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Abstract

The objective of the paper is to study properties of periodic geodesics
on translation surfaces that hold for generic elements of the moduli space of
translation surfaces.
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1 Introduction

Let M be a compact connected oriented surface endowed with a flat metric that has a
finite number of conical singularities. The flat structure on M can be determined by
an atlas of coordinate charts such that all transition functions are (affine) rotations
or translations in R? and chart domains cover the whole surface M except for the
singularities. Suppose that the atlas can be chosen so that all transition functions are
translations. Then this atlas endows M with a translation structure and M is called
a translation surface. Translation surfaces are closely related to Abelian differentials
on compact Riemann surfaces. If = is a conical singularity of a translation surface
M, then the total cone angle at this point is of the form 27wm, where m is an integer.
m is called the multiplicity of the singular point z.

A translation structure on M endows the surface punctured at its singular points
with a smooth structure, a flat Riemannian metric, and an area element. Moreover,
it allows us to identify the tangent space at any nonsingular point with Euclidean
space R? so that velocity is an invariant of the geodesic flow. In particular, each
oriented geodesic is assigned a unique direction v € S = {x € R? : |x| = 1}. The
study of the geodesic flow reduces to the study of the family of directional flows F,,
v € S, on the surface M.

A geodesic on a translation surface cannot have self-intersections. Therefore a
geodesic joining a nonsingular point to itself is necessarily closed (or periodic). We
regard periodic geodesics as simple closed curves. The flat structure implies that any
periodic geodesic belongs to a family of freely homotopic parallel periodic geodesics
of the same length. The geodesics of the family fill either the whole surface or a
cylindrical subset. We call this subset a cylinder of periodic geodesics (or a periodic
cylinder). A periodic cylinder is bounded by geodesic segments whose endpoints
are singular points. Such segments are called saddle connections. As a default, peri-
odic geodesics are assumed to be unoriented but we shall consider oriented periodic
geodesics and cylinders as well.



The fundamental properties of periodic geodesics on translation surfaces were
established by Masur.

Theorem 1.1 ([M1], [M2], [M3]) Let M be a translation surface.

(a) There exists a periodic geodesic on M of length at most c\/a, where a is the
area of M and ¢ > 0 is a constant depending only on the genus of M.

(b) The directions of periodic geodesics on M are dense in S*.

(c) Let N1(M, R) denote the number of periodic cylinders of M of length at most
R > 0. Then there exist 0 < c1(M) < co(M) < 0o such that

c1i(M) < Ni(M, R)/R* < ¢5(M)
for R sufficiently large.
Theorem 1.1 can be generalized as follows.

Theorem 1.2 ([Vo]) Let M be a translation surface of area a, m > 1 be the sum
of multiplicities of singular points of M, and s be the length of the shortest saddle
connection of M. Then
(a) M has a periodic cylinder of length at most 224m\/5 and of area at least a/m;
(b) for almost every x € M directions of periodic geodesics passing through the
point x are dense in S*;

(c) for any R > 22" \/a,
—1
((600m)<2m>2’”> a252R* < N(M, R) < (400m) ™" s—2R2,

Two translation surfaces M and M’ are called isomorphic if there exists an
orientation-preserving homeomorphism f : M — M’ such that f maps the set of
singular points of M onto the set of singular points of M’ and f is a translation with
respect to translation structures of M and M’. For any integers p,n > 1let MQ(p,n)
denote the set of equivalence classes of isomorphic translation surfaces of genus p
with n singular points (of arbitrary multiplicity). MQ(p,n) is called the moduli
space of such surfaces. An element of MQ(p,n) is a translation surface considered
up to isomorphism. The moduli space MQ(p,n) is endowed with the structure of
an affine orbifold of dimension 2(2p +n — 1) and with a canonical volume element
(see Section 6). MQ(p,n) need not be connected but the number of its connected
components is finite. By M Q;(p, n) denote the subset of M Q(p,n) corresponding to
translation surfaces of area 1. MQ;(p, n) is a real analytic suborbifold of MQ(p,n)
of codimension 1. The volume element on MQ(p,n) induces a canonical volume
element on M Q;(p,n) such that the volume of MQ;(p,n) is finite (see [V2], [MS]).
Every connected component of MQ;(p,n) is of the form C N MQ;(p,n), where C is
a connected component of MQ(p,n).

Suppose P is a property of translation surfaces such that P simultaneously holds
or does not hold for any pair of isomorphic translation surfaces. Let C be a nonempty
open subset of MQ(p,n) or MQ;(p,n). We say that the property P is generic for
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translation surfaces in C or that P holds for a generic M € C if P holds for almost
all M € C with respect to the volume element on MQ(p,n) (resp. MQi(p,n)).

The simplest property of periodic geodesics on generic translation surfaces that
is not enjoyed by all translation surfaces concerns regularity of periodic cylinders. A
periodic cylinder is called regular if it is bounded by saddle connections of the same
length as geodesics in the cylinder.

Proposition 1.3 ([EM]) Generic translation surfaces admit only regqular periodic
cylinders.

Two nonintersecting periodic geodesics are called homologous if they break the
translation surface into two components. Homologous geodesics are parallel and of
the same length. Two periodic geodesics in the same cylinder are obviously homolo-
gous but the converse is not true. As shown by Eskin, Masur, and Zorich [EMZ], for
any positive integer k a generic translation surface of sufficiently high genus admits
k distinct cylinders of homologous periodic geodesics.

Proposition 1.4 (a) For a generic translation surface any two nonhomologous pe-
riodic geodesics are of different length and direction.

(b) For a generic translation surface M € MQ(p,n), (p,n) # (1,1), all periodic
cylinders are of different area.

The group SL(2,R) acts on the set of translation surfaces of genus p with n
singular points by postcomposition of the chart maps with linear transformations
from SL(2,R). This action descends to an action on the moduli space MQ(p,n),
which is affine and leaves invariant the subspace MQ;(p,n). The SL(2,R) action
on MQ;(p,n) is volume preserving and ergodic on each connected component of
MQ;(p,n) (see [V1]). This fact is basic in establishing genericity of many properties
of translation surfaces, in particular, the properties stated below.

For any translation surface M and any R > 0 let N;(M, R) denote the number
of periodic cylinders of M of length at most R. By Ny(M, R) denote the sum of
areas of these cylinders. Further, for any x € M let N3(M, x, R) denote the number
of periodic geodesics on M of length at most R that pass through the point x. For
any o > 0 let Ny(M, o, R) denote the number of periodic cylinders of M of length
at most R and of area greater than o.

Let C be a connected component of the space MQ;(p,n).

Theorem 1.5 ([EM]) For a generic translation surface M € C,
Jim N (M,R)/R? = ¢;(C),
where ¢1(C) > 0 depends only on the component C.

Theorem 1.5 was proved by Eskin and Masur [EM] who sharpened results of
Veech [V3]. The constants ¢;(C) were found by Eskin, Masur, and Zorich [EMZ]. It
turns out that explicit evaluation of these constants involves a lot of calculation.
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Theorem 1.6 (a) For a generic translation surface M € C,

Jim Na(M, R) JR?* = ¢3(C),

where co(C) > 0 depends only on the component C.
(b) c2(C) = c1(C)/me, where me = 2p — 2 + n is the sum of multiplicities of
singular points for translation surfaces in C.

Theorem 1.7 For a generic translation surface M € C,
Jim N3(M, z, R)/R* = ¢,(C)
for almost every x € M.
The following theorem answers, in particular, Question 13.4 of the paper [V3].

Theorem 1.8 For a generic translation surface M € C,

lim Ny(M,o,R)/R* = (1 — o)™ '¢;(C)

R—o0

for all 0 € [0,1).

For every translation surface M of area 1 we define three families oy r, O R,
and Dy r of measures depending on the parameter R > 0. aj g is a measure on
[0, 1]; for any K C [0,1] let aprr(K) be the number of periodic cylinders of M of
length at most R and of area in the set K. dj; r is a measure on the unit circle S L.
for any U C S* let 0y g(U) be the number of oriented periodic cylinders of length
at most R with directions in the set U. Dy g is a measure on S* x [0, 1]; for any
U C S' % [0,1] let Dy r(U) be the number of oriented periodic cylinders of length
at most R with direction v and area a such that (v,a) € U. Let Ry be the length of
the shortest periodic geodesic on M. For any R > R the measures oy g, 0a,r, and
Dy r are nonzero so we define probability measures dy g = (aarr([0,1])) *aarr,
SMR = (5MR(81))715MR7 and ﬁMR = (DMR(Sl [O 1]))71DMR The measures
apy r describe the distribution of areas of periodic cylinders on M. The measures
5M r describe the distribution of their directions. The measures DM r describe the
joint distribution of directions and areas.

For any integer m > 1 let \,, denote a unique Borel measure on [0, 1] such that
An([o,1]) = (1 — o)™ ! for all o € [0,1). Let m; denote Lebesgue measure on S?
normalized so that m;(S?) = 1.

Theorem 1.9 For a generic translation surface M € C we have the following weak
convergence of measures:

lim ON./MR = )\mc7

R—o0 ’

hm 5M,R =my,

lim DMR =m; X )\mc
R—oo



Theorem 1.9 means that for a generic translation surface M € C the directions of
periodic geodesics on M are uniformly distributed in S* while the areas of periodic
cylinders are distributed according to the measure \,,,. Moreover, the distributions
of directions and areas of periodic cylinders are independent. In view of Theorems
1.5 and 1.6(a), the ratio ¢3(C)/c1(C) may be regarded as the mean area of periodic
cylinders on a generic translation surface M € C. Indeed, ¢2(C)/c1(C) = 1/me is the
expectation of a random variable taking values in [0, 1] with probabilities given by
the measure A, .

For any translation surface M and any x € M we define a family 05/, r of
measures on S* depending on R > 0. For any U € S! let dys, r(U) be the number
of oriented periodic geodesics on M of length at most R passing through the point
z in directions from U. If the measure ¢y, r is nonzero then we define a probability
measure 0are.p = (Onr.2.2(S") " Orre.r-

Theorem 1.10 For a generic translation surface M € C the weak convergence of
measures

lim 5M,z,R =m
R—o0

takes place for almost all x € M.

Thus the directions of periodic geodesics passing through a generic point on a
generic translation surface are uniformly distributed in S*.

The paper is organized as follows. In Section 2 we review Veech’s theory of Siegel
measures. In Section 3 this theory is applied to a general counting problem related to
the growth of the number of periodic geodesics. The tools to treat limit distributions
are developed in Section 4. Section 5 contains preliminaries on translation surfaces
and Delaunay partitions. In Section 6 we consider moduli spaces of translation sur-
faces. Section 7 is devoted to proofs of main results of the paper. Some proofs rely on
estimates of volumes of certain subsets in the moduli space of translation surfaces.
These estimates are obtained in Section 8.
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2 Siegel measures

Let 9t denote the set of locally finite Borel measures on R?. Given a bounded,
compactly supported Borel function 1 on R?, set

~

0w) = [ vla)dv(a)



for any v € 9. Let C.(R?) denote the space of continuous, compactly supported
functions on R% Endow 9 with the C.(R?) weak-* topology. By definition, this is
the smallest topology such that zZAJ is continuous on 9 when ¢ € C.(R?).

For any R > 0 let B(R) denote the disk of radius R in R? centered at the origin.
For any v € 9 and any R > 0 set N,(R) = v(B(R)). The function N, is called the
growth function of the measure v. By M, denote the set of measures v € M such
that M(v) < oo, where

N, (R)
A o
As a topological space, M5 is a countable union of metrizable compacta. Namely, for
any ¢ > 0 the subspace My (c) = {v € My | M(v) < ¢} is compact and metrizable.
A measure v € M is called even if v(U) = v(—U) for any Borel set U C R?. The set
IMe of all even measures is a closed subset of 9. By m denote Lebesgue measure on
R?2. Clearly, m € My(7) C My and m € I
Let g € SL(2,R). We regard g as a linear transformation of R% For any v €
M define a measure gv by gv(U) = v(g ' (U)), U C R? a Borel set. The map
SL(2,R) x 9 > (g,v) — gv defines a continuous action of the group SL(2,R) on
M. The sets My, and ¢ are invariant under this action.
For any R > 0 define a transformation Ty : M — 9M by Trr(U) = R2v(RU),
v € M, U C R? a Borel set. The family {Tr}r>o defines a continuous action of
the group R on 9. The sets My, Me, and each of the subsets My(c), ¢ > 0, are
invariant under this action. Besides, the action of R on 91 commutes with the
action of SL(2,R).
Denote by P(My) the set of Borel probability measures on 9Ms. An element
p € P(IMy) is called a Siegel measure if the SL(2, R) action on My leaves p invariant
and is ergodic with respect to p. Siegel measures were introduced and studied by

Veech [V3].

Theorem 2.1 ([V3]) Assume p € P(My) is a Siegel measure. Then there exists
c(p) >0 such that for any compactly supported bounded Borel function ¢ on R2, the
function v belongs to L'(My, 1) and

. D) du(v) = c(u) IR21/1(56) dm(z).

The number c¢(u) is called the Siegel-Veech constant of the measure p.

Theorem 2.2 ([V3]) Assume p € P(My) is a Siegel measure. Then

R—o0

lim /% ‘R‘QNV(R) - c(u)ﬂ‘ dp(v) = 0.

