MATH 409-501 Spring 2020

Sample problems for the final exam (page 1 of 2)

Any problem may be altered!

Problem I For each of the following sets £ C R, determine the least upper bound sup £
and the greatest lower bound inf E. Briefly explain.

1. E={(-D)"(1+n'):neN} 6. £E={m/(m+mn):m,n €N}

2. E={(-1)"(1—-n"1):n e N} 7. E={(m—n)/(m+n):m,n e N}
3. E={n%/2" :n € N}. 8. E={m/(Im|+n):meZ,neN}
4. E={3"/n!:n € N}. 9. E={m/n+4n/m:m,n € N}.

5. E={(2+(-1)")n/(n+3) : n € N}. 10. E = {mn/(4m? + n?) : m,n € N}.

Problem ITI Find limits of sequences, limits of functions, and test series for convergence.
Briefly explain.
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Problem III Find the exact number of distinct real solutions of an equation
32° 4+ 52% — 30z — 22 = 0.

Prove your answer (the proof must not be computer-assisted).
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Problem IV Consider an infinitely differentiable function f(x) = arctanxz, z € R. Let
f™ denote the n-th derivative of f (f© = f).

(i) Prove (by induction) that for any integer n > 2 there exist constants a,, b, such that
(1+22) f™(z) + apz fO D (2) + b, f*2(z) = 0 for all 7 € R.

(ii) Find the constants a,,b,, n = 2,3, ...

(iii) Find all derivatives of the function f at 0.

Problem V Find indefinite integrals and evaluate definite integrals. Briefly explain.
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Bonus Problem VI Which number is larger, 20192929 or 20202°1? Prove your answer
(the proof must not be computer-assisted).

Bonus Problem VII Let {a,} be a sequence of distinct real numbers converging to a
limit b. Suppose that a function f is infinitely differentiable at the point b and f(a,) = 0 for
all n € N. Prove that all derivatives of the function f at b are equal to 0.



