MATH 304
Linear Algebra

Lecture 4:
Row echelon form.
Gauss-Jordan reduction.



System of linear equations:

aiiXy + apXo + -+ -+ aipXy, = bl
ar1 X1 + axpXo + -+ arypX, = b2

.........

AmiX1 + ameXo + -+ -+ @mpXp = bm

Coefficient matrix (m x n) and column vector of the
right-hand sides (m x 1):

dil1 412 ... din b1
a1 a» ... an b

aml am2 .- amn b,



System of linear equations:

aiixy + apXo + -+ aipX, = bl
anx1+ anxo + -+ anx, = by

Am1X1 + ameXo + -+ -+ @mpXp = bm

Augmented m x (n+ 1) matrix:

dil d12 ... din b1
dpy 4y ... aon b2

aml am2 --- amn| bm



Solution of a system of linear equations splits into
two parts: (A) elimination and (B) back
substitution.

Both parts can be done by applying a finite number
of elementary operations.

Since the elementary operations preserve the
standard form of linear equations, we can trace the
solution process by looking on the augmented
matrix.

In terms of the augmented matrix, the elementary
operations are elementary row operations.



Elementary operations for systems of linear equations:
(1) to multiply an equation by a nonzero scalar;

(2) to add an equation multiplied by a scalar to
another equation;

(3) to interchange two equations.

Elementary row operations:
(1) to multiply a row by some r # 0;
(2) to add a scalar multiple of a row to another row;
(3) to interchange two rows.

Remark. The rows are added and multiplied by
scalars as vectors (namely, row vectors).



Vector algebra

Let a = (a1,a2,...,a,) and b= (b1, by, ..., b,)
be n-dimensional vectors, and r € R be a scalar.

Vector sum: a+b = (a1 + by,ar + by, ..., a,+ b,)

Scalar multiple:  ra = (ray, rao, ..., ra,)
Zero vector: 0 =(0,0,...,0)
Negative of a vector: —b = (—by,—by,..., —b,)

Vector difference:
a—b:a+(—b):(al—bl,ag—bz,...,an—b,,)



Elementary row operations

Augmented matrix:

ail  an aiy | b Vi
a1 ap an | b | | v
dml dm2 Amn bm Vi

where V, = (a,-1 a2

ain | bj) is a row vector.



Elementary row operations

Operation 1: to multiply the ith row by r # 0:

( Vi Vi




Elementary row operations

Operation 2: to add the ith row multiplied by r to

the jth row:
(v )

: — :
Vv Vi + rv;




Elementary row operations

Operation 3: to interchange the ith row with the

Jth row:
()

V; Vj
— .
v.




Row echelon form

Definition. Leading entry of a matrix is the first nonzero
entry in a row.

The goal of the Gaussian elimination is to convert the
augmented matrix into row echelon form:

e leading entries shift to the right as we go from the first row
to the last one;

e each leading entry is equal to 1.

1 -13 02140 -3 7| 2
0 11 -20061 34 0
0 00 01231 -42 1
0o 00 O0O0O0OT1O9 -1 2 1
0o 00 O0O0OOOT1 1 1|-3
0 00 O0OO0OOOO OO O
o 00 O0OO0OOOO OO O




Row echelon form

General matrix in row echelon form:

leading entries are boxed (all equal to 1);

all the entries below the staircase line are zero;
each step of the staircase has height 1;

each circle marks a free variable.



Strict triangular form is a particular case of row
echelon form that can occur for systems of n
equations in n variables:




The original system of linear equations is consistent
if there is no leading entry in the rightmost column
of the augmented matrix in row echelon form.

*
*
*
*
*

L]

Inconsistent system



The goal of the Gauss-Jordan reduction is to
convert the augmented matrix into reduced row
echelon form:

e all entries below the staircase line are zero;

e cach boxed entry is 1, the other entries in its
column are zero;

e each circle marks a free variable.



Example.