As a consequence, there exists a sequence R,, — oo such that for p-a.e. v € My,

N,
lim v(1tn)

— c(u)r.



Let 915 = MyNIMNE. Denote by P (M) the set of measures p € P(My) supported
on M.

Theorem 2.3 ([V3]) Assume € P(9MS) is a Siegel measure. Then there exists a
sequence R, — oo such that for p-a.e. v € M,

lim Tk, v = c(p)m,

n—oo

where convergence is in the C.(R?) weak-* topology.
Theorem 2.3 is derived from Theorem 2.2 by applying the following criterion.

Theorem 2.4 ([V3]) Let {v, | a € A} be a net of even, locally finite Borel mea-
sures on R?. Assume there exist ¢ < oo and a dense set F' C SL(2,R) x Rt such
that for any (g,t) € F,

léierg vo(tgB(1)) = nt’c.

Then
lim (x) dvg(x) = ¢ . () dm(z)

acA R2
for any v € C.(R?), i.e., hIIA Vo = cm in I,
ac

Let 11 € P(9My) be a Siegel measure. Set L' (Mo, p) = U,oq L' T9(My, ). The
measure y is called regular if o € LY (9, p) for any ¢ € Co(R2).

Theorem 2.5 If € P(My) is a reqular Siegel measure, then for p-a.e. v € My,

N, (R)

Jim 7 = clum

A closely related result, which is reproduced below as Part II of Theorem 3.2,
was proved by Eskin and Masur [EM]. The proof of Theorem 2.5 is almost the same
and will be omitted.

Theorem 2.6 If pn € P(IMS) is a reqular Siegel measure, then for p-a.e. v € MS,
BI:LIEO Try = c(p)m.
Proof. Let ¢(u) be the Siegel-Veech constant of the measure pu. By Theorem 2.5,
there exists a Borel set U C 95 such that p(U) =1 and for all v € U,
I%i_fgo R™*N,(R) = c(p)m.
Suppose G is a countable dense subset of the group SL(2,R). Set Uy = ﬂgec gU.

Clearly, Uy is a Borel subset of 9§ and u(Uy) = 1. Take a measure v € Uy. For any
g € G and any t > 0 we have

Trv(tgB(1)) = R*v(gB(Rt)) = R *(g”'v)(B(Rt)) = R>N,-1,(Rt).

Since g~'v € U, it follows that limg .o, Trr(tgB(1)) = t?c(u)m. By Theorem 2.4,
limg oo Try = c(p)m in IN. .



3 Counting problem

Let V denote a sequence vi,vs,... of vectors in R? equipped with a sequence
w1, Ws, . .. of positive reals. The number w;, is called the weight of the vector vy.
It is assumed that the sequence of vectors tends to infinity or is finite (possibly
empty). By V denote the set of all such sequences of vectors with weights. Two
elements Vi, V, € V are considered to be equal if one of them can be obtained
from the other by rearranging its vectors along with the corresponding rearrange-
ment of weights. The group SL(2,R) acts on the set V by the natural action on
vectors and the trivial action on weights. To each V' € V we assign a linear func-
tional ®[V] on the space of compactly supported functions on R?; the functional is
defined by the relation ®[V](¢)) = > "2, wxt(vg). Furthermore, for any R > 0 set
Nv(R) = @[V](XB(R)) = D 1. |vy|<r Wk- The function Ny is called the growth function
of V. If all weights of V' are equal to 1, then Ny (R) counts the number of vectors
of V in the disk B(R).

Given V' € V, let vy, vq,... be the sequence of vectors of V and wq,ws,... be
the sequence of weights. For any Borel set U C R? let vy (U) = > keoper Whe 168
easy to see that vy is a Borel measure on R2. Since the sequence vy, vs, ... either

tends to infinity or is finite, the measure vy is locally finite, i.e., vy € 9. The
growth function of V' coincides with the growth function of the measure vy. For any
compactly supported Borel function 1 on R2,

VW)= | i) dn(x).

Let M be a locally compact metric space endowed with a finite nonzero Borel
measure . Suppose the group SL(2,R) acts on the space M by homeomorphisms.
We assume that the measure p is invariant under this action and the action is
ergodic, that is, any measurable subset of M invariant under the action is of zero
or full measure. In what follows we consider maps V' : M — V satistying all or at
least some of the following conditions:

(0) for any ¢ € C.(R?) the function M 3 w +— @[V (w)]|(¢) is Borel;

(A) the map V intertwines the actions of the group SL(2, R) on the spaces M and
V, that is, V(gw) = gV (w) for any g € SL(2,R) and any w € M;

(B) for any w € M there exists ¢(w) < oo such that Ny (R) < ¢(w)R? for all
R > 0;

(B") for any compact subset K C M there exists ¢(K) < oo such that Ny (,)(R) <
c(w)R? for all w € K and R > 0;

(C) there exists Ry > 0 such that the function w — Ny, ([Ro) belongs to the space
L (M, 1) = Uesg LM, p);

(C') for any R > 0 the function w — Ny, (R) belongs to L' (M, p);
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(C") for any 1 € C.(R?) the function w +— @[V (w)](1)) belongs to L'T(M, u);
(E) V(w) = =V (w) for any w € M.
Note that conditions (C), (C’), and (C") depend on the measure p.

Lemma 3.1 Suppose a map V : M — V satisfies condition (0). Then conditions
(A) and (C) imply condition (C'), while conditions (C') and (C") are equivalent.

Proof. Given a bounded, compactly supported Borel function 1) on R, set @Z)(w) =
OV (w)](¥) for any w € M. For any R > 0 there exists a sequence 1, 1o, ... of
functions in C, (R2) such that 1 > wz > ... and v, — xp(r) pointwise as n — oo.
It follows that ¢ > 1/12 > .. and wn — XB(r) Pointwise as n — oo. Condition (0)
implies ¥y, 1), . . . are Borel functions on M. Then ¥ B(r) 1s a Borel function as well.

Suppose conditions (A) and (C) hold for the map V. Condition (C) means
that Xp(ry) € L' (M, p) for some Ry > 0. Condition (A) implies Xyp(ry)(w) =
XB(Ry) (9 'w) for all g € SL(2,R) and w € M. It follows that X,p(r,) € L' (M, pn)
for any g € SL(2,R). Since SL(2,R) acts transitively on R* \ {(0,0)}, for any
x € R? there exist a neighborhood U, of z and an operator g, € SL(2,R) such that
9zUr C B(Ry). Given R > 0, the disk B(R) is covered by finitely many neighbor-
hoods Uy, , Uy, ..., U,,. Then B(R) ¢ Jr_, hiB(Ry), where h; = g5 It follows that
XB(R) < Zle Xh;B(Ro)- By the above the functions Xy, B(ro); - - - » Xn.B(R,) Pelongs to
LY (M, p). Since X p(r) is a nonnegative Borel function, it belongs to L' (M, ) as
well. Thus, Ypr) € L' (M, p) for any R > 0, i.e., condition (C’) holds.

For any ¢ € C. (RQ) there exist ¢, R > 0 Such that |1)| < cxp(r). Then | <
cXB(r)- 1t follows that Y € L' (M, i) whenever XB(R) € L' (M, p). Thus condition
(C') implies condition (C”). On the other hand, for any R > 0 there exists ¢ €
C.(R?) such that xpry < ©. Then 0 < xpr) < . By the above XB(r) is a Borel
function, hence Ypr) € L'* (M, 1) whenever ¢ € L'*(M, z1). Thus condition (C")
implies condition (C'). n

Theorem 3.2 Let V : M — V be a map satisfying condition (0).
L. Suppose the map V satisfies conditions (A) and (B). Then there exists cy,, > 0

such that for any compactly supported bounded Borel function v on R?, the function
w — B[V (w)]() belongs to L' (M, i) and

1
o | AV @I ) = v, [ o) i)

II. If V' satisfies conditions (A), (B), and (C), then for p-a.e. w € M,
. Nyw)(R)
i M
1. If V satisfies conditions (A), (B), (C), and (E), then for p-a.e. w € M,
1
lim (55) A (@) = cv [ (@) dm(z)

R—oo R2 R2

= TCy -
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for each compactly supported, Riemann integrable function ) : R> — R. In particu-
lar, }%im Trvv(w) = cyyymoin M for p-a.e. w € M.
— 00

The constant cy,, is called the Siegel- Veech constant of the pair (V, ).

Part I of Theorem 3.2 was proved by Veech [V3] in some particular cases. The
proof in the general case requires no changes. Parts I and II was proved by Eskin
and Masur [EM] assuming conditions (A), (B), (C), and, implicitly, condition (0)
hold. In fact, the weaker condition (B) was used in the proof instead of condition
(B’). Although condition (C) is not necessary for Part I to be true, it simplifies the
proof significantly. Besides, condition (C) allows one to prove Part I without using
ergodicity of the SL(2,R) action on M.

Proof of Theorem 3.2. We shall derive Parts I-III of the theorem from Theorems
2.1, 2.5, and 2.6, respectively.

Define a map F': M — M by F(w) = vy(,), w € M. It is easy to observe that I
is a Borel map if and only if condition (0) holds for the map V. Further, F'(M) C I,
if and only if V' satisfies condition (B). If condition (A) holds, then F(gw) = gF'(w)
for all g € SL(2,R) and w € M. If condition (E) holds, then F(M) C 9e.

Suppose the map V satisfies conditions (0), (A), and (B). For any Borel subset
U C My let uy(U) = u(F1(U))/u(M). Condition (0) implies py is a well-defined
finite Borel measure on ;. Condition (B) implies uy is a probability measure. Since
p is invariant under the SL(2, R) action on M, condition (A) implies py is invariant
under the SL(2,R) action on Ms,. Ergodicity of the action of SL(2,R) on M with
respect to p implies ergodicity of the action on 9, with respect to uy. Thus, uy
is a Siegel measure. By Theorem 2.1, for any compactly supported bounded Borel
function ¢ : R? — R the function ¢ belongs to L!(9My, py) and

[ G0 i) = e [ 06 i),

where ¢y, is the Siegel-Veech constant of the measure py. Then YoF e LY(M, p)
and

— A
0 /M ) dp(e) = [ 50 day ().

As (F(w)) = ®[V(w)](¥) for any w € M, Part I of the theorem follows.

Now suppose V' satisfies conditions (0), (A), (B), and (C). By Lemma 3.1, con-
dition (C) also holds for V. Condition (C”) means that ¢) o F € L'+ (M, p) for any
¥ € C.(R?). Tt follows that ¢) € L'+ (9My, i) for any ¥ € CL(R?). Therefore py is a
regular Siegel measure. By Theorem 2.5,

lim R>N,(R) = ey,

R—o0

for py-a.e. v € My, or, equivalently,

lim R72NF(M) (R) = WCV,M

R—o0
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for p-a.e. w € M. As for any w € M the growth function Np(,) of the measure
F(w) = vy(,) coincides with the growth function Ny, Part II of the theorem
follows.

Now suppose V' satisfies conditions (0), (A), (B), (C), and (E). By the above puy
is a regular Siegel measure. Condition (E) implies py € P(95). By Theorem 2.6,

lim Try = cy,m

R—o00

for py-a.e. v € MS. It follows that

lim TRVV(w) = Cy,,m
R—o0

for w € U, where U C M is a Borel set such that u(U) = u(M). Given any
compactly supported, Riemann integrable function 1 : R? — R, there exist two
sequences ¥} ,2/)2 ,...and Y7, 15, ... of functions in C.(R?) such that ¢, <1 < F
and [(¢F — ) dm < 1/n for n =1,2,.... Obviously,

R0 (2/R) dvy o) < / R2(x/R) duy o) / R+ (2/R) duy o)
]R2
for any w € M, and

lim Y dm = lim Y, dm = Y dm.
R2 R2

n—0o0 Jp2 n—00

If w e U, then
/ R™%)} (x/R) dvy (o) = cvp / b,y dm,
R2 R2

R0, (o R) vy = e [y dim
R2 R2
for n =1,2,.... It follows that

/ R2Y(x/R) dvy () :Cv,u/ Y dm
R2 R2

for any w € U. Part III of the theorem is proved. n

Proposition 3.3 Let V : M — V be a map satisfying conditions (0), (A), and (B).
Let ¢y, denote the Siegel-Veech constant of the pair (V,u). Then cy, = 0 if and
only if the sequence V(w) is empty for p-a.e. w € M.

Proof. By Part I of Theorem 3.2,
1 /
OV ()] (xBr)) dp(w) = mev, R?
(M) S " "

for any R > 0. Observe that ®[V(w)|(xpmr) > 0, and [V (w)](xs®)) = 0 if and
only if the sequence V(w) contains no vectors of length at most R. Clearly, if V(w)
is empty for p-a.e. w € M, then ¢y, = 0. Conversely, if ¢y, = 0, then for any
R > 0 we have [V (w)](xp(r)) = 0 for p-a.e. w € M. Hence there exists a Borel set
U C M such that u(U) = p(M) and [V (w)|(xBm) = @[V (w)](xBe) = ... =0
for w € U. Then for any w € U the sequence V(w) is empty. .
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4 Limit distributions

Denote by V; the subset of V consisting of sequences with all weights equal to 1.
For any K C RT = (0,00) define a map Wy : ¥V — V; as follows. Given V' € V, the
sequence WiV is obtained from V' by removing all vectors with weights outside K
and then changing weights of the remaining vectors to 1.

