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MATH 172 Final Spring 2018

Sections 501/502 (circle one)  Solutions P. Yasskin

Multiple Choice: (4 points each. No part credit.)

HINTS: Isec@d@ = In|secO + tan6| + C Icsc@d@ = —In|csc @ + cotf| + C

/2
1. I xcosxdx
0

DR T

a.
b.

_
c. 1 2

d. % —1 correct choice

—

e. +

4
2

Solution: Use Parts with: dv = cosxdx
du=dx v =sinx

J.xcosxdx = xsinx — J. sinxdx = xsinx + cosx + C

jﬂ/2xcosxdx = [xsinx+ cosx]ﬂ/2 (ﬂsinﬂ + cosﬂ) —(0sin0 +cos0) = £ — 1
a 2 2 2 2

0 o

/6 3
2. j cos’xdx

T _ T
a. 6 3-63

1
b. 3

11 i
C. 7 correct choice
d. 3/3

8

1 1
© %4 4

Solution: u = sinx du = cosxdx

cos?x = 1 —sin’x = 1 —u?

/6 12 12 1-15 /60 17 /15
I cos3xdx=I (1 -u?)du = [u—”—3]
0 0 3 0
_ (1 _ 1Y _ 11 16 /10 18 /20
2 24 24
Total /105




3. Which coefficient is INCOrrect in the partial fraction expansion

_ 4 _4,B  Cx+D
x* + 4x? X X2 x2+4

I
o = O

-1
. All coefficients are correct. correct choice

® 20 T o
5 A W A
Il

Solution: Clear the denominator: 4 = A(x? + 4x) + B(x*> +4) + (Cx + D)x>
Constant term: 4=B4) B=1

Coefficientofx: 0=44 A=0

Coefficientof x> 0=B+D=1+D D=-1

Coefficientof x>: 0=4+C=C C=0 All correct.

4. Find the average value of the function f= x +sin’x on the interval [0,2x].

a. m+ % correct choice

b. n—%
c. 2n%+n1
d 272—-rx
e. 2r?
ion: L[ eintede = L [y L=cos2x _L[ﬁ 1
Solution: £, = 27 ), X +sin“xdx = o J.o X+ 5 dx = Tl
_ 1 [4r* | 1 }: 1
‘2n[ A
5. Find the arclength of the curve y=%+i for 1 <x<3.
a. 4
13
b. 3
13
c. 3
d. 13—4 correct choice
A
e. 3



6. Find the center of mass of an 2 cm bar with density p = x* where x is measured from one end.

=1
Il

a.

b. correct choice

e o
=1 =1 =1
Il Il Il

o
=1
Il
(VN U‘|S Woo |

Solution: M = J';pdx = sz3dx = [%]z =4 M, = szpdx = Ijx“dx = [%]2 = %

M _ 32 8

X = = 22 _ O

M 54 5

7. Find the volume of a solid whose base is the region between
thecurves y=x> and y=-x? for 0<x<1 and
whose cross sections perpendicular to the x-axis are semicircles.

n
a %
ya
b. 2
c. % correct choice
T
d. 13
i
e ¢
Solution: The diameter of each semicircle is d = x> — (—x?) = 2x>. So theradiusis » =x?> and
itsareais A4 = %nrz = %nx“. So the volume is
1 1 1
_ (L 4 X | -
V_J.OAdx_J.02ﬂx dx 7r10 . 10

8. The plot at the right is the graph of which polar function?

r=2-—6co0s0

a
b. r=-6+2cos0

r=—-4+2cos6

o

r=4-2cos0

o

e. r=2-4cosb correct choice

Solution: Check the value of » for 6 =0 using cosO=1 andfor 6 =x using cosm = -1:
a:r(0) =-4 X, b: 7(0) = -4 X, c:r(0) = -2, r(r) = -6 (this is to the right) X,
d: 7(0) = 2 (this is to the right) X, e: r(0) = =2, r(r) = 6 (both are to the left)



1
9. The integral I %dx
0 x°+ Jx

a. converges by comparison with j —dx
b. diverges by comparison with j —-dx

c. converges by comparison with j J_ ——dx  correct choice

d. diverges by comparison with j J_ —dx

e. diverges by the Divergence Test

Solution: For 0 <x< 1, wehave ,x >x?. (Forinstance, / 1(1)0 > ﬁ

So we compare to J. J_ ——dx = [2f = 2 which is convergent.

1

2

dx is also convergent.
0 x°+ /x g

1
Since x2+ﬁ < ﬁ' the integral J.

10. The series

n1n+J—

o0
a. converges by comparison with Z % correct choice
n=1

b. diverges by comparison with %

n=1
c. converges by comparison with Z

1
~ Jn
d. diverges by comparison with

n=1

i

e. diverges by the Divergence Test

Solution: For n > 1, wehave n?>> /n.

So we compare to Z % which is a convergent p-series since p =2 > 1.
n

n=1

o0
1 : 1 ;
< —, the series Z ———— is also convergent.

