Math 412-501
Theory of Partial Differential Equations

Lecture 2-10: Sturm-Liouville eigenvalue
problems (continued). Hilbert space.



Regular Sturm-Liouville eigenvalue problem:

d/ do

&(pa) +qp+Aop=0 (a<x<b),

Ao(a) + B2¢'(a) = 0,
B3p(b) + Gad'(b) = 0.

Here §; € R, [B1] + |G| # 0. [B3] + [Ba] # 0.

Functions p, g, o are continuous on [a, b,
p>0and o> 0on [a,b].



6 properties of a regular Sturm-Liouville problem

Eigenvalues are real.

Eigenvalues form an increasing sequence.
n-th eigenfunction has n — 1 zeros in (a, b).
Eigenfunctions are orthogonal with weight .

Eigenfunctions and eigenvalues are related

through the Rayleigh quotient.

Piecewise smooth functions can be expanded

into generalized Fourier series of eigenfunctions.



Hilbert space

Hilbert space is an infinite-dimensional analog of
Euclidean space. One realization is

Lyla, b = {f : [C|F(x)|? dx < oo}.
Inner product of functions:

(Frg) = / F(x)g(x) dx.

If f and g take complex values, then

b
(f.g) = [ (g0 o

so that

o

(F.f) = / () dx >



Norm of a function: ||f|| = \/(f,f).
Cauchy-Schwarz inequality: [(f,g)| < ||f| - ||g]l-

If f,g are real-valued, then (f,g) = ||f]|| - ||g|| cosd,
where @ is called the angle between f and g.

Convergence: we say that f, — f in the mean if
|f — f,]] — 0 as n — oc.

Lemma If /, — f in the mean then

(fr,8) — (f,g) for any g € Lo[a, b].

Proof:

(f, g) — (fo, &) = [{f = fu )| < IIf — £l - llg]l-



Functions f, g € Ly[a, b] are called orthogonal if
(f,g) =0.

Alternative inner product:

(f,8)w = / f(x)g(x)w(x) dx,

where w > 0 is the weight function.

Functions f and g are called orthogonal with
weight w if (f,g), = 0.

Alternative inner product means an alternative
model of the Hilbert space:

Ly([a, b], w dx) = {f : f 1 (x)[*w(x) dx < oo}



A set f1, f,,... of pairwise orthogonal nonzero
functions is called complete if it is maximal, i.e.,
there is no nonzero function g such that (g, f,) =0,
n=12,....

A complete set forms a basis of the Hilbert space,
that is, each function g € Ly[a, b] can be expanded

into a series
0
g = E Cnfn
n=1

that converges in the mean.
Then .

<ga h> - anl Cn<fn; h>
for any h € Ly[a, b].



In particular,

(g fm) =D calfns fin) = Cnlfim, fon).

(g, fm)
(fm, )

— the expansion is unique: ¢, =

Also,
_ > _ o0 2
g.8) =) clfng)=) _ lal(fuf).
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(Parseval’s equality)




Suppose that fi, f,,... is an orthonormal basis,
|l = 1. Then

g = Zn_ fn,  where ¢, = (g,f).

. . > 00 5
Parseval's equality becomes ||g||c = E , |cn|”
n—

If h= Z“l dofy, then

Zn 1Zm 1C” m{fo; fm) = Z:Ozl nd

Which sequences ci, ¢, ... are allowed as
coefficients of an expansion?



Theorem For any sequence ¢y, ¢, ... such that
> |enl? < 0o, the series

PORCY;
C
pey NN

converges in the mean to some function
g €< Lz[a, b]

This gives rise to another model of the Hilbert
space: lr = {(c1,c,...) Y o |cal? < o0}

Given ¢ = (Cl,CQ,...), d:(dl,dz,...) € 0,
the inner product is

(c,d) = Z:O:l Codln.



Suppose fi, f5, ... is a set of pairwise orthogonal
nonzero functions in L[a, b] that is not complete.

For any function g € L,[a, b], we can still compose
(&, )

(o fa)”

This series converges in the mean to some function

go € Ly[a, b]. In general, g # go but g — gy is
orthogonal to fi, f,....

a series > ", cufy, where ¢, =

Then g => 77 cafa + (g — go) implies
1gl1* = > llcafall® + 1lg — &oll* = Doy llcafall®

N ~ g, f)P
Bessel’s inequality: (g,g)ZZ_l (s )




L: linear operator in the Hilbert space L[a, b].

In general, L is not defined on the whole space but

on a linear subspace H C L[a, b] which is dense.

Example. L(f) = (pf') + qf.

L is called self-adjoint (or symmetric) if
(L(f),g) =(f,L(g)) forall f,geH.

If L(f) = Af for some A € C and nonzero f € H,
then )\ is an eigenvalue and f is an eigenfunction.

If the operator L is self-adjoint, then

e all eigenvalues are real;

e eigenfunctions belonging to different eigenvalues
are orthogonal.



Regular Sturm-Liouville equation:
d/ do

&(pa) +gp+ A6 =0 (a<x<b)

Consider a linear differential operator
L(f) = (pf') + gf.
Now the equation can be rewritten as
L(¢) + Aop = 0.

Green's formula:
b

/a "(gﬁ(f) - fE(g)> dx = plgr’ — fg) |



If f and g satisfy the same regular boundary
conditions, then

/ab(gﬁ(f) — fﬁ(g)) dx = 0.

That is, L is self-adjoint on the set of functions
satisfying particular boundary conditions.

L(¢)+ Ao =0 = —0"1L(¢) = A

So eigenvalues/eigenfunctions of the Sturm-Liouville
problem are not those of operator £ but those of
operator M = —g 1L,

The operator M is self-adjoint with respect to the
inner product (-, ).



Eigenvalue problem:
¢"+ A0 =0, ¢(0)=¢(L)=0.
Eigenvalues: A\, = (Z£)?, n=1,2,...

nmx

Eigenfunctions: ¢,(x) = sin 77*.

Since this is a regular Sturm-Liouville problem,
eigenfunctions form a complete orthogonal set
(a basis) in the Hilbert space L;[0, L].

Any function f € L;[0, L] is expanded into a series

f= Z:Ozl Cn¢n

that converges in the mean.



Coefficients:

_ (fopn) 2 L . nmwXx
Ch = O] _Z/o f(x)sdex.

So the Fourier series always converges in the mean,

Parseval's equality:

o0 2 O
() = Yo R 5 e Plon )

2 [t 2 & 2
L reara= 3 e

(Parseval’s equality for Fourier sine series)




Example. f(x) =2x, 0 <x <.

00 4
f(x) ~ g 1(—1)’”rl — sin nx
n= n
Parseval's equality:

2 [T >, 00 » > 16
;/0 =3 laP=3" 2
2 473 o 16
T 3  4=n=1p2



Simplicity of eigenvalues

Regular Sturm-Liouville equation:

(p¢') + qp+Aop=0 (a<x<b).
Initial value problem ¢(a) = G, ¢'(a) = G always
has a unique solution.

Suppose ¢ and ) are eigenfunctions of a regular
problem corresponding to the same eigenvalue A.

Then B1¢(a) + 2¢(a) = By (a) + B2¢0'(a) = 0,
where (1, 52 € R, |51 + |52| # 0.

It follows that (¢(a), ¢'(a)) = c(v(a),v'(a)), c € R.
Now ¢ and ci) are solutions to the same initial
value problem. Hence ¢ = c).