Let V €V, v, vs,... be the sequence of vectors of V', and wq, ws, ... be the se-
quence of weights. For any compactly supported function ¥ on R? and any function
fon RY set WVI](f,¢) = >, f(wr)¥(vy). Clearly, ®[V](¢)) = ¥[V](id,¢) and
OWxV](¢¥) = U[V](xk,?) for any K C RT. By C.(R") denote the space of con-
tinuous, compactly supported functions on R*. Note that any function f € C.(R™)
vanishes in a neighborhood of 0. W[V] is a bilinear functional on C.(RT) x C.(R?).

Furthermore, we associate to V' three families ay g, dv,r, and Dy r of measures
depending on the parameter R > 0. ay,r is a measure on RT; for any K C R
let ayr(K) be the number of indices k such that |vg] < R and wy € K. dy g is a
measure on the unit circle S* = {v € R? : |v| = 1}; for any U C S* let dy z(U) be
the number of indices k such that 0 < |vx| < R and v;/|vg| € U. Finally, Dy p is a
measure on S* x R*; for any U C S* x R let Dy z(U) be the number of indices k
such that 0 < |ug| < R and (vg/|vg], w) € U. The measures ay g, R > 0, describe
the distribution of weights of vectors in V. The measures dy,zr, R > 0, describe
the distribution of their directions. The measures Dy r, R > 0, describe the joint
distribution of directions and weights.

Suppose V' contains nonzero vectors and denote by Ry the length of the short-
est nonzero vector in V. For any R > Ry the measures oy g, dyvr, and Dy p are
nonzero so we can define probability measures ayz = (avr(RY)) 'ayg, dvg =
(51/73(51))_15\/71{, and DV7R = (DMR(SI X R+))_1DV7R.

Now let V' be a map of the space M introduced in Section 3 to V. We add two
more conditions to the list started in Section 3:

(0") for any a > 0 the map M > w — W, )V (w) satisfies condition (0);

(0") for any f € Cu(R*) and 4 € Co(R?) the function M 3 w v W[V (@)](f. ) is
Borel.

Lemma 4.1 Suppose a map V : M — V satisfies condition (0'). Then for any
Borel set K C RT the map WiV satisfies condition (0).

Proof. Let K denote the set of subsets K C R™ such that the map WiV satisfies
condition (0). We shall verify the following properties of K:

(i) if A,Be Kand ANB =0, then AU B € K;
(ii) if A,B € K and B C A, then A\ B € K;
(iii) if Ay, Ay, ... € K and lim A, exists, then lim A, € K.

n—oo n—oo
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Let A, B C R*. If AN B = 0, then ®[Wau5V (w)] = O[W4V (w)] + ®[W5V (w)] for
all w € M. This implies property (i). If B C A, then ®[Wx gV (w)] = [W4V (w)] —
O[WEV (w)] for all w € M. This implies property (ii). Now suppose Ay, Ag, ... are
subsets of RT such that the set A = lim,, .o, A,, exists. Then x4(¢) = lim,, o x4, (¢)
for all ¢ > 0. It follows that ®[WaV(w)](v)) = lim, e P[Wa,V(w)](¢) for any
Y € C.(R?) and w € M. This implies property (iii).

Condition (0') means that (a,00) € K for any a > 0. Property (iii) implies
Rt =2, (nt00) € Kand ) =2, (n,00) € K. For any a, b, 0 < a < b, we have

n=1
(a,b] = (a,0) \ (b,0) € K. Further, (a,b) = ;- ,(a,b —n~'] € K. Since any open
subset of RT is a disjoint union of intervals, properties (i) and (iii) imply X contains
all open subsets of R*. Then it follows from the properties (i), (ii), and (iii) that £

contains all Borel subsets of RT. "

Lemma 4.2 Conditions (0') and (0") are equivalent. Condition (0") implies con-
dition (0).

Proof. Let F denote the set of functions f on R* such that the function M >
w — UV (w)](f, %) is Borel for any ¢ € C.(R?). F have the following properties:

(i) if f1, fo € F, then a1 f1 + asfo € F for any ay,as € R;
(i) if fi1, fo,... € F and f = lim f, pointwise, then f € F.

The first property follows from the fact that W[V (w)](f, ) depends linearly on f.
To verify the second property observe that W[V (w)](f, ) = lim, . Y[V (w)](fn, )
for any 1) € C.(R?) and w € M if f(t) = lim,,_, fn(t) for all ¢ > 0.

Suppose the map V' satisfies condition (0'). Then Lemma 4.1 implies yx € F
for all Borel sets K C RT. Given f € C.(R"), for any ¢ > 0 there exist Borel sets
Ky, ..., K, and constants ay, . .., a, such that sup | f — (a1 xx, ++ -+ anXk,)| <€ It
follows from properties (i) and (ii) that f € F. Thus C.(R*) C F, i.e., condition (0")
holds. Conversely, if the map V satisfies condition (0”), that is, C.(R*) C F, then
it easily follows from property (ii) that x(s,cc) € F for any a > 0 and id ) € F.
This means that conditions (0) and (0) hold for V. .

Proposition 4.3 Let a map V : M — V satisfy conditions (0'), (A), and (B).
Then (a) for any Borel set K C RT the map WiV satisfies conditions (0) and (A);

(b) for any K C (€,00), € > 0, the map WiV satisfies condition (B);

(c) there exists a unique Borel measure Ay, on RY with the following property:
for any Borel set K C RT such that WiV satisfies conditions (0), (A), and (B) the
Siegel-Veech constant of the pair (WgV, ) is equal to Ay, (K);

(d) if cv,, denotes the Siegel-Veech constant of the pair (V, p), then

CV,;L = / tdAvju(t);
0

(e) if condition (B) holds for the map W o)V, then the measure Ay, is finite
and condition (B) holds for WiV for any K C RT.

13



The measure Ay, is called the Siegel-Veech measure of the pair (V, p).

Proof of Proposition 4.3. By Lemma 4.1, the map W,V satisfies condition
(0) for any Borel set K C R*. For any K C R condition (A) holds for WV
since the SL(2,R) action on V does not affect weights. If K C (¢,00), € > 0, then
Nwvw)(R) < € *Nyy(R) for all w € M and R > 0, hence condition (B) holds
for Wi V. If condition (B) holds for the map Wy )V, then this condition holds
for WiV for any K C R* since Ny, v () (R) < Nwig ooV ( (@) (R) for all w € M and
R > 0.

Let K C R* be a Borel set. By the above for any v € C.(R?) the function
M 3w O[WkV(w)]|(¢) is Borel. Then it follows that for any R > 0 the function
w = WiV (w)](xB(r) = Nwivw) (R) is Borel (cf. the proof of Lemma 3.1). Set

1
Avu(K) = W/MNWKV(w)(l)dN(W)-

Obviously, 0 < Ay, (K) < oo. Suppose K, K, ... are disjoint Borel subsets of R*
and denote K = J,;~; K. Then Ny, vw)(1) = 3071 Nwye viw (1) for any w € M.
It follows that Ay, (K) =Y " Av,(K,). Thus Ay, is a measure. If the map WiV
satisfies conditions (0), (A), and (B) for some Borel set K C R, then the Siegel-
Veech constant of (WgV, ) is equal to Ay, (K) due to Part I of Theorem 3.2. If
condition (B) holds for the map W )V, then Ay, (RT) is the Siegel-Veech constant
of (Wo,00)V, 1t), in particular, Ay,,(R*) < oo.

Suppose A is a Borel measure on Rt having the property required in the state-
ment (c). Take any Borel set K C R*. For each ¢ > 0 let K, = K N (¢,00).
By the above conditions (0), (A), and (B) hold for the map Wx,V, hence \(K)
is the Siegel-Veech constant of (Wi, V,u), in particular, A\(K.) = Ay, (K.). Then
AK) = lime_o A(K.) = lim,_o Ayu(Ko) = Ay (K). Thus A = Ay,

Let f1, fa,... be the functions on R* such that f,(t) = 27"k for 27"k < t <
27"(k+1),k=0,1,.... Then 0 < f; < fo < ... and lim,_., f.(t) =t for all ¢ > 0.
It follows that

lim Oofn(t) dv,,(t) = /Ootdkw( )

n—oo 0

lim [ WV @) x50) dpi(w / Nyo(1) dpa(w).

n—oo M

For any integer n > 1 we have

/M WV (@)](fn, XB(1)> dp(w) = ; 27"k /M NW(rnk,z*"(kH)]V(w)(l) dp(w) =

M)S 27 A (2778, 27 (k + 1)) / Fut) (),
k=1
hence - .
|t = o [ Mo )



By Part I of Theorem 3.2, the right-hand side of the last equality is equal to the
Siegel-Veech constant of the pair (V) u). .

Proposition 4.4 Suppose a map V : M — V satisfies conditions (0'), (A), (B),
and (C). Then for p-a.e. w € M,

lim (7TR2)_104V(W)7R = Avu

R—o00

in the following sense:

lin s [ A0 davionlt) = [0 Do) 1)

R—oo T R2

for any bounded function f € C(R™) vanishing in a neighborhood of 0.
If, in addition, condition (B) holds for the map Wy .)V and the Siegel-Veech
constant of the pair (V, ) is nonzero, then for p-a.e. w € M,

lm Gy w),r = Av(RY) " Avy

R—o0

i the following sense:

lim / F(8) dévy oy n(t) / F(8) dh () @)

R—oo

for any bounded function f € C'(RT).

Proof. Let K C RT be a Borel set such that K C (¢, 00) for some ¢ > 0. By
Proposition 4.3, the map WiV satisfies conditions (0), (A), and (B). Condition (C)
also holds for WV since Ny, v (w)(R) < € 'Ny(,)(R) for any w € M and R > 0.
By Part II of Theorem 3.2, for p-a.e. w € ./\/l we have

Jim R Nw,ev() (R) = mAv,u(K). (3)

Let K denote the countable collection of sets consisting of intervals (rq, 73] such that

r1, ro are rational numbers and 0 < r; < ry. By the above there exists a Borel set

UcC M, u(U)=pu(M), such that for any w € U and any K € K relation (3) holds.
Take any w € U. For each function f € LY(R*, \y,,) set

Fo(f) = timsup| —; / £(t) dory o) a(0) / F(t) v (t)

R—o0

Suppose f € C.(R") and choose a > 1 such that f = 0 outside the segment [1/a, a].
For any € > 0 there exist disjoint sets K1, ..., K, € K and constants by, ... ,b, such
that the function f. = byxk, + -+ + by Xk, satisfies the inequality sup |f — fe| < e.

Observe that .
/ fe(t) dO‘V(w)vR(t) = Z biNWKiV(w)(R>
0 i=1
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[ 0@ = 3 bav,),
0 i=1
Since w € U, it follows that F,(f.) = 0. Further,

/0 () = £.(8)] dav () < N v (B),

/0 ) — 10 ddv(t) < dva(la a)).

It follows that F,(f) < eM(a,w), where M(a,w) = supg=g R *Nw, , ,v(w)(R) +
Avu([1/a,al). Note that M(a,w) < oo while € can be chosen arbitrarily small. Thus
Fu(f) = 0.

Now let f be a bounded continuous function on R* vanishing in a neighborhood
of 0. For any a > 0 there exists f, € C.(R") such that f, = f on (0,a) and
sup | fo — f| < sup|f]. We have

/O (1) = Fult) davioy 5(6) < Nu, vy (R)sup |11,

/0 ) = Fult)] ddva(t) < Ava(las00)) sup |,

By the above F,(f,) = 0, hence F,(f) < My (a,w)sup|f|, where My (a,w) =
SUPR>0 R_QNW[Q,OO)V(W)(R) + Avu(la, 00)). Since NW[a,oo>V(w)(R) < CL_IJVV(W)(R)7 it
follows that My (a,w) — 0 as a — oo. Thus F,(f) =0, i.e., equality (1) holds.

Now suppose the map W)V satisfies condition (B). Then Ay, is a finite
measure. Let ICy denote the collection of intervals (ry, ro| such that 71, 7o are rational
numbers and 0 < r; < ro. Then there exists a Borel set Uy C U, u(Uy) = u(M),
such that for any w € Uy and any K € Ky relation (3) holds. Take any w € Up. Let
f be a bounded continuous function on R*. For any € > 0 there exists a bounded
function f. € C (R*) such that f. vanishes in a neighborhood of 0, f. = f on (€,00),
and sup]fE — f|] < sup|f|. We have

/0 () = £(8)] davoy 5(6) < Nuwy vy (R)sup ],

/OOO F(8) = JoO)] dAv,u(t) < Avu((0, ) sup | f].

By the above F,(f.) = 0, therefore F,(f) < My(e,w)sup |f|, where My(e,w) =
limsupp.o(7R?) ™ N, gviw) (R) + Av,u((0,¢€]). Since w € Uy, we have My(e,w) <
Avu((0,7]) + Av,.((0, €]) for any rational r > €. Since Ay, (RT) < oo, it follows that
Mo(e,w) < 2Ay,((0,€]) and My(e,w) — 0 as € — 0. Thus F,(f) = 0, i.e., equality
(1) holds for f. In particular, equality (1) holds for f =1 so we get

P%im (mR*) " avw),r(RT) = Ay, (RT).

