using
general witness sets such as changing a witness set, sampling, and membership testing.

Products of projective spaces satisfy these additional assumptions, and these ideas for
such products were proposed in [12]. These assumptions hold for flag manifolds, where the
natural general witness sets are Schubert witness sets. We explain how Schubert witness
sets enable numerical continuation algorithms for sampling and membership.

Numerical algebraic geometry operates on the geometric side of algebraic geometry,
with algorithms based on geometric constructions, such as fiber products [27], images of
maps [13], and monodromy [26, §15.4]. It is also suited for intersection theory, using
excess intersection formulas to compute Chern numbers [4]. Understanding witness sets
in terms of intersection theory is a natural continuation.

This paper is organized as follows. Section 1 gives background from numerical alge-
braic geometry, including numerical continuation, witness sets, and some fundamental
algorithms. Section 2 gives background from intersection theory and explains the con-
nection of rational equivalence to numerical homotopy continuation. We present general
witness sets in Section 3, and explain how additional hypotheses enable algorithms for
sampling and membership. In Section 4 we introduce Schubert witness sets, which are the
natural general witness sets for flag manifolds and explain the fundamental algorithms for
Schubert witness sets.

1. Classical witness sets

We review aspects of numerical algebraic geometry as may be found in [2, 26].

1.1. Homotopy continuation. A homotopy is a polynomial map

(1) H = H(x; t) : Cn × C −→ CN ,

where H−1(0) ⊂ Cn × C defines an algebraic curve C with a dominant projection to the
distinguished (t) coordinate, C. We suppose that 1 is a regular value of the projection to
C and we know the points of the fiber, and we use them to obtain the points of the fiber
over 0.
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For example, suppose that F = (f1, . . . , fn) with fi a polynomial of degree di. Then
the Bézout homotopy

H(x; t) := (1− t)F + t(xdi
i −1 | i = 1, . . . , n)

connects the points over t = 1, (x1, . . . , xn) where xi is a di-th root of unity, to the
unknown solutions to F = 0.

Restricting t to the interval [0, 1] ⊂ C (more generally to a path in C connecting 1
to 0 [2, § 2.1]), the algebraic curve C becomes a collection of real paths in Cn × [0, 1]
connecting points in the fiber at t = 1 to those at t = 0. A point (x, 1) in the fiber of
C at t = 1 lies on a unique path, and standard predictor-corrector methods construct a
sequence (x1, t1), . . . , (xs, ts) of points along that path with 1 > t1 > · · · > ts = 0 so that
xs is a solution to H(x, 0) = 0. This is illustrated in Figure 1.

0 1t

C|[0,1]

Figure 1. Paths over [0, 1] and predictor-corrector steps.

These numerical algorithms do not compute points on paths or on varieties, but rather
refinable approximations to such points. This uses Newton’s method which replaces a
point x ∈ Cn by the result of a Newton step

NF (x) := x − (DF (x))−1(x) ,

where F : Cn → Cn is a polynomial map and DF (x) is its Jacobian derivative. When x is
sufficiently close to a solution x∗ of F , the sequence of iterations defined by x0 := x and
xi = NF (xi−1) for i > 0 satisfies

‖xi − x∗‖ <

(
1

2

)2i−1

‖x− x∗‖ .

When this occurs, we say that x converges quadratically to x∗. Smale’s α-theory [22]
involves a computable [14] constant α(F, x) such that if α(F, x) < (13− 3

√
17)/4, then x

converges quadratically to a solution. Other approaches to certification (e.g. Krawcyzk’s
Method [18, 20]) use interval arithmetic [21].

We ignore the question of whether our approximations lie in the basin of quadratic
convergence under Newton iterations and simply refer to them as solutions, state that
they lie on paths or on varieties, et cetera.
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1.2. Witness sets and algorithms. Algorithms based on numerical homotopy contin-
uation can compute the isolated solutions to a system of polynomial equations F (x) = 0
and follow solutions along homotopy paths. Sommese, Verschelde, and Wampler [24, 25]
introduced the notion of a witness set, which enables the representation and manipulation
of algebraic subvarieties of Cn using numerical homotopy continuation.

Let F : Cn → CN be a polynomial map and V ⊂ Cn a union of components of F−1(0)
of dimension k. A witness set for V is a triple (F,Λ,W ) where Λ: Cn → Ck is k general
affine forms and W = V ∩ Λ−1(0). As Λ is general, W consists of deg(V ) points and the
intersection is transverse.

