Math 412-501
Theory of Partial Differential Equations

Lecture 3-5:
Wave equation in an arbitrary domain.
Laplace’s equation in a cylinder.



Wave equation in an arbitrary domain

Initial-boundary value problem:

d%u ,(0%u  O%u
ﬁ—c(ﬁ—l—a—ﬁ), (X,y)EDy
u(x,y,0) = f(x,y), $(x,y,0) =g(x,y),
u|aD =0.

We search for the solution u(x,y,t) as a
superposition of solutions with separated variables
that satisfy the boundary condition.

For a general domain, we can only separate the time
variable from the others.



Separation of variables: u(x,y,t) = ¢(x,y)G(t).
Substitute this into the wave equation:

d’G 02 02
X y) e = c? (a_x(f - 8—)/(2) G(t).

Divide both sides by c?¢(x, y)G(t) = c?u(x, y, t):
161 (P 0
c2G dt2 ¢ \0x2  0y?)
It follows that
1 d°G 1 (0% 0%
_ = — | —= 4+ — :—)\,
c2G dt? ¢ \Ox* 0Oy?
where \ is a separation constant.



The time variable has been separated:
d’G
dt?

Boundary condition u|spp = 0 holds if ¢|gp = 0.

= —\c2G, V2¢p = —\o.

Let A1 < Ay < ... be eigenvalues of the negative
Dirichlet Laplacian in D (counting with
multiplicities), and ¢1, ¢y, ... be the corresponding
(orthogonal) eigenfunctions.

Dependence on t (assuming A > 0):
G(t) = G cos(V A ct) + Gsin(v A ct).



Solution with separated variables:
u(x,y, t) = (cl cos(v/ A ct) + Gosin(v/A, ct)> n(X, ).

This is a normal mode of oscillation.

Natural frequency is a frequency of a normal

mode.
C\/A_", n=12

Natural frequencies: w, = 5 2, ...
s




We are looking for the solution of the

initial-boundary value problem as a superposition of
solutions with separated variables.

u(x,y, t) =
- Z:O_l (An cos(v/An ct) + Bysin(v/An Ct))cbn(xa y)

Substitute the series into the initial conditions:

f(xv)/) :Z:OzlAngbn(X:y)'
g, y) =Y Bav/Ancon(x,y)



By construction, eigenfunctions ¢, are orthogonal
relative to the inner product

(F,G) // (x,y)G(x,y) dx dy.

Moreover, they form a basis of the Hilbert space
L>(D). Hence the expansion of f(x,y) and g(x,y)
is possible.

<f7 ¢n> — An<¢na ¢n> — An —

(f, &n)
(@, bn)

(g, dn)

<ga¢n> B\/— <¢na¢n> n_c\/)\—<¢ ¢>



Initial-boundary value problem:

Pu ,r0%u  Du
o = (Gt ga) (N eb.
u(x,y,0) = f(x,y), §4(x,y,0) = g(x,y),

U|5D = 0.
Solution: u(x,y,t) =

=3 (ancos(v/Anct) + 2 sin(v/A, ct))énlx.¥),

cV A\,
<f7 ¢n> <g7 ¢n>
n — 7 bn - -
where a (G bn) (G n)



Vibrating circular membrane

@—c2v2u in D={(r,0):r <R}
ot LT '
u(r,0,0) = f(r,0), %(r,@,O) = g(r,0),

u(R,0,t) = 0.

Eigenvalues of —V?: )\, , = (jmn/R)?, where
m=0,1,2,...,n=1,2,..., and jp , is the nth
positive zero of the Bessel function J,,.
Eigenfunctions: ¢ ,(r,0) = J(jo.n r/R).

For m>1, ¢ma(r,0) = Jn(mnr/R)cosmb and
ggm,n(r; 9) = Jm(_jm,n I’/R) sin mé.



Equivalently,

Gmn(r,0) = Im(r/Amnr)cosmd, m>0,
ng,n(rye) = Jm(\/ >\m,n f) sin mt9, m 2 1.

Normal modes:

Im(\/Amn ) - {

sin mf

cos mf cos( \/m ct)
sin(y/Am,n ct)



Solution: u(r,0,t) =

Z am ndm(\/Am.n r) cos ml cos(y/Am.n ct)
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f(r,0) = f: i am ndm(/Am.n ) cos mb

T zoo: zoo: émv”‘jm( V )\m,n r) sin mf,

m=1 n=1
g(r,0) = Z Z bm.ndm(\/Am.n r) cos mb
m=0 n=1



. <f7 ¢m,n> ~ _ <f ¢m n>
am?n N <¢m,na ¢m,n> 7 am»” <$ m,ns &m n> ’
(&; Pm,n) : (g Omon)
bm n= bm n— T~ ~
7 <¢m,na ¢m,n> , <¢m ns ¢m n>
Note that

(F.6) = | [ Flxy)Glxy) oy
:/_Z/ORF(r,H) G(r,0) rdrdb.