If the Siegel-Veech constant of (V, ) is nonzero, then Ay, (RT) > 0 and equality (2)
follows. "
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Proposition 4.5 Suppose a map V : M — Vy satisfies conditions (0), (A), (B),
(C), (E), and the Siegel-Veech constant of the pair (V, u) is nonzero. Then for p-a.e.
wE M,

lim (5‘/ ),R = My,
R—oo

where my is Lebesque measure on S* normalized so that my(S') = 1. The convergence
means that

lim [ ¢(0) ddy ) r(0) = ¢( ) dmy (6) (4)

R—oo g1

for any Riemann integrable function ¢ on St.

Proof. By Part III of Theorem 3.2, there exists a Borel set U C M, u(U) = u(M),
such that for any w € U,

1 T

lim (§> v (@) = evy | la) dm() (5)

R—oo R2 R2

for each compactly supported, Riemann integrable function ¢ on R?. Here ¢y, is
the Siegel-Veech constant of (V, ).

Take any w € U. Let ¢ be an arbitrary Riemann integrable function on S'. For
any x € R? set ¢y (x) = ¢(z/|z|) if 0 < |z| < 1, and ¢ (x) = 0 otherwise. Then ¢, is
a Riemann integrable function on R?, therefore equality (5) holds for ) = ¢;. Since
V(M) C Vi, we have

g ¢1(r/R) dvy () (x) = . P(0) dov(),r(0)

for all R > 0. Besides,

. ¢1(x) dm(z) = cb( ) dm ().

Hence

R—o00

fim R [ 6(6) dSvi.n(6) = v, [ 66)dm0)
Sl
In particular, the latter relation holds for ¢ = 1 so we get

lim R™25y, (), r(SY) = ey,

R—o00

Since cy,, > 0, equality (4) follows. .

Proposition 4.6 Suppose a map V : M — V satisfies conditions (0'), (A), (B),
(C), and (E). Then for p-a.e. w € M,

élm (71'R2) 1D\/(w) rR=m X /\VM
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in the following sense:

. 1 >
fim = [ f@apan© = [ [ renameawe  ©)

for any bounded function f € C(S' x RT) vanishing in a neighborhood of S* x {0}.
If, in addition, condition (B) holds for the map W)V and the Siegel-Veech
constant of the pair (V,p) is nonzero, then for p-a.e. w € M,

lim DV(w) R = (Avu(R+))_1m1 X )\V,,u

R—oo
i the following sense:
- 1 o0
li 0)dDyv ) r(O) = ———— 0,t)dmy(0) d\y ,(t
dm [ 5(©)aDy(®) = 5y [ [ O dma0) i)

for any bounded function f € C(S* x RT).

Proof. Let K C R* be a Borel set such that K C (e, 00) for some € > 0. Then the
map WiV satisfies conditions (0), (A), (B), (C), and (E) (cf. the proof of Proposition
4.4). As shown in the proof of Proposition 4.5, for p-a.e. w € M we have

R—o00

fim R [ 0(6) dhwiev.al6) = mhviu(K / 6(6) dm, (6) (7)

for any Riemann integrable function ¢ on S'. Let K denote the collection of intervals
(r1, 7] such that rq, ro are rational numbers and 0 < r; < 7. By the above there
exists a Borel set U C M, u(U) = pu(M), such that for any w € U, any K € K, and
any function ¢ € C'(S) relation (7) holds.

Take any w € U. For each function f € L*(S' x R, m; X Ay,,) set

E,(f) = limsup | — / F() dDy o) 1(O) — / / £(6,1) dm (0) dAy (0)|-
R—00 TR S1xR+ stJo

Suppose f € C.(S'xRT), i.e., f is a continuous function on S* x R* vanishing outside

St x [1/a, a] for some a > 1. For any € > 0 there exist disjoint sets Ki,..., K, € K

and functions ¢1,...,¢, € C(S') such that the function f, defined by f.(0,t) =

H1(0) Xk, )+ -+ n(0)xk, (1), 0 € ST, t € RY, satisfies the inequality sup | f — f| <

€. Observe that

n

[ 10©)dDva®) =3 [ 6i0) dhuvio nl0)
xR+ i=1

Sl

// £o(0,t) dmy(0) dAy,,.(t) ZAW /@ ) dm (6
S1
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Since w € U, it follows that F,(f.) = 0. Further,

[ 1(6) = £0)]dDys,a(®) < Ny, v ()

/S1 /OOO 1£(0,t) — f(0,1)| dmy(0) d\y,.(t) < eAvu([a™, a)).

It follows that F,(f) < eM(a,w), where M(a,w) = suppso R *Nw, , ,v(w)(R) +
Avu([1/a,al). Since M(a,w) < oo while € can be chosen arbitrarily small, we have
F,(f) =0, i.e., equality (6) holds.

The remaining part of the proof is completely analogous to the corresponding
part of the proof of Proposition 4.4 and we omit it. .

5 Translation surfaces. The Delaunay partitions

Let M be a compact connected oriented surface. A translation structure on M is an
atlas of coordinate charts w = {(U,, fa)}aca, where U, is a domain in M and f, is
an orientation-preserving homeomorphism of U, onto a domain in R?, such that:

(i) all transition functions are translations in R

(ii) chart domains U,, a € A, cover all surface M except for finitely many points
(called singular points);

(iii) the atlas w is maximal relative to the conditions (i) and (ii);

(iv) a punctured neighborhood of any singular point covers a punctured neigh-
borhood of a point in R? via an m-to-1 map which is a translation in coordinates of
the atlas w; the number m is called the multiplicity of the singular point.

A translation surface is a compact connected oriented surface equipped with a
translation structure. In what follows we assume that each translation surface has
at least one singular point.

Let M be a translation surface and w be the translation structure of M. Each
translation of the plane R? is a smooth map preserving Euclidean metric and
Lebesgue measure on R?. Hence the translation structure w induces a smooth struc-
ture, a flat Riemannian metric, and a finite Borel measure on the surface M punc-
tured at the singular points of w. Each singular point of w is a cone type singularity
of the metric. The cone angle is equal to 2mm, where m is the multiplicity of the sin-
gular point. A singular point of multiplicity 1 is called removable as the flat metric
can be continuously extended to this point. Any geodesic of the metric is a straight
line in coordinates of the atlas w. The translation structure w allows us to identify
the tangent space at any nonsingular point x € M with the Euclidean space R? so
that velocity be an integral of the geodesic flow with respect to this identification.
Thus each oriented geodesic is assigned a direction v € S*.

Let M be a compact connected oriented surface. Suppose M is endowed with a
complex structure given by an atlas of charts (U,, z,), @ € A, and let ¢ be a nonzero
Abelian differential (holomorphic 1-form) on M. A chart (U, 2) is called a natural
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parameter of q if ¢ = dz in U. Let w denote the atlas of all natural parameters of
q. By identifying C with R? we can assume that charts of w range in R?. Then w
becomes a translation structure on M. The singular points of w are the zeroes of the
differential ¢, namely, a zero of order n is a singular point of multiplicity n+ 1. Every
translation structure on M without removable singular points can be obtained this
way.

A simple and effective way to construct translation surfaces is to glue them from
polygons. Let Pi,..., P, be disjoint plane polygons. The natural orientation of R?
induces an orientation of the boundary of every polygon. Suppose all sides of the
polygons Py, ..., P, are distributed into pairs such that two sides in each pair are of
the same length and direction, and of opposite orientations. Glue the sides in each
pair by translation. Then the union of the polygons Py, ..., P, becomes a surface M.
By construction, the surface M is compact and oriented. Suppose M is connected
(if it is not, then we should apply the construction to a smaller set of polygons). The
restrictions of the identity map on R? to the interiors of the polygons P, ..., P, can
be regarded as charts of M. This finite collection of charts extends to a translation
structure w on M. The translation structure w is uniquely determined if we require
that the set of singular points of w be the set of points corresponding to vertices of
the polygons Py, ..., P,.

Let M be a translation surface. A saddle connection of M is a geodesic segment
joining two singular points or a singular point to itself and having no singular points
in its interior. Two saddle connections of M are said to be disjoint if they have
no common interior points (common endpoints are allowed). A domain U C M
containing no singular points is called a triangle (a polygon, an n-gon) if there is a
map f : U — R? such that the chart (U, f) belongs to the translation structure of
M and f(U) is the interior of a triangle (resp. a polygon, an n-gon) in the plane R?.
Suppose we have a finite collection of pairwise disjoint saddle connections dividing
the surface M into finitely many domains such that each domain is a polygon and,
moreover, each n-gon is bounded by n saddle connections (in general, an n-gon on
M may be bounded by more than n saddle connections). Then M can be obtained
by gluing together plane polygons as described above so that the saddle connections
correspond to sides of glued polygons. The following well-known proposition shows,
in particular, that any translation surface can be obtained this way.

Proposition 5.1 (a) Any collection of pairwise disjoint saddle connections of a
translation surface M can be extended to a mazximal collection.

(b) Any mazimal collection of pairwise disjoint saddle connections partitions the
surface M into triangles, each triangle being bounded by three saddle connections.

(¢) For any mazimal collection, the number of saddle connections is equal to 3m
and the number of triangles in the corresponding triangulation is equal to 2m, where
m is the sum of multiplicities of singular points.

(d) m =2p — 2+ k, where p is the genus of M and k is the number of singular
points of M.

Every translation surface has a useful Delaunay partition. We shall define this
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partition following the paper of Masur and Smillie [MS].

Let Z be the set of singular points of a translation surface M. For any z € M\ Z
let d(z, Z) denote the distance from x to the set Z. A geodesic segment joining x to
a singular point is called a length-minimizing path if its length is equal to d(z, Z).
Any point x € M \ Z admits at least one length-minimizing path and the number
of all such paths is at most finite (see [MS]).

For any R > 0 let B(R) denote the disk of radius R in R? centered at the origin.
Given a point z € M \ Z, there is a unique map 1, : B(d(z,Z)) — M \ Z such
that 2,(0) = x and 1, is a translation with respect to the translation structure of M.
The map 2, is uniquely extended to a continuous map of the closure of B(d(z, Z))
to M. Let Z! be the set of points in 0B(d(x,Z)) that map to points in Z. Z. is
a nonempty finite set. Each segment joining the origin to a point in Z! is mapped
by 2, to a length-minimizing path. The cardinality of Z. is equal to the number of
length-minimizing paths starting at x. Let H, be the convex hull of Z/. If Z! consists
of two points then H, is a segment and its image under 2, is a saddle connection
called a Delaunay edge. If Z! consists of more than two points then H, is a polygon
inscribed in the circle 0B(d(z, Z)). It is shown in [MS] that the restriction of the
map 2, to the interior of H, is injective. The image under 1, of the interior of H, is
a polygon on M called a Delaunay cell.

Proposition 5.2 ([MS]) Distinct Delaunay edges are disjoint saddle connections.
Distinct Delaunay cells are disjoint domains. Any Delaunay cell is bounded by De-
launay edges. Any Delaunay edge separates two Delaunay cells or a Delaunay cell
from itself.

Proposition 5.2 implies that Delaunay edges partition the surface M into Delau-
nay cells. This partition is called the Delaunay partition of the translation surface
M. By Proposition 5.1, the number of Delaunay edges and Delaunay cells is finite.

Proposition 5.3 Suppose T is a triangulation of a translation surface M by a max-
imal set of disjoint saddle connections. Then T is the Delaunay partition of M if
and only if for any edge L of T two angles 01, 05 opposite L in two triangles of T
bounded by L satisfy the inequality 61 + 0y < 7.

Proof. By Proposition 5.2, the triangulation 7 is the Delaunay partition of the
translation surface M if and only if each triangle of 7 is a Delaunay cell.

Denote by w the translation structure of M. For any triangle T of 7 there is a
map fr : T — R?such that (7T, fr) € w. The map fr is determined up to translation.
We can assume without loss of generality that the triangle fr(7T') C R? is inscribed
in a circle centered at the origin. By Ry denote the radius of the circle.

Let L be an edge of 7 and T3, T be the triangles of 7 bounded by L. Let 6; and
05 be the angles of T and T5, opposite L. By U denote the union of T}, T5, and the
interior of the edge L. Then U is a polygon. Let f : U — R? be a map such that
(U, f) € wand f = fr, on T}. Suppose T is a Delaunay cell. By Z denote the set of
singular points of M. Then there exists a point © € M \ Z such that d(x, Z) = Rp,
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and f(u,(2")) = 2’ for any 2/ € f(T1). It is easy to see that f(u.(2')) = 2’ for
any ' € f(U) N B(Ry,). The only points in the closure of B(Ry,) mapped by 1, to
singular points are vertices of the triangle f(77). Therefore the vertex of the triangle
f(T%) opposite its side f(L) lies outside the circle 0B(Ry,). The latter condition is
equivalent to the inequality 67 + 0, < .