We may use a witness set W to compute other witness sets. If Λ′ is another set of k
independent affine forms, the convex combination Λ(t) := (1− t)Λ′+ tΛ may be used with
F to define a homotopy that connects the points W at t = 1 to points W ′ := V ∩(Λ′)−1(0)
at t = 0. Numerical continuation along this homotopy computes the points W ′ (when
finite) from the points W . When Λ′ is general, we obtain another witness set (F,Λ′,W ′)
for V .

As every point of V lies on some affine subspace of codimension k which meets V prop-
erly, continuation of a witness set along such homotopies samples points of V . Moreover,
if p ∈ Cn and we choose Λ′ such that Λ′(p) = 0, but Λ′ is otherwise general, then p ∈ V
if and only if p ∈ W ′. These three algorithms, moving a witness set, sampling points of a
variety, and the membership test, are fundamental methods to study a variety V given a
witness set, and form the basis for more sophisticated algorithms.

2. Intersection theory

We recall aspects of algebraic cycles and intersection theory, and then discuss how
rational equivalence leads to homotopies as in §§1.1. This material, with proofs is found
in Chapters 1 and 19 of [8]. Other sources include [5, 9].

Let X be a smooth algebraic variety of dimension n. If V,Λ ⊂ X are subvarieties of
dimensions k and l with k+l ≥ n, then either V ∩Λ is empty or it has dimension at least
k+l−n. It is proper if it has this expected dimension. The intersection V ∩Λ is transverse
at a point p ∈ V ∩ Λ when both V and Λ are smooth at p and their tangent spaces at p
span the tangent space of X at p, TpV +TpΛ = TpX. The intersection Y ∩Z is generically
transverse if it is transverse at a dense set of points p ∈ V ∩ Λ. Generically transverse
is necessary as any of V , Λ, or V ∩ Λ may have singular points. Generically transverse
intersections are proper.

2.1. Intersection theories. Let X be a connected, complete, smooth, irreducible com-
plex algebraic variety of dimension n. For each 0 ≤ k ≤ n, the group ZkX of k-cycles
on X is the free abelian group generated by the k-dimensional irreducible subvarieties of
X. The fundamental cycle [V ] of an irreducible subvariety V of X is the corresponding
generator of ZkX. A subscheme V ⊂ X of dimension k also has a fundamental cycle.
For each irreducible component Λ of V of dimension k, let mΛ,V be its multiplicity in V ,



GENERAL WITNESS SETS FOR NUMERICAL ALGEBRAIC GEOMETRY 5

which is the generic multiplicity of V along Λ. The fundamental cycle of V is

[V ] :=
∑

Λ

mΛ,V [Λ] .

A cycle
∑

αV [V ] with αV ≥ 0 is effective. If αV ∈ {0, 1}, it is multiplicity-free. The
fundamental cycle of a generically transverse intersection is multiplicity-free. A map
ι : Y → X of varieties induces a map ι∗ : ZkY → ZkX. When ι is an inclusion and V ⊂ Y
is a subscheme, ι∗[V ] = [ι(V )].

Sending a subvariety V to its fundamental cycle in homology induces the cycle class

map cl : ZkX → H2k(X,Q). Its kernel is the group Homk X of k-cycles with an integer
multiple homologically equivalent to zero and its image is the k-th algebraic homology

Halg
k X of X. (The shift in homological degree from 2k to k is for notational consistency.)

The group Halg
k X is a finitely generated free abelian group. As X is smooth, homology has

an intersection product which induces a bilinear map Halg
k X ×Halg

l X → Halg
k+l−nX, where

(α, β) 7→ α · β. When k + l = n, this gives the intersection pairing Halg
n−kX × Halg

k X →
Halg

0 X = Z.
Suppose that Y ⊂ X×P1 is an irreducible subvariety of dimension k+1 with projections

ι to X and f to P1,

(2)

Y ⊂ X × P1

✁
✁✁☛

❆
❆❆❯

ι f

X P1

where f is surjective. The fibers of f are naturally subschemes of X of dimension k. Call
the cycle

(3) [ι(f−1(0))] − [ι(f−1(1))] ∈ ZkX

an elementary rational equivalence. Elementary rational equivalences generate the sub-
group Ratk X ⊂ ZkX of k-cycles rationally equivalent to zero. The quotient AkX :=
ZkX/Ratk X is the k-th Chow group of X. As X is smooth, there is an intersection
product as with homology.

Let V and Λ be subvarieties of X of dimension k and l. The localized intersection
product [8, Ch. 8] of their fundamental cycles is a cycle class

(4) [V ] • [Λ] ∈ Ak+l−n(V ∩ Λ) .

