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Lecture 7b:
Limit of a sequence.



Convergence of a sequence

A sequence of elements of a set X is a function f: N — X.
Notation: xi, X, ..., where x, = f(n), or {x,}nen, of {Xx,}.

Suppose X is a metric space with a distance function d.

Definition. Sequence {x,} of elements of X is said to
converge to an element a if for any real number ¢ > 0 there
exists N=N(e) €N such that d(x,,a) < e whenever n > N.
The point a is called the limit of the sequence {x,}.

Notation: lim x, = a, or x, — a as n — oc.
n—oo

A sequence is called convergent if it has a limit and
divergent otherwise.

Given a€ X and £ >0, let B.(a) = {x € X | d(x,a) < ¢}
be the set of all points in X at distance less than ¢ from a.
This set is called the e-neighborhood of the point a or the
ball of radius ¢ centered at a.



Convergence of a sequence in R

Definition. Sequence {x,} of real numbers is said to converge
to a real number a if for any € > 0 there exists N € N such
that |x, — a| < e for all n > N. The number a is called the
limit of {x,}. Notation: nango X, =a, ofr X, — a as n — oQ.
A sequence is called convergent if it has a limit and
divergent otherwise.

The condition |x, — a| < ¢ is equivalent to
a—e<x,<a+e orto x, € (a—e,a+¢e). Hence the
e-neighborhood of the point a is the interval (a —¢,a+ ¢).

Proposition x, — a as n — oo if and only if any
e-neighborhood of the point a contains all but finitely many
terms of the sequence {x,}.



Examples

e The sequence {1/n} ey converges to 0.

By the Archimedean Principle, for any € > 0 there exists a
natural number N such that Ne > 1. Then for any integer
n> N we have ne > Ne > 1 so that 1/n <e. Since

1/n >0, we obtain |1/n| <¢e forall n> N.

e Constant sequence {x,}, where x, = a for some
acR andall neN.

Since |x, —a|l =0 for all n € N, the sequence converges to a.

e Sequence {(—1)"}pen, i€, —1,1,—1,1,... s
divergent.
e Sequence {n}uen, ie., 1,234 ..., is

divergent.