Now suppose that for any edge L of 7 the sum of two angles opposite L is less
than 7. Let T" be a triangle of 7, ¢y € T', and I be a geodesic segment joining x to a
smgular point. Further, let =, = fr(x) and y’ be a point in R? such that the vector
y' — z{ is of the same length and direction as I. We claim that ¢’ lies outside the
circle B(Rr) unless it is a vertex of the triangle fr (7). It easily follows from the
claim that 7" is a Delaunay cell. The claim is proved by induction on the number n
of times the segment [ intersects edges of the triangulation 7. In the case n = 0 the
segment I does not leave the triangle T" hence the point ¢/’ is a vertex of f7(7"). Now
let n > 0 and assume the claim holds for all smaller numbers of intersections. Let
L be the edge of 7 first intersected by I and 77 be the triangle of 7 separated from
T by L. Let U denote the union of triangles 7', T}, and the interior of the edge L.
There exists a map f : U — R? such that (U, f) € w and f = fr on T. Let 2’ be the
center of the circle circumscribed around the triangle f(77). Then f(z) = 2'+ fr,(2)
for all x € T1. Take a point x; € T} N I such that the subsegment of I joining xg to
x1 intersects L only once and does not intersect the other edges of 7. By I denote
the subsegment of I joining z; to a singular point. Then the point 2} = f(x;) lies
on the segment joining z; to y' and the vector y' — 2 is of the same length and
direction as I;. By construction, I; has n — 1 intersections with edges of 7. By the
inductive assumption the point 3/’ lies outside the circle 2’ + dB(Rp,) circumscribed
around f(77) unless ' is the vertex of f(T}) opposite the side f(L). Since the sum
of two angles opposite f(L) in triangles f(7') and f(7}) is less than 7, it follows
that the disk 2z’ + B(Rr,) contains the part of the disk B(Rr) separated from the
triangle f(7T') by f(L). Hence y' lies outside the circle 9B(Rr). The claim is proved
and so is the proposition. .

Lemma 5.4 Suppose M is a translation surface of area at most 1, x € M, and d is
the distance from x to the closest singular point of M. If d > \/2/m then xz belongs
to a periodic cylinder of length at most d=*.

Proof. There is a map ¢ : B(d) — M such that ¢+(0) = x and ¢ is a translation with
respect to the translation structure of M. Let » > 0 be the maximal number such
that 2 is injective on B(r). Then wr* < 1 since the area of M is at most 1. Assuming
d > \/2/m, one has r < d. By the choice of r, there are distinct points z/, z}, € 0B(r)
such that +(z}) = u(z}). It is easy to observe that the segment joining x| to 2, is
a diameter of the disk B(r) and ¢+ maps the segment to a periodic geodesic passing
through z. Hence = belongs to a periodic cylinder C' of length 2r. Let w denote
the width of C. The area of the cylinder is equal to 2rw, therefore 2rw < 1. The
Pythagorean theorem implies the distance from x to the closest singular point on the

boundary of C'is at most /(w/2)? + r2. Hence d* < (w/2)* + r?. Since d > \/2/7r

we have r? < d?/2, then d?/2 < (w/2)%. In particular, 2r < w=' < d-',
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6 Moduli spaces of translation surfaces

Let M, M’ be translation surfaces and w, w’ be their translation structures. An
orientation-preserving homeomorphism f : M — M’ is called an isomorphism of
the translation surfaces if f maps the set of singular points of M onto the set of
singular points of M’ and f is a translation in local coordinates of the atlases w
and w’. The translation structures w and ' are called isomorphic if there is an
isomorphism f: M — M'. If M = M’ and w = ' then the isomorphism f is called
an automorphism of w. Automorphisms of the translation structure w form a group
Aut(w), which is finite.

Given positive integers p and n, let M, be a compact connected oriented sur-
face of genus p and Z, be a subset of M, of cardinality n. Denote by Q(p,n)
the set of translation structures on M, such that Z, is the set of singular points.
Let w = {(Ua, ¢a)}aca be a translation structure on M,. Given an orientation-
preserving homeomorphism f : M, — M,, the atlas wf = {(f ' (Us), Paf)}aca is
a translation structure on M), isomorphic to w. Let H(p,n) denote the group of
orientation-preserving homeomorphisms of the surface M, leaving invariant the set
Zn. By Hy(p,n) denote the subgroup of H(p,n) consisting of homeomorphisms iso-
topic to the identity. For any w € Q(p,n) and f € H(p,n) the translation structure
wf belongs to Q(p,n). Isomorphic translation structures w,w’ € Q(p,n) are called
isotopic if W' = wfy for some fy € Ho(p,n). Let Q(p,n) denote the set of equiva-
lence classes of isotopic translation structures in Q(p,n) and MQ(p,n) denote the
set of equivalence classes of isomorphic translation structures in Q(p,n). The map
H(p,n) x Q(p,n) 3 (f,w) — wf~! defines an action of the group H(p,n) on the set
Q(p,n). By definition, Q(p,n) = Q(p,n)/Hy(p,n) and MQ(p,n) = Qp,n)/H(p,n).
The mapping class group Mod(p,n) = H(p,n)/Hy(p,n) acts naturally on the set
Q(p,n) and MQ(p,n) = Q(p,n)/ Mod(p, n).

Any translation structure on a surface of genus p with n singular points is iso-
morphic to a translation structure in Q(p, n). Thus MQ(p,n) is the moduli space of
translation surfaces of genus p with n singular points.

As mentioned in Section 5, there is a one-to-one correspondence between transla-
tion structures in (p, n) and pairs (X, ¢) such that X is a complex structure on M,
and ¢ is an Abelian differential of X whose zeroes are contained in Z,,. This allows
one to regard MQ(p,n) as the moduli space of Abelian differentials on Riemann
surfaces of genus p with at most n zeroes.

The set Q(p,n) has the natural structure of an affine manifold while the moduli
space MQ(p,n) has the structure of an affine orbifold. We shall describe these
structures following the paper [MS].

Let v : [0,1] — M, be a continuous path. For any w € €(p,n) there exists a
continuous path v, : [0,1] — R? such that ~ is a translation of 7, in coordinates of
the atlas w. The path 7, is determined up to translation. The vector 7,,(1) —7,(0) is
called the holonomy vector of v with respect to w and is denoted by hol, (). If v is a
geodesic segment of w, then the vector hol, () is of the same length and direction as
. Suppose ¢ is an Abelian differential associated to the translation structure w (see
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Section 5). If the path ~ is piecewise smooth then, up to the natural identification

of C with R?,
hol,(y) = /q.
8!

The holonomy vector hol,(y) does not change when we replace the path v by a
homologous one. If the path ~ is closed or its endpoints belong to the set Z,,, then
hol, () does not change when we replace the translation structure w by an iso-
topic one. The map 7 — hol,(7y) gives rise to a map dev(w) : Hy(M,, Z,;Z) — R?
that is an element of the relative cohomology group H'(M,, Z,;R?). As the rela-
tive cohomology class dev(w) depends only on the isotopy class of the translation
structure w, we have a well-defined map dev : Q(p,n) — H'(M,, Z,,; R?). The group
HY(M,, Z,;R?) is a real vector space of dimension 2N, where N = 2p+n — 1 is the
rank of the relative homology group Hy(M,, Z,;Z).

Let T'(p,n) denote the set of pairs (w, 7), where w € Q(p,n) and 7 is a partition
of the surface M, by a maximal set of pairwise disjoint saddle connections of the
translation structure w. By Proposition 5.1, cells of the partition 7 are triangles with
respect to w. We call the pair (w, 7) a triangulation. A homeomorphism f € H(p,n)
maps 7 to a partition fr, which is a partition by disjoint saddle connections of the
translation structure wf~'. The map H(p,n) x T(p,n) > (f, (w, 7)) — (wf~L, f7)
defines an action of the group H(p,n) on T'(p,n). Two elements (w1, 1), (w2, 2) €
T(p,n) are called affine equivalent if there exists fo € Hy(p,n) such that fy maps
each triangle of 71 to a triangle of 7, and fj is an affine map in local coordinates of the
atlases wy and ws when restricted to any triangle of 7. By 7 (p,n) denote the set of
affine equivalence classes of the above triangulations. 7 (p,n) is a countable set. The
affine equivalence relation is preserved by the action of H(p,n) and, moreover, each
equivalence class is invariant under the action of the subgroup Hy(p,n). Hence the
H(p,n) action on T'(p,n) gives rise to an action of the group Mod(p,n) on 7 (p, n).
Let MT (p,n) =7 (p,n)/ Mod(p,n). An element of M7 (p,n) can be regarded as a
pattern to glue a translation surface of genus p with n singular points from triangles.
Since the number of triangles to be glued together is fixed, the set M7 (p, n) is finite.

For any 7 € 7 (p,n) let N(7) denote the set of translation structures in Q(p,n)
that admit a triangulation in the class 7. The set N(7) is invariant under the action
of the group Hy(p,n), therefore we shall consider N(7) as a subset of Q(p,n).

Lemma 6.1 For any 7 € T (p,n) the restriction of the map dev to the set N(1) is
injective. The image dev(N (7)) is an open set that can be determined by a system
of inequalities Q;(v) > 0, 1 < i <'s, where Q1,...,Qs are quadratic forms on the
vector space H' (M, Z,; R?). For any 11,7 € T (p,n) the set dev(N(71) N N(12)) is
also open.

Proof. Let (v}, 70) € T'(p,n), 7 € T (p,n) be the affine equivalence class of (w, 1),
and wy € Q(p,n) be the isotopy class of w(,. Take any triangle T" of the triangulation
7. There is a map fr : T — R? such that (T, fr) € wj. Let A denote the euclidean
area form on R?. For any vectors v = (v1,v2) and u = (uy, us), A(v,u) = vius —uivs.
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Let 17 and 727 be two sides of T" oriented so that A(holy, (y17), holy, (y27)) > 0. For
any ¢ € H' (M, Z,;R?) let Qr(q) = A(¢(11r), ¢(72r)). Clearly, Q7 is a quadratic
form on H'(M,, Z,;R?). Note that Qr(dev(wp)) is the area of the triangle 7. We
claim that dev(N (7)) is the set of ¢ € H'(M,, Z,; R?) such that Qr(g) > 0 for any
triangle T" of 7y. Given w € N(7), for any triangle T" of 7y there exists a linear map
br : R? — R? such that charts (T, by fr) belong to a translation structure o’ € w.
(Clearly, each operator br is invertible and orientation-preserving. Then

Qr(dev(w)) = A(br hol,, (717), br holy, (y2r)) = (det br) Qr(dev(wy)) > 0

for all 7. If dev(w) = dev(wp) then each by is the identity. Since charts (T, fr)
uniquely determine the translation structure wy, it follows that w = wy. Thus the
map dev is injective on N (7). Now consider any ¢ € H'(M,, Z,;R?) such that
Qr(q) > 0 for all triangles T of 7y. For each T let by be a linear operator in R?
such that br hOle(’)/lT) = Q(/VIT); br hOle(’}/QT> = q(’)/QT) Since QT(Q) > 0, br is
invertible and orientation-preserving. If v is a common edge of triangles T} and T5,
then br, hol,, () = bp, hol,, (7) = ¢(7). Hence the set of charts (T, by fr) extends
to a translation structure wj € Q(p,n). By construction (wj,79) € 7, therefore the
isotopy class wy of W} belongs to N (7). Also, dev(w;) = ¢ since the two cohomologies
take the same values on edges of 7.

Suppose wy € N(71) N N (1) for some 7,7 € T(p,n). Let wj be a translation
structure in the isotopy class wy and 77, 7 be triangulations such that (wj, 1) € 11,
(wy, T5) € To. Choose an edge « of 75. If v is not an edge of 7{ then edges of 7| break
this saddle connection into several geodesic segments xox1, r1%s, . .., TpTry1, Where
xo and x4 are endpoints of v and xy, ..., xy are interior points of edges of 7{. Take
any € > 0. Let #,...,z}, be points of M, such that each 2z} (1 < ¢ < k) lies on
the same edge of 7] as z; and the length of the subsegment of the edge bounded by
x; and x; is less than e. Assuming e is small enough, there are geodesic segments
zoxh, b, ..., &2k that form a path homotopic to 4. By Uc(7) denote the set of
all such piecewise geodesics. If v is a common edge of 7 and 73, let U.(y) = {~v}. Let
Y1, ---,7 be all edges of 75. If € is small enough then for any v; € Uc(v;), 1 < j <1,
the curves 71, ..., are simple and disjoint except for endpoints. The partition of
M, by these curves can be mapped onto 75 by a homeomorphism f € Hy(p,n).
By P. denote the set of all such partitions. For any w € N(71) there exists ' € w
such that (w’, 7)) € 7 and the identity map of M, is affine on every triangle of 79
with respect to translation structures wj and w’. If dev(w) is close to dev(wy) then
linear parts of the restrictions to triangles of 7| are close to 1. It follows that if
dev(w) is close enough to dev(wp) then each of the sets U.(71),...,Us(v) contains
a saddle connection of the translation structure w’. Then P, contains a partition
7’ such that (', 7') € 7o, hence w € N(7). Thus dev(wp) is an interior point of
dev(N(m) N N(12)). .