Its image in Ak+l−nX under the map induced by the inclusion V ∩Λ →֒ X is the intersec-
tion product [V ] · [Λ]. When the intersection is proper, the localized intersection product
is the fundamental cycle of the scheme-theoretic intersection, [V ∩ Λ].

Let deg : A0X → Z be the degree map on 0-cycles

deg :
∑

mp[p] 7−→
∑

mp ,

the sum over p ∈ X. Note that only finitely many coefficientsmp are non-zero. Composing
with the product gives an intersection pairing An−kX × AkX → A0X → Z as before.

If we replace P1 by an irreducible curve T and 0, 1 ∈ P1 by two smooth points of T in the
definition of rational equivalence, we obtain algebraic equivalence. Let Algk X ⊂ ZkX be
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the group generated by differences of algebraically equivalent k-cycles, the group of cycles
algebraically equivalent to zero. Let BkX := ZkX/Algk X be the group of cycles modulo
algebraic equivalence. This has an intersection product and pairing Bn−kX × BkX →
B0X = Z as before.

A cycle β ∈ ZkX is numerically equivalent to zero if, for every α ∈ An−kX, we have
deg(α · β) = 0, where β is the image of β in AkX. Let Numk X ⊂ ZkX be the subgroup
of k-cycles numerically equivalent to zero. Set NkX := ZkX/Numk X, which is a finitely
generated free abelian group. The intersection pairing is nondegenerate by the definition
of numerical equivalence.

Proposition 1. For every 0 ≤ k ≤ n we have

(5) Ratk X ⊂ Algk X ⊂ Homk X ⊂ Numk X ,

as subgroups of ZkX. The maps AkX → BkX → Halg
k X → NkX are compatible with

the intersection product. The groups Halg
k X and NkX are finitely generated free abelian

groups and the intersection pairing Nn−kX ×NkX → Z is nondegenerate.

Define A∗X to be the direct sum of the AkX and the same for B∗X, Halg
∗ , and N∗X.

Remark 2. The first two inclusions in (5) are strict in general. A conjectured equality
of Homk X and Numk X is a consequence of Grothendieck’s ‘standard conjectures’ [17,
§ 5]. The question of when the intersection pairing on N∗X is perfect is related to the
representability of integral homology classes by algebraic cycles. ⋄
2.2. Intersection theory and homotopy continuation. Elementary rational and al-
gebraic equivalences give homotopies in the sense of §§1.1.

Let Y ⊂ X×P1 be an irreducible subvariety of dimension n−k+1 having projections ι to
X and f to P1 with f surjective as in (2). This gives an elementary rational equivalence (3)
in Ratn−k X. Suppose that V ⊂ X has dimension k and meets ιf−1(1) transversally. Then
(V ×P1)∩Y contains a curve C passing through V ∩ ιf−1(1). Writing g for the restriction
of f to C gives a surjective map g : C → P1. Then g−1[0, 1] gives arcs in C connecting
the points of g−1(1) to g−1(0) as in Figure 1. Choosing coordinates and equations for the

X

f

❄

P1

0 1

C|[0,1]

✲ϕ

0 1t

D|[0,1]
Cd

❄

h

C

Figure 2. An elementary rational equivalence defines a homotopy.

varieties, we obtain a homotopy as in §§1.1.
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Theorem 3. Let Y ⊂ X×P1 give an elementary rational equivalence in Ratn−k X (3) and
V ⊂ X be a subvariety of dimension k meeting ιf−1(1) transversally with g the restriction

of f to the curve C = (V ×P1)∩Y . Let U ⊂ X be an affine open set containing ιg−1[0, 1].
For any embedding ϕ : U → Cd there is a homotopy H(x; t) defining a curve D ⊂ Cd ×C

with ϕ−1(D) = C ∩ (U × P1) and ϕ−1(D|[0,1]) = g−1[0, 1].

