MATH 409
Advanced Calculus |

Lecture 9:
Algebra of limits.



Convergence and arithmetic operations

Theorem Suppose {x,} and {y,} are convergent sequences
of real numbers. Then the sequences {x, + y,}nen and
{Xn — ¥Yn}nen are also convergent.

Moreover, if a= lim x, and b= lim y,, then
n—o0 n—o0
lim (x, +y,) =a+b and lim(x, —y,) =a—b.
n—00 n—oo

Proof: Since lim x,=a and lim y,=b, forany ¢ >0
n—o0 n—oo

there exists a natural number N such that |x, — a| <&/2 and
lyn — b| < /2 forall n> N. Then for any n > N we obtain
|(xa +yn) = (a + )| = [(xa — @) + (v» — D)|
<|xp—a|l+|yn— bl <e/24¢c/2=c¢,
(X0 = yn) = (a = b)| = [(xa — @) + (b — yn)|
< Ixo—al + b= yol = x — 3l + lys — bl < &

Thus x,+y,—a+b and x,—y, —>a—b as n — .



Theorem Suppose {x,} and {y,} are convergent sequences
of real numbers. Then the sequence {X,y,}nen is also

convergent. Moreover, if a = lim x, and b= lim y,, then
n—oo n—o0

lim x,y, = ab.

n—oo

Proof: Since x, — a and y, — b as n — oo, forany 6 >0
there exists N(d) € N such that |x,—a| <d and |y,—b| < ¢
for all n> N(6). Then for any n > N(J) we obtain

‘Xnyn - ab‘ = ‘Xnyn — aYn + ayn — ab| = ‘(Xn_a)Yn + a()’n_b)‘
|(Xo — @)y — (X — @)b+ (x, — a)b+ a(y, — b)|

|(x, — a)(yn — b) + (x, — a)b+ a(y, — b)|

|(xo — a)(yn — b)| + [(xs — @) b[ + |a(ys — D)

= [xn — al lyn — b| + |b] [x, — a| + |a| |yn — D]

< 6%+ (|a| + |b])d.

Now, given € > 0, we set § = min(1, (1 + |a| + |b])"te).
Then 6 >0 and 6%+ (Ja| + |b])d < (1 + |a| + |b])d < e.
By the above, |x,y, — ab| < e for all n > N(J).



Theorem Suppose that a sequence {x,} converges

tosome aeR. If a0 and x, # 0 for all n€N,

then the sequence {x,!},cn converges to a~l.

Proof: Since x, — a as n — oo, for any 6 > 0 there exists
N(0) € N such that |x, —a| <4 for all n > N(6).

Given € > 0, we set 6 = min(]a|/2, |a|’c/2). Then for any
n > N(5) we have |x, — a| < |a|/2. Since

|a] < fa— x| + [X| = [xa — a] + [xa],
it follows that |x,| > |a|] — |x, — a|] > |a|] — |a|/2 = |a|/2.
Furthermore, for any n > N(J) we obtain
1 1

X, a

a— X, :|x,,—a| <2|x,,—a\ <2—5<5

lal | = [al? Elb

ax,

We conclude that 1/x, — 1/a as n — oo.



Corollary 1 If lim x, = a, then lim cx, = ca for

n—oo n—oo

any c € R.

Corollary 2 If lim x, = a, then lim(—x,) = —a.
n—oo n—oo

Corollary 3 If lim x,=a, lim y,= b, and,
n—o0 n—o0

moreover, b= 0 and y, # 0 for all n € N, then
lim = a/b.

nl—>oo Xn/yn /

Proof: Since b# 0 and y, # 0 for all n € N, it follows that

y;t = b7! as n— oo. Since x,/y, = x,y, ! forall neN,
we obtain that x,/y, — ab™* = a/b as n — oo.



Example

2
e |im w 7
n—o00 1+2n2

(1+2n)>  (1+2n)?/n*  (1/n+2)
112 (L+2m)/n?  (1/n)2 12 for all n e N.

Since 1/n— 0 as n — oo, it follows that

1/n4+2—=04+2=2 as n— oo,
(1/n+2)> -2 =4 as n— o0,
(1/n)> - 02=0 as n— oo,
(1/n)?>+2—-0+2=2 as n— oo,

1 2)2 4
Afn+2* 4 _,

and, finally, DEYIRE



More properties of limits

Theorem If a sequence {x,},en converges to
some a€R, then the sequence {|x,|}nen
converges to |a|.

Proof: We have ||x| — |y|| < |x —y| forall x,y € R.

Hence ||x,| — |a|| < & whenever |x, — a|] <e. It follows that
|xn| — |a] as n — oo whenever x, — a as n — oc.

Theorem If x, — a and y, — b as n — o0,
then max(x,, y,) — max(a, b) and

min(x,, y») — min(a, b) as n — oc.

Idea of the proof: max(Xn, yn) = 5(Xn + ¥n) + 3|Xn — ¥al,
min(Xnayn) = %(Xn +.yn) - %‘Xn - _yn‘