By Proposition 5.1, the sets N(7), 7 € 7 (p,n), cover Q(p,n). We use this cover-
ing and the map dev to endow Q(p, n) with a topology, smooth and affine structures,
and a measure. By Lemma 6.1, there exists a unique topology on Q(p,n) such that
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any N(7) is an open set and the restriction of dev to N(7) is a homeomorphism
onto dev(N(7)). The topological space Q(p,n) is a 2N-dimensional manifold. Fur-
ther, there is a unique affine (smooth, real analytic) structure on Q(p,n) such that
the restriction of the map dev to any N(7), 7 € 7 (p,n), is an affine (resp. smooth,
analytic) map. The euclidean volume form on the vector space H'(M,, Z,;R?) is
made canonical by the requirement that the lattice H'(M,, Z,; Z*) have covolume
1. The volume element on Q(p,n) is obtained from the pull-back, this volume form
by the map dev.

Lemma 6.2 Letw € Q(p,n). Then each set of disjoint saddle connections of w that
do not divide the surface M, can be extended to a maximal set of this kind. Each
mazximal set consists of N = 2p +n — 1 saddle connections whose homology classes
comprise a basis for Hy(M,, Z,;Z).

Proof. Let v1,...,7 be disjoint saddle connections of w that do not divide the
surface M,. Let m = 2p — 2 + n. By Proposition 5.1, & < 3m and there exist

Vit -« -5 Y3m Such that v1, ..., v3, are disjoint saddle connections of w that form a
triangulation 7 of M,. There are 2m triangles in the triangulation 7. We can arrange
them in a sequence Tg, 11, ..., T, _1 so that there exist a sequence of domains Uy =

To Cc U, C ... C Uypn—1 C M, and a sequence of edges ey, ..., es,_1 of 7 such that
for any j, 1 < j < 2m — 1, the triangle 7} is disjoint from U,_, e; separates T}
from U;_;, and Uj is the union of U;_;, T}, and the interior of e;. The complement
of Us,,_1 is the union of the set of singular points of w and N = m + 1 edges of 7.
Since saddle connections 71, ..., do not divide the surface M, it can be assumed
without loss of generality that all of them are in the complement of Us,,_;.

It is easy to observe that the group H;(M,, Z,;Z) is generated by the homology
classes of edges of 7. For any 7, 1 < j < 2m — 1, two sides of the triangle T}
different from e; are disjoint from Uj;. It follows that Hy(M,, Z,;Z) is generated by
the homology classes of N edges of 7 disjoint from Us,,_;. Since Hy(M,, Z,;Z) is a
free Abelian group of rank N, the latter classes constitute its basis. .

Suppose I' = (y1,...,7n) is an ordered basis of cycles for Hy(M,, Z,,;Z). De-
fine a map fr : H'(M,, Z,;R?) — (R*)Y =~ R* by fr(q) = (g(n),---,q(w)).
fr is an isomorphism of vector spaces. Since fr(H(M,, Z,;Z?)) = Z*, fr pre-
serves volumes. Now define a map Fr : Q(p,n) — (R?)Y ~ R*N by Fr(w) =
(hol, (), ..., hol,(yn)). Clearly, Fr(w) = fr(dev(w)). The map Fr is a local home-
omorphism. The volume element on Q(p,n) is the pull-back of the canonical volume
form on R?" by the map Fr.

Lemma 6.3 The group Mod(p,n) acts on Q(p,n) by affine homeomorphisms pre-
serving volume element. The action is properly discontinuous.

Proof. Every mapping class ¢ € Mod(p,n) induces an automorphism ¢, of the

group Hy(M,, Z,;Z). Define a linear operator ¢* on H'(M,, Z,;R?) by (¢*q)(v) =
q(d), v € Hi(M,, Z,; Z). ¢* is invertible and preserves the lattice H* (M, Z,,; Z?),
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hence it is volume preserving. Observe that dev(w¢™!) = ¢*(dev(w)) for all w €
Q(p,n). Besides, if w € N(7) for some 7 € T (p,n) then we~' € N(47). It follows
that the Mod(p,n) action on Q(p,n) is affine and preserves the volume element.
Let wg € N(7), 7 € T(p,n). Choose a triangulation (wj, 7)) € 7 such that wy is
in the isotopy class wy. There exists a neighborhood U C N (1) of wy such that for
every translation structure w’ in an isotopy class w € U any saddle connection of
W' of length [ is homotopic to a piecewise geodesic path of w( of length at most 21,
while any saddle connection of wyj, of length Iy is homotopic to a piecewise geodesic
path of w’ of length at most 2ly. Let us show that Up=t N U # O for only finitely
many ¢ € Mod(p,n). Denote by K the set of relative homotopy classes of edges of
75- Let R be the maximal length of edges of 7j. By K| denote the set of paths
on M, with endpoints in Z, such that « is a piecewise geodesic path of length at
most 4R with respect to wy. For any v € Kj there is a homotopic path 7 € K]
that is a saddle connection or the sum of several saddle connections of wj. By K;
denote the set of relative homotopy classes of paths in Kj. Clearly, K C K;. Since
the translation structure wj has only finitely many saddle connections of length at
most 4R, the set K is finite. Suppose U¢p~ ' NU # @ for some ¢ € Mod(p,n), i.e.,
w11 = wy for some wy,w, € U. Pick translation structures w} € w; and w) € wo.
Let 7{ be a partition such that (wj,7]) € 7. By the choice of U, all edges of 7| are
of length at most 2R. There is a homeomorphism ¢y € ¢ that maps each edge of 7/
onto a saddle connection of W) of the same length. By the choice of U, the mapping
class ¢ sends each homotopy class from K to a homotopy class in K;. Since ¢ is
uniquely determined by its action on elements of K and K, is a finite set, there are
only finitely many such ¢. Furthermore, there exists a neighborhood Uy C U of wy
such that Upp~' N Uy # O for a ¢ € Mod(p,n) if and only if pwy = wy, i.e., ¢ is the
mapping class of an automorphism of wy. .

Since the action of Mod(p,n) on Q(p,n) is properly discontinuous and volume
preserving, the quotient space MQ(p,n) inherits the structure of an affine orbifold
along with a volume element.

Lemma 6.4 The moduli space MQ(p,n) has finitely many connected components.

Proof. It follows from Lemma 6.1 that any of the open sets N(7), 7 € 7 (p,n),
has only finitely many connected components. Since M7 (p,n) is a finite set, there
exist 71,...,7 € T(p,n) such that the natural projection 7y : Q(p,n) — MQ(p,n)
maps the union N(m)U...UN(7;) onto MQ(p,n). Then the number of connected
components of MQ(p,n) is at most the number of connected components of N (1)U
... UN(7), which is finite. 0

Let « = (mq,...,m,) be a nondecreasing sequence of positive integers such
that my + -+ +m, = 2p — 2+ n. By H(«) denote the set of isomorphy classes
of translation surfaces with n singular points of multiplicities my, ..., m,. H(«a) is
called a stratum. The stratum H(«) is a nonempty open subset of MQ(p,n). The
moduli space MQ(p,n) is a disjoint union of strata. By Lemma 6.4, each stratum
has only finitely many connected components. The complete classification of all
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connected components for each stratum was obtained by Kontsevich and Zorich
[KZ]. In particular, any stratum has at most 3 connected components.

For any 7 € 7 (p,n) let M (1) denote the set of translation structures w € Q(p,n)
such that the Delaunay partition of w is a triangulation in the class 7. Let < represent
an ordering of the homology classes of edges of the triangulation 7. Note that edges
of 7 need not be oriented so < is actually an ordering of pairs of opposite homology
classes. By M (T, <) denote the set of translation structures w € M(7) such that for
any two nonhomologous Delaunay edges e; and e, of w the edge e; is shorter than
e if the homology class of e; is less than the homology class of ey in the ordering
<. Let h be one of the least homology classes with respect to < (the other is —h).
By M"(r,<) denote the set of w € M(r, <) such that the holonomy vector hol,(h)
belongs to the halfplane R2 = {(x1,29) € R* : 25 > 0}. The sets M(7), M (7, <),
and M"(7,<) are invariant under the action of Hy(p,n) so we consider them as
subsets of Q(p,n). Then M"(r, <) C M(7,<) C M(7) C N(7). M(r,<) is called a
Delaunay triangulation piece while M"(7, <) is called a halfpiece. Clearly, the sets
M(t), 7 € T(p,n), are disjoint. Two Delaunay triangulation pieces M (7, <1) and
M (79, <) are disjoint unless 7, = 75 and <;==<5. Two halfpieces M" (1, <;) and
M"2(7y, <) are disjoint unless 7 = 75, <1==», and h; = hs.

Lemma 6.5 M(7), M (7, <), and M"(t, <) are open subsets of Q(p,n). The natural
projection my : Q(p,n) — MQ(p,n) is injective on M"(,<). There exist finitely
many disjoint Delaunay triangulation halfpieces M™ (11, <1), ..., MM (13, <)) such
that g is injective on their union and mo(M" (11, <1)U. . .UMM (1, <4)) is a subset

of MQ(p,n) of full volume.

Proof. Let w' € Q(p,n) be arepresentative of an w € N(7) and 7’ be a triangulation
of M, such that («',7") € 7. Let ey be an edge of 7" and Ty, T be triangles of 7/
bounded by eg. By 6; (i = 1,2) denote the angle of T; opposite eg. Let €1, e5 be sides
of Ty different from eq. Then cos @) = (2111y) 7 (13 + 13 — %), where [; = |hol,(e;)],
i = 0,1,2. The homotopy classes of eg, e;, and e; depend only on 7. It follows
that cos#, depends continuously on w. Likewise, cos 65 is a continuous function of
w € N(7). Since 0 < 6q,0y < 7, we have 0; + 0, < 7 if and only if cos 0; 4 cosy > 0.
By Proposition 5.3, M(7) can be determined as the set of w € N(7) satisfying
inequalities f;(w) > 0, ¢ = 1,...,k, where fi,..., fx are continuous functions on
N(7). Hence M(7) is open. Now M (7, <) is the intersection of M (1) with a finite
number of open sets of the form {w € Q(p,n) : |hol,(hi)| < |hol,(hs)|}, where
hi,hy € Hi(M,, Z,;7Z). The halfpiece M"(7, <) is the intersection of M (7, <) with
the open set {w € Q(p,n) : hol,(h) € R3 }.

For any mapping class ¢ € Mod(p,n) let ¢, denote the induced automorphism
of Hy(M,, Z,;Z). ¢ acts on Q(p,n) so that any M(7) is mapped onto M(7)p~" =
M (¢7). A Delaunay triangulation piece M (7, <) is mapped onto M (¢7,<’), where
by definition e; <’ ey if and only if ¢ le; < ¢ les. A halfpiece M" (7, <) is mapped
onto M®"(¢r, <"). Suppose M"(r,<)¢~t = M"(r,<). Then ¢ permutes homo-
topy classes of edges of 7. Moreover, ¢.hg = +hg for any homology class hg of an
edge. Since ¢ is orientation-preserving and homology classes of edges of 7 generate
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Hy\(M,, Z,;Z), it follows that ¢, is the multiplication by 1 or —1. As ¢.h = h, ¢.
is the identity. Let wg € Q(p,n) be a translation structure whose isotopy class is
in M"(7,<). By the above there exists ¢y € ¢ that maps each Delaunay cell of wy
onto another Delaunay cell in an affine way. ¢y maps each Delaunay edge onto a
homologous one, hence ¢q is an automorphism of wy. Let e; and e, be two Delaunay
edges of wy bounding the same triangle. If ¢g(e1) # e; then the edges e; and ¢g(eq)
divide the surface M, into two parts. It is easy to see that the edges e and ¢g(e2)
are contained in different parts. None of the latter divides the part it belongs to.
As a consequence, e; and ¢g(ez) are not homologous as they should be. This con-
tradiction implies ¢q fixes all Delaunay edges of wy. Then ¢ is the identity while ¢
is the trivial mapping class. It follows that the halfpiece M"(r, <) is disjoint from
M"(r,<)¢~! for any nontrivial ¢ € Mod(p,n), i.e., 7o is injective on M" (1, <).

Let U denote the subset of Q(p, n) corresponding to translation structures whose
Delaunay partitions are not triangulations. Let us show that U; has zero volume.
Take any 7 € 7 (p,n) and pick an edge e of 7 (edges of 7 are determined up to
homotopy). By U;(7,e) denote the set of w € N(7) such that each Delaunay edge
is an edge of 7 but there is no Delaunay edge homotopic to e. U; is the union
of countably many sets of the form Uj(r,e), hence it is sufficient to prove that
any of them has zero volume. Let w’ be a translation structure in an isotopy class
w € Uy (7, e) and 7’ be a partition of M, such that (w',7") € 7. Let ¢y be an edge of 7/
homotopic to e. Let T} and T5 be triangles of 7/ bounded by ey. Then the union of 77,
T5, and the interior of e is isometric to an inscribed quadrilateral. Let e; be a side
of T7 different from ey and e, be a side of T5 different from eq and not parallel to e;.
If eg, €1, and ey do not divide the surface, then their homology classes are elements
of a basis for Hy(M,, Z,;Z) by Lemma 6.2. Once holonomy vectors hol,(eg) and
hol,,(e;) are fixed, the holonomy vector hol,,(e3) lies on a fixed circle in R? passing
through the origin. Hence Fubini’s theorem implies Uy (7, e) has zero volume. If ey,
ey, and ey do divide the surface, it is easy to observe that e, is homologous to the
side of T} different from eq and e;. Then T} and T5 are isometric triangles and their
angles opposite e are right. It follows that hol,(e;) lies on a circle depending on
hol,,(ep). Since ey and e; do not divide M,, Lemma 6.2 and Fubini’s theorem imply
again Ui (7, e) has zero volume.