Proof. Let C ⊂ P1 be an affine line containing [0, 1]. Then the arcs g−1[0, 1] lie in the
curve C◦ := C ∩ (U × C). Let ϕ : U → Cd be a map realizing U as a subvariety of Cd.
Then ϕ×idC realizes C◦ as a subvariety of Cd×C. Let D be its closure and h : D → C the
projection map. Choosing any system of equations H : Cd × C → CN with D = H−1(0)
gives a homotopy. See Figure 2. ¤

Remark 4. This leads to a numerical homotopy algorithm to find the points of ιg−1(0),
given those of ιg−1(1). Write h : D → C for the projection. As ϕιg−1(1) = h−1(1), we
may use the homotopy to trace these points along the arcs of h−1[0, 1] to obtain the points
of h−1(0). Since h−1(0) = ϕιg−1(0), applying ϕ−1 to h−1(0) gives ιg−1(0). ⋄

Remark 5. Theorem 3 used rational equivalence as homotopy continuation assumes that
t is rational (t ∈ C). Given an elementary algebraic equivalence, replace C by a smooth
affine curve T , the points 0 and 1 by points p, q ∈ T , and the interval [0, 1] by an arc γ on
T connecting p to q. This gives arcs connecting points of (V × P1) ∩ Y above p to points
above q. Choosing coordinates (ϕ) gives a homotopy H(x; t), but the parameter t is not
rational, as it takes values in γ ⊂ T . This becomes a traditional homotopy by choosing
a map ψ : T → P1 with ψ(p) = 1 and ψ(q) = 0, and then the path γ from p to q gives
a path ψ(γ) between 1 and 0, which is followed in the homotopy. This is not a rational
equivalence as only a subset of the points in a fiber (ψ ◦φ)−1 are followed along ψ(γ) from
1 to 0 (these are the points above γ ⊂ T ). ⋄

3. General witness sets

Let X be an algebraic variety and fix C∗ to be an intersection theory as in Proposition 1
such that C∗X is a finitely generated free abelian group with nondegenerate intersection
pairing. A basis for C∗X gives a normal form (6) for a fundamental cycle [V ], leading to
general witness sets. We discuss when general witness sets may be moved and may be
used for sampling and membership.

3.1. General witness sets. The kth Betti number bk of X is the rank of the free Z-
module CkX. While it has a Z-basis of cycles α1, . . . , αbk ∈ ZkX, these need not be

effective. There are however, independent effective cycles [L
(k)
1 ], . . . , [L

(k)
bk
] ∈ ZkX, with

each L
(k)
i an irreducible subvariety of dimension k. These form a basis for the Q-vector

space CkX ⊗ZQ, called an effective Q-basis. We work with a fixed choice of cycles {L(a)
b }

that form an effective Q-basis for C∗X.
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For a subvariety V of X of dimension k, there are rational numbers cj(V ) for j =
1, . . . , bk defined by the expansion of the fundamental cycle of V in this basis,

(6) [V ] =

bk∑

j=1

cj(V )[L
(k)
j ] .

The intersection pairing on Cn−kX×CkX is encoded by the bn−k×bk integer matrix M (k)

whose entries are

(7) M
(k)
i,j := deg

(
[L

(n−k)
i ] · [L(k)

j ]
)
,

where i = 1, . . . , bn−k and j = 1, . . . , bk. As the intersection pairing is nondegenerate,
bn−k = bk and M (k) is invertible.

Consequently, if c(V ) := (cj(V ) | j = 1, . . . , bk)
T is the vector of coefficients in the

representation (6) of V , then the vector of intersection multiplicities,

d(V ) :=
(
deg([V ] · [L(n−k)

1 ]), . . . , deg([V ] · [L(n−k)
bn−k

])
)T

,

satisfies d(V ) = M (k)c(V ), and so we may recover the class (6) of V from these intersection
multiplicities by inverting this relation, c(V ) = (M (k))−1d(V ).

As dimV + dimL
(n−k)
i = dimX, the product [V ] · [L(n−k)

i ] is the image in C0X of the

localized product [V ]• [L(n−k)
i ] in C0(V ∩L

(n−k)
i ). This in turn is the image of the localized

intersection product (4) in A0(V ∩ L
(n−k)
i ) under the map A∗ → C∗ of Proposition 1.

When the intersection is proper (has dimension 0), [V ] • [L(n−k)
i ] is the fundamental cycle

[V ∩ L
(n−k)
i ] of the intersection, which is

∑

p∈V ∩L
(n−k)
i

mp p ,

where mp is the intersection multiplicity of V ∩ L
(n−k)
i at p.

Definition 6. Let V ⊂ X be a subvariety of dimension k. A general witness set for
V is a triple (V,Λ•,W•), where Λ• = (Λ1, . . . ,Λbn−k

) are subvarieties of X such that

[Λi] = [L
(n−k)
i ] and W• = (W1, . . . ,Wbn−k

) are cycles such that Wi ∈ Z0(V ∩Λi) represents
the localized product [V ] • [Λi]. We call each component Wi a general witness set. ⋄

By the preceeding discussion, general witness sets encode fundamental cycles.