1
n?+/n  n ~ n’+ n

Since



1. lim( n>_ _ _n’ ):

nmo\n—-1 n+1

a. -1

b. 0

c. 1

d. 2  correct choice
e. divergent

Solution: This has the indeterminate form o — . We put it over a common denominator:
. 2 n ) (P D) —nP(n-1) Y _ ( 212 ) _
'll%(n—l n+1 ;1_1[90( n—-1)(n+1) o n’-1 2

RS 1Y _

a. -1
b. —% correct choice
c. 0

1
d. 5
e. divergent

k

-y _ _n__n+l1Y_(1_2 2 _ 3V, (_k _k+t1\_1_k+1
Solution: Sk_;(n+l ) -(3-3)-G-) - Fr-har) -1
T tm( L _k+1Y_ 1 _4__1
S=lmS=lm{>-9572)= 2" 1=

; - gyl m+ 2
13. The series Z( 1) T

n=1
a. converges by the Integral Test.
b. diverges because the related absolute series i % diverges.
c. converges by the Alternating Series Test. "
d. diverges by the Alternating Series Test.
e. diverges by the Divergence Test.  correct choice

el n+ 2 1

Solution: lima, = lim(-1) o 0 because the terms oscillate between close to > and
closeto —1. Sothe Alternating Series Test fails but the Divergence Test says it diverges.

2



14. Find the radius of convergence of the power series Z u(x 4)".
n=0

o
N - -
Il
8 v Lo Wl |

correct choice

o

e.

Solution: Use the Ratio Test.

| g QM43 — 4! 57 e —4] . pntl 4 3eil
L= |an] = 5+l Q" +3M)x-4" 5 L T

Divide numerator and denominator by 3”.

e 4' hm2< >+3 = -4
" ( ) +1
5

This converges for L = %|x—4| <1l or x—4|< 3 SOR = %

15. The series Z
311J_

a. [2,8) correct choice
b. (2,8]
c. [2,8]
d. (2,8)

Solution: The endpointsare x=5-3=2 and x=5+3=8.

We check the convergence at each endpoint:

IV < 5 D" : : :
x =2 n§=0 T i 2-5"= n§=0 i which converges by the Alternating Series Test.
_ 9. - 1 n_ - 1 . . s . . _ 1
x =8 E 3 8-5)"= E_ _J_ which diverges because itis a p-series with p = 5 < 1.

n=0 n=l

So the interval of convergence is [2,8).

(x—=5)" has radius of convergence R = 3. Find its interval of convergence.



Work Out: (Points indicated. Part credit possible. Show all work.)

16. (10 points) Compute J.: 9_1x2 dx.

Solution: The substitution x = 3sinf requires x < 3 which disagrees with the limits of integration.

The substitution x = 3secf requires x >3 which agrees with the limits of integration.

Then dx = 3secOtanfdO and:

1 _ 1 _ 1 [ secOtan6 _ —1 [ secf
j g = J.—9—9secze 3secOtan0dd - + j—_tan20 do = = J—tane do

- =1 [_1 ==l -1
=3 J.sine do 3 Jcsc@d@ 3 In|csc 6 + cot |

Since sech = % consider a triangle with an angle 6, an hypotenuse x and adjacent side 3.

The opposite sideis x> -9. So cscd = —X— and coth = — 3 Thus:
x> -9 Jx2 -9

6
3

6
I L _x=1m X +
5 9-x? 312 =9 P o9

5

= Lin|Sb—+ 2 ‘—lln‘ > 3 ‘
371/36-9  J/36-9 31259 J25-9
_Llni_iln‘i‘zim_im
37 36| 3 3
X2
17. (15 points) The goal is to compute }CE}%%

a. Write out the first 4 terms of the Maclaurin series for e*.

. 2 3
Solution: ¢ = 1+u+”7+%+...

b. Write out the first 4 terms of the Maclaurin series for e*’.

R 4 6
Solution: ¢ = l+x2+x7+%+

x2
c. Substitute the series into lin%% and compute the limit.
x— X

4 6
1+x2—<1+x2+x—+x—+~~)

2 x2
Solution: lim 1EX"=¢" _ Jim L
x—0 X x—0 X
x4t x
e 2 T3t _L_ﬁ_..)__L
= lim e = lim{ -7 - 3 )



18. (20 points)) The goal is to compute the sum of the series Z 1

on
n=0

a. Find the sum of the series Zx". On what interval does it converge. Why?

an: llx

Converges for

x| < 1

n=0

because it is a geometric series.

b. Differentiate both sides of this equation. On what interval does it converge. Why?

o0

n=0 (1

1

—x)2

Converges for

| <1

because

differentiating does not change the open interval of convergence.

c. Multiply both sides by x. On what interval does it converge. Why?

o0

n o_ X
an - (1 —x)2

Converges for

x| < 1

because

multiplying by a polynomial does not change the open interval of convergence.

d. Evaluate both sides at an appropriate value of x and simplify. Why does it converge for this

value of x?

=
I
|

Converges because | %

>4 -

n=0

1

(&Sl

< 1.