Let U, denote the set of w € Q(p,n) such that |hol,(y1)| = | hol,(72)| for some
disjoint nonhomologous saddle connections v; and 7, of a translation structure in
the isotopy class w. By Lemma 6.2, homology classes of +; and vy are linearly
independent. By Lemma 7.1 (see Section 7 below), Us has zero volume. Let Us
denote the set of w € Q(p,n) such that hol,(h) is horizontal for a nonzero h €
Hy(M,, Z,;Z). Us is the union of countably many codimension 1 affine submanifolds
of Q(p,n), hence it is of zero volume.

Since the Mod(p, n) action on 7 (p,n) has only finitely many orbits, there exist
Tiy- .., Tk € T (p,n) such that mp maps the union of M(m),..., M(7), and U; onto
MOQ(p,n). For any 7 € 7 (p,n) the set M(7) is the union of finitely many Delaunay
triangulation pieces and a subset of Uy, while each piece M (7, <) is the union of
two halfpieces and a subset of Us. Since U; U Uy U Us is a set of zero volume, there
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exist finitely many halfpieces Py, ..., P, such that mo(P, U ... U P) is a subset of
MO(p,n) of full volume. By the above any m(P;) and 7o(F;) either are disjoint or
coincide. Therefore it is no loss to assume that sets mo(P), ..., m (1) are disjoint.
Then Py, ..., P, are also disjoint and 7 is injective on P, U ... U P,. "

Let w = {(Uas ¢a) faca be a translation structure on M,. For any operator g €
GL4(2,R) the atlas gw = {(Uq, g¢a) }aca is a translation structure on M, with the
same singular points of the same multiplicities as w. Although the flat metrics on M,
induced by translation structures w and gw need not coincide, they share the same
geodesics. If g € SL(2,R) then w and gw induce the same measure on M,. The map
GL4(2,R) x Q(p,n) 3 (g,w) — gw defines an action of the group GL,(2,R) on the
set Q(p,n). Obviously, this action commutes with the action of H(p,n). Therefore
the action of GL(2,R) descends to actions on the spaces Q(p, n) and MQ(p,n). The
action of the group GL, (2,R) on Q(p,n) commutes with the action of Mod(p, n).
Since hol,,(v) = ghol,(v) for any g € GL{(2,R), w € Q(p,n), and any path 7,
it follows that the GL, (2,RR) action on Q(p,n) is affine and continuous. Moreover,
the action of the subgroup SL(2,R) preserves the volume element. The action of
GL;(2,R) on MQ(p,n) is also continuous and the action of SL(2,R) on MQ(p,n)
is also volume preserving. For any 7 € 7 (p,n) the set N(7) is invariant under the
GL4(2,R) action on Q(p,n). The GL(2,R) action on MQ(p,n) leaves invariant
every stratum H(a) C MQ(p,n) and every connected component of MQ(p,n).

The group R™ acts naturally on translation structures by scaling distances. We
define actions of R on the sets Q(p,n), Q(p,n), and MQ(p,n) by regarding R* as
a subgroup of GL, (2,R).

For any w € Q(p,n), let a(w) denote the area of the surface M, with respect to
the measure induced by w. Since a(tw) = t?a(w) for any ¢ > 0, every translation
structure w € Q(p,n) is uniquely represented as tw;, where a(w;) = 1 and t € R*.
The area a(w) does not change when we replace w by an isomorphic translation
structure. By Q;(p,n) and MQ;(p,n) denote the subsets of Q(p,n) and MQ(p,n),
respectively, corresponding to translation structures w such that a(w) = 1. Let us
consider a as a function on Q(p, n). Then it follows from the proof of Lemma 6.1 that
a(w) is locally a quadratic form of the vector dev(w) € H'(M,, Z,;R?). Hence the
set Q1(p,n) = a~1(1) is a real analytic submanifold of Q(p, n) of codimension 1. This
submanifold is invariant under the actions of Mod(p,n) and SL(2,R). The volume
element on Q(p,n) along with the vector field grad a induce a volume element on
Q1 (p,n). Let i and fiy be the Borel measures on Q(p,n) and Q;(p, n), respectively,
induced by the volume elements. Then

fo(U) =2N - ji({tw |w e U, 0 <t <1})

for any Borel set U C Q;(p,n). The action of Mod(p,n) on Q;(p,n) is properly dis-
continuous and volume preserving, therefore the quotient space MQ;(p,n) inherits
the structure of a real analytic orbifold along with a volume element. M Q;(p,n) is
a suborbifold of MQ(p,n) invariant under the action of SL(2,R). Each connected
component of MQ;(p,n) is of the form C N MQ;(p,n), where C is a connected
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component of MQ(p,n). By ug denote the Borel measure on M Q;(p, n) induced by
the volume element. Let 7y : Q(p,n) — MQO(p,n) be the natural projection. Then
to(mo(U)) = fig(U) for any Borel set U C Q1(p,n) such that mq is injective on U.
The measure p is invariant under the SL(2,R) action on MQ;(p,n).

Theorem 6.6 ([V2], [MS]) 1o(MQi(p,n)) < oc.

Theorem 6.7 ([V1]) The SL(2,R) action on MQ(p,n) is ergodic with respect to
the measure g on each connected component of MQ;(p,n).

Now we shall define the moduli space MY (p, n) of pairs (M, x) such that M is a
translation surface of genus p with n singular points and = € M. The maps H (p,n) X
Qp,n) X M, > (f,w,z) — (wf™, f(z)) and SL(2,R) x Q(p,n) x M, 3 (g,w, x) —
(gw,x) define commuting actions of the groups H(p,n) and SL(2,R) on the set
Qp,n) x M,. Let Y(p,n) = (p,n) x M,)/Hy(p,n) and MY(p,n) = (Q(p,n) x
M,)/H(p,n). Let py : Y(p,n) — Q(p,n) and py : MY(p,n) — MQ(p,n) be the
natural projections. The group Mod(p, n) acts naturally on Y(p,n) and MY (p,n) =
Y(p,n)/ Mod(p,n). The SL(2,R) action on Q(p,n) x M, descends to actions on
Y(p,n) and MY (p,n).

Let 7 € T(p,n). Take a translation structure wy € Q(p,n) that admits a tri-
angulation 7y in the class 7. For any w € N(7) there exists a unique translation
structure X, -, (w) in the isotopy class w such that the identity map of M, is
affine on each triangle of 7y in local coordinates of the atlases wy and X, -, (w),
that is, for any triangle T of 7y there are a map f : T — R? and an affine map
b : R? — R? such that (T, f) € wy and (T,bf) € X,n(w). For any w € N(1)
and * € M, define Y, (w,z) € Y(p,n) to be the Hy(p,n)-orbit of the pair
(Xwo.mo(w), x) € Q(p,n)x M,. Then the map Y,,, -, : N(7)x M, — YV(p,n) is injective
and Y, -, (N (7) x M,) = py ' (N(7)). The collection of maps Y, -,, (wo, 7o) € T(p, n),
endows Y (p,n) with the structure of a fiber bundle over Q(p,n) with the fiber M,,.

The action of the group Mod(p, n) on Y(p,n) is properly discontinuous, therefore
the quotient space MY(p,n) inherits the quotient topology. For any w € MQ(p, n)
the following conditions are equivalent: (i) translation structures in the isomorphy
class w have no automorphisms different from the identity; (ii) for any & € 5 *(w)
the restriction of the projection 7y to some neighborhood of @ is a homeomorphism.
Let Uy be the set of w € MQ(p,n) satisfying these conditions. U is an open
dense subset of MQ(p,n) of full volume. The set p,*(Uy) C MY(p,n) is a fiber
bundle over Uy with the fiber M,. Suppose w € MQ(p,n) \ Uy and wy € w; then
o ' (w) is homeomorphic to M,/ Aut(wp). Slightly abusing notation, we shall consider
MY(p,n) as a fiber bundle over MQ(p,n) with the fiber M, (even though some
fibers may be not homeomorphic to M,).

The group SL(2,R) acts on the spaces Y(p,n) and MY (p,n) by homeomor-
phisms. The subspaces Vi (p,n) = py(Qi1(p,n)) and MY (p,n) = py(MQi(p,n))
are invariant under these actions. Note that each connected component of MY (p,n)
is of the form p,*(C), where C is a connected component of MQ;(p,n).
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For any wy € Q(p, n), let &, be the Borel measure on M, induced by the trans-
lation structure wy. Let w be the isotopy class of wy. The map hy, : M, — )
defined by the relation (wg,x) € hy,(x), * € M,, is a homeomorphism. The measure
P = Euohy,, on the fiber py '(w) does not depend on the choice of wy € w. Likewise,
for any w € MQ(p,n) the measures on M, induced by translation structures in the
isomorphy class w define a Borel measure p,, on py ' (w) (even if the fiber py*(w) is not
homeomorphic to M,). The space Vi (p,n), which is a fiber bundle over Q;(p, n) with
the fiber M,,, carries a natural measure /i; that is the measure fip on the base Q;(p, n)
and is the measure j,, on the fiber p;'(w). In other words, dji, (1) = dp.(n) dfio(w).
Similarly, the space MY;(p,n) carries a natural measure p; such that du(n) =
dp,(n) duo(w). Notice that w1 (MY1(p,n)) = uo(MQi(p,n)) < co. The measure py
is invariant under the action of the group SL(2,R) on MY:(p,n).

Theorem 6.8 ([EM]) The SL(2,R) action on MY1(p,n) is ergodic with respect
to the measure p1q on each connected component of MY1(p,n).

7 Periodic geodesics

Let M be a translation surface. Any geodesic joining a nonsingular point of M to
itself is periodic (or closed) since it cannot change its direction. We only consider
primitive periodic geodesics, that is, a periodic geodesic is a simple closed curve.
Each unoriented periodic geodesic corresponds to two oriented periodic geodesics of
the same length and of opposite directions. If a geodesic starting at a point z € M is
periodic, then all geodesics starting at nearby points in the same direction are also
periodic. Actually, each periodic geodesic belongs to a family of freely homotopic
periodic geodesics of the same length and direction. If M is a torus without singular
points, then this family fills the whole surface M. Otherwise the family fills a domain
homeomorphic to an annulus. This domain is called a cylinder of periodic geodesics
(or simply a periodic cylinder) since it is isometric to a cylinder R /IZ x (0, w), where
[,w > 0. The number [ is called the length or the waist of the periodic cylinder; it
is equal to the length of periodic geodesics in the cylinder. w is called the width or
the height of the cylinder. The cylinder is bounded by saddle connections parallel
to its geodesics. The boundary of the cylinder is a union of two components. If
geodesics in the cylinder are oriented then we can refer to them as the left and
the right components. If M is a translation torus with one singular point then both
components coincide and consist of a single saddle connection. Otherwise the left and
the right components are different although they may share some saddle connections.
A periodic cylinder is called regular if each component of its boundary consists of a
single saddle connection or, equivalently, if bounding saddle connections are of the
same length as periodic geodesics in the cylinder.

Each cylinder of unoriented periodic geodesics corresponds to two oriented peri-
odic cylinders, i.e., cylinders of oriented periodic geodesics. By definition, the direc-
tion and the holonomy vector of an oriented periodic cylinder are the direction and
the holonomy vector of an arbitrary periodic geodesic in the cylinder.
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This section is devoted to the proofs of statements formulated in Section 1. We
begin with Propositions 1.3 and 1.4.

Lemma 7.1 (a) Let hy,hy € Hy(M,, Z,;Z) be relative homology classes that are
not multiples of the same homology class. Then for almost all ¢ € H'(M,, Z,; R?)
vectors q(hy), q(hy) € R? have different lengths and directions.

(b) Let by, by € Hy(M,, Z,;Z) be another pair of relative homology classes. Let A
be the euclidean area form on R?. Then A(q(h}), q(hb)) # A(q(hy), q(hs)) for almost
all ¢ € HY(M,, Z,;R?) unless b, = bjyhy + bizha and hly = barhy + bashs, where
bij € Q, bi1byy — b12byy = 1.

Proof. Since h; and hy are not multiples of the same homology class, there exist
hs,...,hy € Hi(M,, Z,;Z), N = 2p+n—1, such that hy, ..., hy is a basis for a finite
index subgroup of Hy(M,, Z,;Z). Then H(M,, Z,;R?) > ¢+ (q(hy),...,q(hn)) €
(R*)™ is an isomorphism of vector spaces. The set of pairs (vy,v;) € (R?)? such that
vy = 0 or v, = 0 or vectors v; and vy have the same length or direction is of zero
Lebesgue measure. By Fubini’s theorem, for almost all ¢ € H'(M,, Z,; R?) vectors
q(h1) and g(hs) are nonzero vectors of different length and direction.