2

X — Y
X —y — z
X +y + z

2
3
6

1 -1 O
2 -1 -1
1 1 1

Row echelon form (also strict triangular):

X

Reduced row echelon form:

X

-y
y — z
z

y =
zZ =

3
1
2

2
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1] -1 o
0o [1] -1
0o o0 [1]
1] o
0 [1]
0 0

o o
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N = W



Another example.
X + y — 2z =
y — z =
—x + 4y — 3z =
Row echelon form:
X +y — 2z =1

y — z =3
0 =1
Reduced row echelon form:
X —z =0
y — z =
0 =1

1 —2]1
~1/3
-3]1
1 —2|1
1] —1]3
0 0|[1]
0 —1]0
1] —-1]0
0 0/[1]



Yet another example.
x+y221(1121

y — z 3
—x + 4y — 3z = 14

Row echelon form:

x +y — 2z =1 1] 1 —2/1
y — z =23 <013
0 =0 0 0 0/0

Reduced row echelon form:
% —z = =2 1] 0 —1]-2
y —z = 3 0 [1] -1] 3
0= 0 0 0 0|0



X1+ 2xo + 3x3 + 4x, = 10
Xo +2x3+3x4 =6
1 23 4

10
01236
The matrix is already in row echelon form.

To convert it into reduced row echelon form,
add —2 times the 2nd row to the 1st row:

( 0 -1 -2 —2) x3 and x4 are

0 2 3] 6 free variables

X1 — X3 — 2X4 = —2 X1 = X3+ 2x4 — 2
Xo 4+ 2x3 4+ 3x4 = 6 Xp = —2x3 —3x4 + 6

New example. {

Augmented matrix: (




System of linear equations:

X1+ 2x + 3x3 + 4x, = 10
Xp+2x3+3x4 =06

General solution:

X1=t+2s—2
Xp = —2t—35+6 (t,s € R)
x3 =1t

X4 =S



Example with a parameter.
y+3z=0
x+y—-2z=0 (aeR)
X+2y+az=0

The system is homogeneous (all right-hand sides
are zeros). Therefore it is consistent
(x =y =2z=0 is a solution).

01 3|0
Augmented matrix: 11 -2|0
12 a|0

Since the 1st row cannot serve as a pivotal one, we
interchange it with the 2nd row:



01 3|0 11 -20
11 -20]—-101 0
12 a 1 2 0

L W

0

Now we can start the elimination.
First subtract the 1st row from the 3rd row:

11 -2/0 11 -2 |0
o1 30— 101 3 |0
12 a0 01 a+2|0

The 2nd row is our new pivotal row.

Subtract the 2nd row from the 3rd row:
11 =210 11 -2 10
o1 3 |(0)J]—1(01 3 |0
01 a+2|0 00 a-10



At this point row reduction splits into two cases.

Case 1: a## 1. In this case, multiply the 3rd row
by (a —1)7%:

11 210 1] 1 =210
01 3 |(0]—= 1|01 3]0
00 a—10 0 0 [1]]0

The matrix is converted into row echelon form.
We proceed towards reduced row echelon form.

Subtract 3 times the 3rd row from the 2nd row:
11 -2(0 11 —-21/0
01 3)0]—101 o0}0
00 10 00 1|0



Add 2 times the 3rd row to the 1st row:

11 =210 110|0
01 olo|l—([010|0
00 1|0 0010
Finally, subtract the 2nd row from the 1st row:
110]0 1] 0 00
0o100]—1[o0T[1] 0l0
0010 0 0 [1]|0

Thus x =y =z =0 is the only solution.



Case 2: a = 1. In this case, the matrix is already
in row echelon form:

1] 1 —2|o0
0 [1] 3|0
0 0 00

To get reduced row echelon form, subtract the 2nd
row from the 1st row:

11 =210 1] 0 —5/0
01 3/0]— (o0 [1] 30
00 00 0 0 0]|0

z is a free variable.

x—5z=0 — x =bz
y+3z=0 y =—3z



System of linear equations:
y+3z=0
x+y—2z=0
X+2y+az=0

Solution: If a# 1 then (x,y,z) =(0,0,0);
if a=1 then (x,y,z)=(5t,-3t,t), t € R.



