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Lecture 7a:
Absolute value.
Metric spaces.



Absolute value

Definition. The absolute value (or modulus) of a
real number a, denoted |a|, is defined as follows:

aif a>0,
|a] =

—a if a<O.

Properties of the absolute value:
e |a] >0.
e |a| =0 ifand only if a=0.

|—al =lal.

|a] = max(a, —a).
—lal < a<]al.



e |a|=M < M>0 and a=+M.
o If M>0, then |a| <M — —M<a< M.
e [ab| = |a] - |b].

We have that |a| = a or —a. Likewise, |b| = b or —b.
Therefore |a| - |b| is one of the numbers ab, (—a)b, a(—b)
or (—a)(—b). We know that (—a)(—b) = ab and

(—a)b = a(—b) = —ab. Hence |a| - |b| = ab or —ab.
Besides, |a|-|b| > 0. Thus |a|-|b| = |ab].

e |a+ b| < |al+|b|.

Since —|a| < a<|a|] and —|b| < b < |b|, it follows that
—(la] + |b]) < a+ b < |a| + |b|, which is equivalent to
la+ b| < a| +|b].



Metric space

Definition. Given a nonempty set X, a metric (or distance
function) on X is a function d : X x X — R that satisfies
the following conditions:

e (positivity) d(x,y) > 0 for all x,y € X; moreover,
d(x,y) =0 if and only if x = y;

e (symmetry) d(x,y) = d(y,x) forall x,y € X;

e (triangle inequality) d(x,y) < d(x,z)+ d(z,y) for all
x,y,z€ X.

A set endowed with a metric is called a metric space.



Theorem The function d(x,y) = |y — x| is a
metric on the real line R.

Proof: We have |y — x| >0 for all x,y € R.
Moreover, |y — x| =0 only if y — x =0, which is
equivalent to x = y. This proves positivity.

Symmetry follows since x —y = —(y — x) and
|—a| =|a| forall aeR.

Finally, d(x,y) = |y —x|=|(y —2) + (z = x)|
<ly—z|+|z—x|=d(z,y)+ d(x, 2).



Other examples of metric spaces

e FEuclidean space
X =R" d(x,y) =v/(y1 = x1)2+ (2 = %)%+ - - - + (¥ — xn)?.

e Normed vector space
X: vector space with a norm || - ||, d(x,y) =y — x|

e Discrete metric space
X: any nonempty set, d(x,y)=1if x#y and d(x,y)=0
if x=y.

e Space of sequences

X: set of all infinite words x = x;x, ... over a finite alphabet;
d(x,y)=2""if x; =y; for 1 <i<n while x,11 # Ynt1,
d(x,y)=0if x; =y, foralli>1.



