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Where We Left Off

The asymptotic expansion of the second term in T̄ arising from the radial
Green’s function takes the form

T̄2 ∼
2

πα
A
∫ ∞

0
κ dκ

J0(κδ)e2ν(ηa−ηρ)

ν
√

1 + z(ρ)2
[1 + · · · ] (25)

where

A =
∞∑

m=1

sin(νθ) sin(νθ′) ν =
mπ

α

κ2 = ω2 + k2.
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Review of T̄

Stepping back several steps, we started with

T̄ = − 2

π2α

∫ ∞
−∞

dω

∫ ∞
−∞

dk e iωt+ikzA gν(ρ, ρ′) (12)

where

gν(ρ, ρ′) = Iν(κρ<)Kν(κρ>)− Kν(κρ)Kν(κρ′)
Iν(κa)

Kν(κa)

and A, κ, and ν are as defined before.
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Review of T̄

Transforming to polar coordinates in the ω-k and t-z planes, we define

ω = κ cos(γ)

k = κ sin(γ)

t = δ cos(φ)

z = δ sin(φ),

and obtain

T̄ = − 2

π2α

∫ ∞
0

dκκ

∫ 2π

0
dγ e iκδ cos(γ−φ)

∞∑
m=1

sin(νθ) sin(νθ′) gν(ρ, ρ′).
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Review of T̄

If we write the sine functions in terms of exponentials, then (almost)
everything within the m summation becomes a product of exponentials, so

sin(νθ) sin(νθ′) =− 1

4
(e iνθ − e−iνθ)(e iνθ

′ − e−iνθ
′
)

=− 1

4

(
e iν(θ+θ′) − e iν(θ−θ′) − e−iν(θ−θ′) + e−iν(θ+θ′)

)
.

By the symmetry of this expression, we can look at just the first term and
add in the rest at the end.

T̄ ′ = − 1

2π2α

∫ ∞
0

dκκ

∫ 2π

0
dγ

∞∑
m=1

e iκδ cos(γ−φ)+iν(θ+θ′) gν(ρ, ρ′)
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Uniform Asymptotic Expansion
Taking the uniform asymptotic expansions of the modified bessel functions
yields exponential factors as well, namely with

Iν(νz) ∼
√

t

2πν
eνη

(
1 +

∞∑
k=1

uk(t)

νk

)

Kν(νz) ∼
√
πt

2ν
e−νη

(
1 +

∞∑
k=1

(−1)kuk(t)

νk

)

we find

T̄ ′2 ∼
1

4π2α

∫ ∞
0

dκκ

∫ 2π

0
dγ

∞∑
m=1

1

ν
√

1 + z(ρ)2

× e2ν(ηa−ηρ)+iκδ cos(γ−φ)+iν(θ+θ′)

(
1− 2u1(t)

ν
+ · · ·

)
.
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Change of Variables
Next we make a change of variables and pull any extraneous factors
outside of the summation. We take

κρ = zν, dκ ρ = dz ν

and so

T̄ ′2 ∼
1

4π2αρ2

∫ ∞
0

dz z√
1 + z2

∫ 2π

0
dγ

∞∑
m=1

ν e
ν
(

2(ηa−ηρ)+i zδ
ρ

cos(γ−φ)+i(θ+θ′)
)(

1− 2u1(t)

ν
+ · · ·

)
∼ 1

4πα2ρ2

∫ ∞
0

dz z√
1 + z2

∫ 2π

0
dγ

∞∑
m=1

m
(
e

2π
α

(ηa−ηρ)+ iπzδ
ρα

cos(γ−φ)+ iπ
α

(θ+θ′)
)m (

1− α

π

2u1(t)

m
+ · · ·

)
.
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Polylogarithms
For ease of notation, we define a new function

f ++(z) =
2π

α
(ηa − ηρ) +

iπzδ

ρα
cos(γ − φ) +

iπ

α
(θ + θ′).

We also note that sums involving inverse powers of the summation index
are called polylogarithms and have the definition

Lis(z)
def
=

∞∑
k=1

zk

ks
.

These simplify our earlier expression to

T̄ ′2 ∼
1

4πα2ρ2

∫ ∞
0

dz z√
1 + z2

∫ 2π

0
dγ[

Li−1(ef
++(z))− 2α

π
Li0(ef

++(z))u1(t) + · · ·
]
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Polylogarithms

Some are known in closed form,

Li−1(eu) =
eu

(1− eu)2

Li0(eu) =
eu

1− eu

Li1(eu) = − ln(1− z),

so

T̄ ′2 ∼
1

4πα2ρ2

∫ ∞
0

dz z√
1 + z2

∫ 2π

0
dγ[

ef
++(z)

(1− ef ++(z))2
− 2α

π

ef
++(z)

1− ef ++(z)
u1(t) + · · ·

]
.
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What’s Next

Find the divergent and finite parts of T̄2.

Take second partial derivatives of T̄ and evaluate similarly to find
components of the stress tensor.

Construct T̄ similarly near corners.
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