
MATH 415–501 Fall 2021

Homework assignment #12

Problem 1. Let φ : R → R′ be an isomorphism of rings and suppose I is a two-sided
ideal in R. Prove that the factor ring R/I is isomorphic to the factor ring R′/φ(I).

Problem 2 (2 pts). Consider the ring of functions F(Z,R). Let I be the set of those
functions h : Z → R that are zero everywhere except at finitely many points, i.e., Z \ h−1(0) is
a finite set.

(i) Show that I is an ideal in F(Z,R).
(ii) Show that the ideal I is not maximal.

Problem 3 (2 pts). Let F be a field. Given two polynomials p(x) = a0+a1x+ · · ·+anx
n

and q(x) = b0 + b1x+ · · ·+ bmx
m in F[x], the formal composition p ◦ q is a polynomial given by

(p ◦ q)(x) = a0 + a1q(x) + a2(q(x))
2 + · · ·+ an(q(x))

n.

(i) Let q ∈ F[x]. Show that the map φq : F[x] → F[x] given by φq(p) = p ◦ q is a homomor-
phism of rings.

(ii) In the case F = Q or Zp, show that any homomorphism of the ring F[x] to itself is either
identically zero or of the form φq for some q ∈ F[x].

Problem 4 (2 pts). Let F be a field. For any polynomial p(x) = a0 + a1x + · · ·+ anx
n

in F[x] we define a function fp : F → F by fp(c) = a0 + a1c+ · · ·+ anc
n for all c ∈ F.

(i) Show that fp◦q = fp ◦ fq for all p, q ∈ F[x], where p ◦ q is the formal composition of
polynomials and fp ◦ fq is the usual composition of functions.

(ii) Prove that formal composition is an associative operation on F[x] in the case F is infinite.
[Hint: use the fact that p 7→ fp is a one-to-one map in the case F is infinite.]

(iii) (+2 pts) Prove that formal composition is an associative operation on F[x] for any
field F.

Problem 5 (3 pts). Let F be a field.

(i) Show that polynomials of degree 1 in F[x] form a group under the operation of formal
composition.

(ii) In the case F = Q or Zp, show that any automorphism φ of the ring F[x] is given by
φ(p(x)) = p(αx+ β), where α, β ∈ F, α 6= 0.

(iii) In the case F = Q or Zp, prove that the group Aut(F[x]) of automorphisms of the ring
F[x] is isomorphic to the following subgroup of GL(2,F):

{(

1 β
0 α

)

∣

∣
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α, β ∈ F, α 6= 0

}
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