Theorem 7. Suppose that (V,Λ•,W•) is a general witness set for V . The vector c(V )

of coefficients of [V ] in the basis [L
(k)
j ] of CkX is obtained from the vector deg(W•) :=

(deg(W1), . . . , deg(Wbn−k
))T of the degrees of theWi by the formula c(V ) = (M (k))−1 deg(W•).

Example 8. The cycles Wi are not necessarily effective. If X := BlpP
2, the blow up of

P2 in a point p, then C1X = [ℓ]Z + [E]Z (this holds in any intersection theory), where
ℓ is the proper transform of a line in P2 and E is the exceptional divisor. In this case,
M (1) = ( 1 0

0 −1 ) as [ℓ]2 = 1, [ℓ] · [E] = 0, and [E]2 = −1. A general witness set for E is
W• = (0,−[q]), where q ∈ E. ⋄
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Example 9. Projective space Pn has free abelian Chow groups A∗P
n. Here, bk = 1 for

0 ≤ k ≤ n and L(k) is any k-dimensional linear subspace (k-plane). By Bertini’s Theorem,
a general (n−k)-plane Λ meets a k-dimensional subvariety V of Pn transversally in deg(V )
points W = V ∩ Λ. Thus classical witness sets are general witness sets. ⋄

Chow groups are not typically finitely generated free abelian groups with a nondegen-
erate intersection pairing—e.g. if E is an elliptic curve, then A0E = E × Z and A1E = Z.
(This is remedied for E by algebraic equivalence as B0E = B1E = Z.) Nevertheless, for
many common varieties X, rational equivalence and numerical equivalence coincide. A
sufficient condition is that X admits an action of a solvable linear algebraic group with
finitely many orbits [6]. This class of varieties includes projective space, toric varieties,
Grassmannians, flag manifolds, and spherical varieties. If X is such a space and Y any
variety, then there is a Künneth isomorphism A∗X ⊗ A∗Y

∼−→ A∗(X × Y ), so products
with these spaces preserve these properties.

Example 10. Hauenstein and Rodriguez [12] developed multiprojective witness sets for
subvarieties of products of projective spaces, which are general witness sets for these
varieties. Let m,n ≥ 1. The Chow group of Pm × Pn is a free abelian group that is
isomorphic to its cohomology. To describe a basis, for each 0 ≤ a ≤ m and 0 ≤ b ≤ n,
let Ka ⊂ Pm and Lb ⊂ Pn be linear subspaces of dimensions a and b, respectively. The
classes [Ka]⊗ [Lb] = [Ka × Lb] with a+ b = k form a basis for Ak(P

m × Pn).
A subvariety V ⊂ Pm × Pn of dimension k has bidegrees da,b = da,b(V ) for a + b = k

defined by

[V ] =
∑

a+b=k

da,b [Ka × Lb] ,

where 0 ≤ a ≤ m and 0 ≤ b ≤ n. A multihomogeneous witness set for V is a triple
(V,Λ•,W•) where

(i) For each (a, b) with a+ b = k, Λa,b = Ma ×N b where Ma ⊂ Pm and N b ⊂ Pn are
linear subspaces of codimension a and b, respectively, such that

(ii) Wa,b := V ∩ Λa,b is transverse and therefore consists of da,b points, and
(iii) Λ• = {Λa,b | a+ b = k} and W• = {Wa,b | a+ b = k}.
Hauenstein and Rodriguez enrich this structure by representing V as a component of

the solution set of a system of bihomogeneous polynomials and the linear subspaces Ma

and N b by general linear forms on their ambient projective spaces. They give algorithms
based on multihomogeneous witness sets for moving a witness set, membership, sampling,
regeneration, and numerical irreducible decomposition using a trace test [23]. An alter-
native trace test for multihomogeneous witness sets is developed in [19], and extensions
to more than two factors are given in [11]. ⋄
3.2. Moving, sampling and membership. While general witness sets provide a repre-
sentation of a cycle class [V ], without further assumption, their utility is limited. We first
describe how rational or algebraic equivalence allows a general witness set to be moved,
and then discuss conditions on subvarieties Λi in an effective Q-basis that allow sampling
and a membership test. The moving lemma is essential for actual computations.
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If (V,Λ•,W•) is a general witness set for a subvariety V ⊂ X of dimension k and V ∩Λi

is transverse, then we may move the general witness set Wi using any elementary rational
or algebraic equivalence involving Λi.