For example,

(f, Pmn) = / / (r,0)Im(\/Am.n r) cos mb-r dr df,

¢mn7¢mn // mnr cosm@) rdrd@
/\J m,,r\2rdr / cos’ mf db

—7r/ [ Im(\/Amn 1) Pr dr (m>1)



R
7r/ | I Um.n r/R)|2r dr
0

"R / 1/ R)P(r/R) d(r/R)

1
7TR2/0 | JimGim.n p) |20 dp (table integral)

1
7R i)



Let us find the asymptotics of (¢m p, dmn) as n — oo.
1

<¢m,na Qbm,n) = EﬂRz‘J;n(jm,n”z

Jmn = (n+ %m — %)W + O(1/n)

2
J(z) = —{/—sin (z — % — %) + 0(z7%?)

It follows that

1 _ 2 T —-3/2
J(Jmm)——\/ﬁsm (7‘['[7 2>+O(n ).

R2
Hence (Gm.ny @mn) = — + O(n_z) as n — oo.



Circularly symmetric vibration

0%u 2, i B _
atz—cv in D={(r,0):r <R},
u(r,0,0) = a(r), 24(r,0,0) = B(r),
u(R,6,t) = 0.

Since the initial and boundary conditions are
circularly symmetric, we expect that the solution
does not depend on 6.

This follows from uniqueness of the solution.



Solution: u(r,0,t) =

= Z ando(\/ Do.n r) cos(y/Ao.n ct)

o) b,
+Zn:l CWJO )\On SIh(\/)\onCt)

where

<057¢0,n>r b — <57¢0,n>r
<¢O,m ¢O7n>r’ ! <¢0,n7 ¢O,n>r.

dp =

Here

(F. G),:/O F(r)Gr) r dr.



Laplace’s equation in a circular cylinder

Cylinder D = {(x,y,z): x> + y? < a®>, 0 < z < H}.
Circular cylindrical coordinates (r, 0, z):
x=rcosf), y=rsinf, z=z

Laplace’s equation in cylindrical coordinates:

Pu 10u 1 0%u d%u

o v TR o Y
Boundary conditions:
u(r,0,H) = 3(r,0) (top)
u(r,6,0) = a(r, ) (bottom)

u(a,d,z) =~(0,z) (lateral side)



ulr, 8, H) = Blr, 6) uylr, 8, H) = Bir, 6)

uy{a, 8,2)=0
u,lir, 8,0) = alr, 6)

u=u+ u+ usz,
where V2u; = V2w, = V2u3 =0,
ur(r,0,H) = 5(r,0), wui(r,0,0)=u(a,0,z)=0;
ur(r,0,H) =0, w(r,0,0)=a(r,0), w(a,b,z)=0;
us(r,0,H) = u3(r,0,0) =0, us(a,b,z)=(0,z).



Subproblem 1

V2u =0,

u(r,0,H) = pB(r,0),
u(r,0,0) =0,
u(a,f,z) =0.

Separation of variables: u(r,60,z) = ¢(r,0)h(z).
Substitute this into Laplace's equation:

526 196 1 0% d2h
a2 M)+ 7 M)t g e ha) +0lnf) g =
1 [0? 1 2 2

L(Fo 100 100\ 1dh
o \0or2 ror r? 002 h dz?2

0,

= 0.



It follows that
1 /02 10 1 02 1 d?h
L(Ze 1oe 100y _1dh_ )
o \Or2 ror r? 062 h dz2

where X is a constant.

The variables have been separated:
P 109 1 0% d?h
i Wt S . S | i
or? + r or * r2 062 ¢, dz?

Boundary condition u(a, f,z) = 0 holds if

®(a,0) = 0.

Boundary condition u(r,8,0) = 0 holds if h(0) = 0.

= \h.



Eigenvalue problem:
0? 10 1 0?
_¢ + = _¢ + = _¢ —
or2  r dor  r? 062
Eigenvalues: Ap, = (jmn/a)?, m>0, n> 1.

_)\¢7 QS(Q,Q) = 0.

Eigenfunctions:
¢m,n(r7 9) - Jm( \V )\m,n I’) cosmf, m>0,n>1,
&m,n(he) = Jn(\/Amnr)sinmb, m>1n>1.
Dependence on z:

K" = Xh, h(0) =0 = h(z) = gsinh(v/A z).

Solutions with separated variables:

00,0 = s ) {70



To satisfy the nonhomogeneous boundary condition,
we consider a superposition of the above solutions:

u(r,0,2) = >~ N appsinh(y/Amn 2)6ma(r, )
D S ansinh(y/ A 2)Bma(r, 0).
Since u(r, 0, H) = 3(r,0), we have
=3 > amasinh(y/Amn H)éma(r, )
3 > Emasinh(\ A H)malr 6).

Coefficients ap, , and 3, , are obtained as before.