Theorem 11. Suppose that Λi is an effective cycle with [Λi] = [L
(n−k)
i ] in C∗X that meets

a subvariety V transversally in a general witness set Wi = V ∩Λi. For any elementary ra-

tional equivalence [Λi]− [Λ′
i] ∈ Ratn−k X, homotopy continuation of Wi along this rational

equivalence as in Theorem 3 computes a general witness set W ′
i ∈ C0(V ∩ Λ′

i).

Proof. Suppose that Y ⊂ X × P1 as in (2) gives an elementary rational equivalence
[Λi] − [Λ′

i] ∈ Ratn−k X (so that Λi = ιf−1(1) and Λ′
i = ιf−1(0)). Since V meets Λi

transversally in Wi, by Theorem 3, there is a homotopy connecting Wi with points on
V ∩ Λ′

i. If V ∩ Λ′
i is transverse, then numerical homotopy continuation may be used to

compute the points W ′
i = V ∩ Λ′

i. If it is not transverse, so that homotopy paths become
singular at t = 0, then endgames [1, 15] may be used to compute the endpoints of the
paths and the corresponding multiplicities. These points and multiplicities give a cycle
W ′

i ∈ Z0(V ∩ Λ′
i) representing [V ] • [Λ′

i]. ¤

Remark 12. By Remark 5, an elementary algebraic equivalence also gives a homotopy.⋄
The exceptional divisor E of X = BlpP

2 does not move. Thus it may not be possible to
move a generator Li of Cn−kX in a rational or algebraic family, and thus move a general
witness set Wi for a subvariety V of X. Even when a generator Li moves, it may not
move with sufficient freedom.

While E ⊂ BlpP
2 does not move, the proper transform ℓ of a line moves fairly freely.

For any curve C ⊂ BlpP
2 and any smooth point x of C with x 6∈ E, there is a proper

transform ℓ′ of a line in P2 (so [ℓ]− [ℓ′] is an elementary rational equivalence) that contains
x and meets C r E transversally. This suggests the following definition.

Definition 13. A subvariety Λ of X satisfies the moving lemma with respect to a dense
open subset U of X if for any subvariety V of X and smooth point x ∈ V ∩ U , there is a
subvariety Λ′ of X containing x with V ∩Λ′ transverse in U and [Λ]− [Λ′] is an elementary
rational equivalence. ⋄
Remark 14. Suppose that a member L

(n−k)
i of an effective Q-basis for Cn−kX satisfies

the moving lemma with respect to U . Given a general witness set Wi = V ∩ L
(n−k)
i , the

algorithm of Theorem 11 for moving Wi may be used to sample points of V ∩ U and test
membership in V for points x ∈ U . ⋄

It is always possible to choose an effectiveQ-basis for Cn−kX with one member satisfying
a generic moving lemma.

Proposition 15. Let X be a smooth variety and V ⊂ X any affine open subset. Then

there is a dense open subset U ⊂ V such that for every k with 1 ≤ k ≤ n = dimX, there

exists a subvariety Λ of X of dimension k that satisfies the moving lemma with respect to

U .

Proof. Let π : V → An be a finite map given by Noether normalization and U ⊂ V be
the set of points x where dxπ is unrammified. Then the inverse images π−1(L) of affine
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k-planes L in An form a family of rationally equivalent subvarieties which satisfy the
moving lemma with respect to U . ¤

4. Schubert witness sets

While an elementary rational equivalence gives rise to homotopies (Theorem 3), the
Chow ring A∗X of cycles on X modulo rational quivalence does not typically satisfy
hypotheses which allow general witness sets as in Section 3. Even when A∗X satisfies
these hypotheses, a general witness set Wi might not be an effective cycle or it might not
be possible to use Wi for sampling or testing membership, even generically on an open
subset U ⊂ X.

Nevertheless, for the important class of flag varieties, the theory of witness sets for sub-
varieties of projective spaces extends optimally. Flag varieties include projective spaces,
Grassmannians, and products thereof. The Chow ring of a flag variety has an integer
basis of effective Schubert cycles, which are the fundamental classes of Schubert varieties
(defined below), and the intersection pairing is nondegenerate. Consequently, subvarieties
of X have general witness sets. Also, the intersection matrix Mk (7) is a permutation
matrix, implying that the coefficients (6) are positive integers. Finally, each Schubert
variety satisfies the moving lemma on the whole flag variety. We expain all this below.

There is a well-known classification of flag varieties [3]. Let G be a semisimple reductive
algebraic group, such as SLmC, a symplectic or complex orthogonal group, or a product of
such groups. A flag variety for G is a compact homogeneous space for G. It has the form
G/P for P a subgroup of G containing a maximal solvable (Borel) subgroup B of G. The
orbit of B (or of any conjugate of B) on G/P gives an algebraic cell decomposition of G/P .
Closures of these cells are Schubert varieties whose fundamental cycles give a Z-basis for
the Chow ring A∗G/P . This has a detailed combinatorial structure, which may be found
in [3] or in [7], the latter for G = SLmC. We summarize its salient features, which imply
that the natural general witness sets for flag varieties—Schubert witness sets—have the
optimal properties of classical witness sets. We describe them for the Grassmannian of
lines in P4, and show how to determine a Schubert witness set for the set of lines on a
quadric P4.

A partially ordered set (poset) is a set S with a binary relation ≤ that is reflexive,
antisymmetric, and transitive. If S has a minimal and a maximal element, and all maximal
chains in S have the same length, then S is ranked. The rank rk(α) of an element α ∈ S
is the number of elements below α in any maximal chain containing α and the rank of S
is the rank of its maximal element. Write Sk for the set of elements of S of rank k.

We summarize some of the structure of a flag variety. Proofs are found in [3, 7].

Proposition 16. For a flag variety G/P of dimension n, rational equivalence coincides

with numerical equivalence, and we have the following.

(i) G/P has an algebraic cell decomposition,

G/P =
∐

α∈S

X◦
α ,
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where S is a ranked poset of rank n. We have X◦
α ≃ Crk(α), and if Xα is the Zariski

closure of X◦
α, then

Xα =
∐

β≤α

X◦
β .

(ii) We have A∗G/P =
⊕

β[Xβ] · Z and

AkG/P =
⊕

rk(β)=k

[Xβ] · Z ,

so that {[Xβ] | β ∈ Sk} is a Z-basis for AkG/P .

(iii) For any subvarieties Y, Z ⊂ G/P , there is a dense open subset O of G such that

gY ∩ Z is generically transverse for g ∈ O.

(iv) For every β ∈ Sk, there is a β̂ ∈ Sn−k and a dense open subset O of G such that

for any β ∈ Sn−k and g ∈ O, the intersection gXα ∩Xβ is empty if α 6= β̂, and if

α = β̂, then the intersection is transverse and consists of a single point.

Remark 17. Part (iii), the moving lemma for subvarieties of G/P , is Kleiman’s Bertini
Theorem [16]. ⋄
Remark 18. When G/P = Pn, S = [0, n] is a chain of length n and Xa is a linear
subspace of dimension a.

When G/P = Pm × Pn, S = [0,m] × [0, n] and for (a, b) ∈ S, X(a,b) = Ka × Lb where
Ka ⊂ Pm and Lb ⊂ Pn are linear subspaces of dimensions a and b, respectively.

We explain this for the Grassmanian of lines in P4 in § 4.1. ⋄
A flag variety G/P has general witness sets, as rational and numerical equivalence coin-

cide. Using classes of Schubert varieties for a basis of A∗G/P , we obtain Schubert witness

sets. For a subvariety V ⊂ G/P of dimension k, a Schubert witness set (V, gX•,W•) has
the form gX• = (gXα | α ∈ Sn−k) with g ∈ G and W• = (Wα | α ∈ Sn−k) where

(8) Wα = V ∩ gXα for α ∈ Sn−k

is transverse for all α ∈ Sn−k. By (iii) for each α, a general translate gXα meets V
transversally, and we may use the same group element g for every α ∈ Sn−k.

By (iv), the intersection matrix M (k) is

M
(k)
α,β =

{
1 if α = β̂

0 if α 6= β̂
,

and thus

(9) [V ] =
∑

β∈Sn−k

deg(Wβ̂)[Xβ] .

We summarize some properties of Schubert witness sets.

Theorem 19. Let V ⊂ G/P be a subvariety of dimension k. Each component Wα of

a Schubert witness set W• is a multiplicity-free cycle. Any component Wα of a Schubert

witness set (8) may be moved to any other Schubert witness set W ′
α = V ∩ hXα along



GENERAL WITNESS SETS FOR NUMERICAL ALGEBRAIC GEOMETRY 13

an elementary rational equivalence. A non-zero Schubert witness set Wα may be used to

sample points of V and to test membership in V for any x ∈ G/P .

Proof. For α ∈ Sn−k, Wα = V ∩ gXα (8) is transverse, so Wα is a multiplicity-free cycle.
Suppose that W ′

α = V ∩hXα is the αth component of another Schubert witness set for V .
Let ϕ : C → G be a smooth rational map with ϕ(0) = g and ϕ(1) = h (e.g. ϕ(t) = ψ(t)g
where ψ is a one-parameter subgroup with ψ(0) = 1 and ψ(1) = hg−1). Then

Y = {(x, t) | x ∈ ϕ(t)Xα} ⊂ G/P × P1

as in (2) with ιf−1(0) = gXα and ιf−1(1) = hXα. By Theorem 3, (V × P1) ∩ Y is a
homotopy between Wα and W ′

α.
Since translates of Xα cover G/P (and thus V ), these homotopies may be used to

sample points of V , and to test membership in V for any x ∈ G/P as in §§1.2. ¤

Remark 20. Property (iv) of Proposition 16, that the Schubert basis is self-dual under
the intersection pairing, simplifies the use of general witness sets. A variety with an
intersection theory C∗ that is finitely generated and has the property that every subvariety
V satisfies the moving lemma for U = X is a duality space if the basis is self-dual under
the intersection pairing as in (iv). ⋄

General witness sets simplify when X is a duality space. If {L(k)
i | i = 1, . . . , bk}

are subvarieties whose cycles form a basis for CkX and {L(n−k)
i | i = 1, . . . , bn−k = bk}

subvarieties representing the dual basis in that

deg
(
[L

(k)
i ] • [L(n−k)

j ]
)

=

{
1 i = j
0 otherwise

Then if V ⊂ X has dimension k with general witness sets Wi = V ∩ Λi, where the

intersection is transverse and [Λi] = [L
(n−k)
i ], then

(10) [V ] =
∑

deg(Wi) · [L(k)
i ] .

as in (9). ⋄

4.1. Schubert witness sets for G(1,P4). Let G(1,P4) be the Grassmannian of lines in
P4. This is a homogeneous space of dimension 6 for SL5C. Its Schubert decomposition is
in terms of a flag of linear spaces

M• : M0 ∈ M1 ⊂ M2 ⊂ M3 ⊂ P4 ,

where dimMi = i. Schubert varieties are parametrized by pairs i, j with 0 ≤ i < j ≤ 4.
Then Xij = XijM• is

XijM• := {ℓ ∈ G(1,P4) | ∅ 6= ℓ ∩Mi, ℓ ⊂ Mj} .
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The dimension of Xij is i + j − 1 and Xij ⊂ Xab if i ≤ a and j ≤ b. Duality is given by

îj = 4−j, 4−i. We display the partial order S for G(1,P4) below.

34
24

23 14
13 04

12 03
02

01

Duality is obtained by reflecting in the horizontal line of symmetry with 1̂3 = 13 and
0̂4 = 04.

Let Q ⊂ P4 be a smooth quadric which is the zero set of a quadratic polynomial f and
let VQ ⊂ G(1,P4) be the set of lines that lie on Q. This has codimension 3 in G(1,P4).
Indeed, consider the parametrization ℓ(t) = tp + (1 − t)q of the line through the points
p, q ∈ P4. Then f(ℓ(t)) is a quadratic polynomial in t whose coefficients are polynomials
in the coordinates of p and q. This line lies on Q when the three coefficients of f(ℓ(t))
vanish.

A Schubert witness set for VQ has the form
(
VQ, (W13,W04), (gX13, gX04)

)
,

where Wα = VQ ∩ gXα is transverse. Let M• be the flag in P4 that defines gXα. Since

X04M• = {ℓ | M0 ∈ ℓ}
is the set of lines that contain the point M0 and M0 6∈ Q (as M• is general), we have
W04 = VQ ∩X04M• = ∅. As

X13M• = {ℓ | M1 ∩ ℓ 6= ∅ and ℓ ⊂ M3} ,
we see that VQ ∩X13M• is the set of lines ℓ on Q ∩M3 that meet M1. Because M3 is a
general P3, Q ∩M3 is a quadratic hypersurface in P3. This contains two families of lines,
and each point of Q ∩ M3 lies on one line from each family. Since M1 meets Q in two
points, W13 = VQ ∩X13M• consists of four lines. As

[VQ] = deg(W13)[X13] + deg(W04)[X04] = 4[X13] ,

if Q′ is a second quadric, then

[VQ ∩ VQ′ ] = [VQ]
2 = 16[X13]

2 = 16[X01] ,

which recovers the well-known fact that 16 lines lie on a general quartic surface Q∩Q′ in
P4.
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