Any R, by € Hi(M,, Z,;Z) are uniquely represented as h} = by1hy +---+biyhn
and hy, = byyhi+- - -+banhy, where b;; € Q. Since A(g(h1), q(hs)) and A(g(h}), q(hs))
are quadratic forms of a vector ¢ € H*(M,, Z,; R?), we have either A(q(R}), q(h})) #
A(q(h1),q(ha)) for almost all g or A(q(h}),q(hy)) = A(q(h1),q(hs)) for all ¢. In
the latter case it follows that b;; = 0 for j > 3, that is, h] = bi1hy + bi2he and
hy = barhy + byoho. Then A(q(hy), q(h3)) = (biibaz — bi2bai)A(q(h1), q(h2)) for any
q. For almost all ¢ vectors ¢(hy) and g(hg) are nonzero and of different directions,
hence A(q(h1),q(hs)) # 0. This implies by1bgeg — bi2bey = 1. .

Proof of Propositions 1.3 and 1.4(a). Suppose U C M, is a domain bounded
by disjoint saddle connections of a translation structure w € Q(p,n). Let v1,..., %
be boundary saddle connections that are not slits, i.e., not surrounded by U. The
orientation of M, induces orientations of 7i,...,7;. Assuming these orientations,
the sum of the relative homology classes of v1,...,v, in Hy(M,, Z,;Z) is equal to
zero. In particular, hol,(7y1) + - - - +hol, (%) = 0. The above argument easily implies
that saddle connections belonging to the same component of boundary of a periodic
cylinder do not divide the surface.

Let [v] € Hi(M,, Z,; Z) be the relative homology class of a saddle connection
of some w € Q(p,n). By Lemma 6.2, [y] is an element of a basis for Hy(M,, Z,; Z).
In particular, if [y] = bh for some h € Hy(M,, Z,;Z) and b € Z then b = £1. It
follows that homology classes of distinct saddle connections v, 7 of w are multiples
of the same homology class only if v and ' are homologous, i.e., they are disjoint and
divide the surface M,,. Then Lemma 7.1(a) implies that for a generic translation sur-
face any nonhomologous saddle connections are of different length and direction. By
the above the boundary of any irregular periodic cylinder contains nonhomologous
saddle connections, which are parallel. Therefore generic translation surfaces admit
only regular periodic cylinders. Two periodic geodesics in different regular cylinders
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are homologous if and only if saddle connections bounding these cylinders are ho-
mologous. Since boundary saddle connections have the same length and direction
as periodic geodesics in the cylinder, it follows that for a generic translation surface
any nonhomologous periodic geodesics are of different length and direction. n

Proof of Proposition 1.4(b). Suppose C is a regular periodic cylinder of a
translation structure w € Q(p,n), where (p,n) # (1,1). Let v be a saddle connection
bounding C. Let 4’ be a saddle connection that crosses C' from one side to another
and does not leave the cylinder. By A denote the euclidean area form on R2. Then
the area of C' is equal to |A(hol,(7),hol,(7))|. Clearly, v and + are disjoint and
do not divide the surface. By Lemma 6.2, there exist saddle connections vs,...,vx
(N = 2p+n — 1) such that v,v,7s,...,yy are also disjoint and do not divide
the surface. The relative homology classes [v], [V], [vs], - - -, [y~] comprise a basis for
H\(M,, Z,;Z). Let Cy be a periodic cylinder of w different from C. Let L be a
periodic geodesic in C; and L' be a saddle connection crossing C;. Then the area
of C} is equal to |A(hol,(L),hol,(L"))]. Since (p,n) # (1,1) and C is a regular
cylinder, the geodesic L is not contained in the closure of C. If L is disjoint from C'
then its homology class [L] is a linear combination of [y], [ys], ..., [yn]. Otherwise
L is freely homotopic to the sum of saddle connections Ly, L}, ..., Ly, L;, such that
Ly, ..., Ly are disjoint from C while L, ..., L; are contained in the closure of C. The
relative homology classes of Ly, ..., Ly are linear combinations of [v], [y3],- .., [Yv]
while the relative homology classes of L), ..., L} are linear combinations of [y] and
[7']. Note that projections of holonomy vectors hol,(L;), hol, (L), i = 1,...,k, on
the direction orthogonal to v are all nonzero and of the same sign. It follows that
the sum of homology classes of Ly,. .., L is not a multiple of [y]. Thus [L] can be a
linear combination of [y] and [v'] only if it is a multiple of [y]. But then the cylinders
C' and () are parallel and disjoint, hence the homology class of L’ is not a linear
combination of [y] and [v].

By the above and Lemma 7.1(b), for a translation surface in a generic isomorphy
class w € MQ(p,n), (p,n) # (1,1), all regular periodic cylinders are of different
area. It remains to recall that generic translation surfaces do not contain irregular
cylinders. .

We proceed to the proofs of Theorems 1.5-1.10. Let M be a translation surface
of genus p with n singular points (p,n > 1). We assign to M a sequence V;(M) of
vectors in R?. These are the holonomy vectors of oriented periodic cylinders on M.
Note that any (unoriented) periodic cylinder corresponds to two oriented cylinders
with opposite holonomy vectors. Both vectors are supposed to be in the sequence. If
a vector is the holonomy vector of £ > 1 distinct periodic cylinders, it is to appear
k times in Vi(M). By Theorem 1.1(c), the sequence Vi(M) tends to infinity. To
make Vi(M) an element of the set V defined in Section 3, we have to equip vectors
with weights. Let all weights be equal to 1. Another choice is to let the weight of
the holonomy vector of a cylinder be equal to the area of the cylinder. Then we
obtain a different element of V that is denoted by V2(M). Further, for any x € M
we define V3(M, z) € V to be the sequence of holonomy vectors of oriented periodic
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geodesics on M passing through the point z. By definition, all weights of V3(M, x)
are equal to 1. Now the growth functions N, Ny, N3, and N, defined in Section 1
can be expressed as follows: Ni(M, R) = Ny, (R)/2, No(M, R) = Ny, (R)/2,
N3(M,z, R) = Nyy(r2)(R)/2, and Ny(M, 0, R) = Nw,, _ voary(R)/2 for all R > 0.

Let C be a connected component of MQ;(p,n). Let py : MY(p,n) — MQ(p,n)
be the natural projection. Then Y = p;*(C) is a connected component of MY (p, n).
The sequences V(M) and V5(M) do not change when M is replaced by an isomor-
phic translation surface. The sequence V3(M,x) does not change when (M, z) is
replaced by a pair representing the same equivalence class in MY(p,n). Hence the
assignments M — Vi (M), M — Vao(M), and (M,x) — V3(M,z) give rise to well-
defined maps V; : C — V, Vo : C — V, and V5 : Y — V. Recall that there are
continuous actions of the group SL(2,R) on C and Y. By Theorems 6.6 and 6.7, the
Borel measure py induced by the canonical volume element on C is finite and the
SL(2,R) action on C is ergodic relative to this measure. The measure u; on Y is
also finite and the SL(2,R) action on Y is ergodic by Theorem 6.8. Thus the results
of Sections 3 and 4 apply to the maps V;, Vs, and V3. Let us check whether the
conditions formulated in Sections 3 and 4 hold for these maps.

Proposition 7.2 The maps Vi, Va, and V3 satisfy conditions (0), (A), (B'), (C),
and (E). The map Vs satisfies condition (0').

Proof. By definition of the SL(2,R) actions on C, Y, and V, the maps V;, V5, and
V3 satisfy condition (A). Condition (E) holds trivially.

Let S(p,n) be the set of free homotopy classes of simple closed oriented curves
in M,\ Z,. Given v € S(p,n), let U(y) C Q(p,n) be the set of translation structures
that admit a periodic geodesic in the homotopy class . By Uj(7y) denote the set
of pairs (w,z) € Q(p,n) x M, such that some periodic geodesic of the translation
structure w passing through the point x is in the homotopy class 7. Given w € U(7),
all periodic geodesics of w that belong to the homotopy class v comprise one periodic
cylinder. Let a,(w) denote the area of this cylinder. For any w ¢ U(7) let a,(w) = 0.
The sets U(y) and U;(vy) are invariant under the Hy(p,n) actions on Q(p,n) and
Q(p,n) x M,, respectively. Therefore we consider U(7y) as a subset of Q(p,n) and
Ui(y) as a subset of Y(p,n). It is easy to see that U(y) and U;(y) are open sets.
The map Q(p,n) 2 w — hol,(y) € R? is well-defined and continuous. a. descends
to a function on Q(p,n), which is also continuous. Indeed, let wy € U(y) and wj,
be a translation structure in the isotopy class wy. Take a saddle connection 7, of
w(, that crosses the cylinder of periodic geodesics with homotopy v and does not
leave this cylinder. Let [y1] € Hi(M,p, Z,;Z) be the homology class of ;. Then
a(wo) = |A(holy, (7), holy, ([11]))], where A is the euclidean area form on R?. If the
cylinder is regular then a,(w) = |A(hol, (), hol,([n]))| for all w € Q(p,n) in a
neighborhood of wy. In the general case a,(w) < |A(hol,(7), hol,([y1]))| but we can
choose several saddle connections 7y, ..., 7, of w( so that

ay(w) = min [A(hol,(7), hol,([v;]))]

1<j<k
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for all w close to wy.

Let mo = Q(p,n) — MQ(p,n), m : Y(p,n) — MI(p,n), and po : Y(p,n) —
Q(p,n) be the canonical projections. Then for any w € 7;*(C), n € 771 (Y), ¢ €
C.(R?), and f € C.(RT) we have

SVi(mo@)](®) = D X (W) (hol(7)),

YES(p,n)
VVa(m@)I(f,e) = Y flay(w))db(holy(y)),
YES(p,n)
OVA(mm)IW) = D> Xvnm () ¥(holsy (7))
¥€S(p,n)

All three sums are locally finite. It follows that the functions m;'(C) > w
®[Vi(mo(w))](¥) and 77 (Y) > n +— ®[Vs(mi(n))](x)) are Borel, while the func-
tion 75 1(C) 3 w  Y[Vy(m(w))](f,) is continuous. Then the functions C >
w — OVi(w)](¢¥) and Y > n — O[V5(n)](v) are also Borel and the function
C 5w U[Va(w)](f, ) is also continuous. Thus the maps V; and V3 satisfy con-
dition (0) while the map V5 satisfies condition (0”). By Lemma 4.2, V, satisfies
conditions (0) and (0') as well.

For any w € C, let s(w) denote the length of the shortest saddle connection
of translation structures in the class w. The function w — s(w) is continuous and
bounded on C. Therefore the upper estimate in Theorem 1.2(c) implies the map V;
satisfies condition (B’). To verify condition (C), we need the following theorem.

Theorem 7.3 ([EM]) (a) Given € > 0, there exist Cc > 0 and k > 0 such that

R 1+e€
Ny, w)(R) < Ce (S—))

(w

for any R < k and any w € C.
(b) For any 3 € [1,2) the function s=? belongs to the space L'(C, jio).

Theorem 7.3 implies that condition (C) holds for the map V;. Let w € C. By
definition, Ny, ) (R) < Ny, (w)(R) for any R > 0, and Ny, (R) < Ny, ) (R) for any
n € py'(w) and any R > 0. It follows that conditions (B’) and (C) are satisfied by
the maps V5 and V3 whenever these conditions are satisfied by V;. "

Proof of Theorems 1.5, 1.6(a), and 1.7. By Proposition 7.2, the maps Vj,
Vs, and V3 satisfy conditions (0), (A), (B), and (C). Let ¢;1(C), ¢2(C), and ¢3(C) be
nonnegative numbers such that 277 1c;(C), 277 cp(C), and 27~ e3(C) are the Siegel-
Veech constants of the pairs (V1, o), (Va, po), and (V3, 1), respectively. By Part 11
of Theorem 3.2, for pp-almost every w € C we have

lim Ny ) (R)/R? = 261(C), (8)
ngn Ny, ) (R)/R? = 2¢5(C), (9)
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and for pi-almost every n € Y,

Jim Ny (R)/ R = 2¢5(C). (10)

The positivity of ¢;(C) and c3(C) follows from Proposition 3.3 and Theorem 1.1(a).
Let us show that ¢3(C) = ¢2(C). By Part I of Theorem 3.2, we have

o) /Nvg(w )dpo(w) = 2¢2(C),

1
No(
1

/stn) )dui(n) = 2¢3(C).

pa(Y)

For any w € C, let p, denote the Borel measure on the fiber p,'(w) induced by
translation structures in the equivalence class w. It is easy to observe that

Niso(B) = [ | N (B dp()

o (@)

for all R > 0. Then

/ Ny, (1) dpa(n) / / Ny, (1) dpy, (1) dpio(w / Ny, (1) dpio(w),
Y Po

besides,
i (Y) = / 0o (95 ()) diiolw) = polC).

Hence, ¢3(C) = c2(C).

By the above there exists a Borel set U C C, uo(U) = uo(C), such that for any
w € U the relations (8) and (9) hold, and, moreover, the relation (10) holds for p,-
almost all € py'(w). Let M be a translation surface in an isomorphy class w € U.
Then Ny (M, R)/R? — ¢1(C) and No(M, R)/R* — ¢3(C) as R — oo, and for almost
all v € M, N3(M,x, R)/R* — ¢»(C) as R — oo. .

To prove Theorems 1.6(b), 1.8, and 1.9, we need the following proposition, which
will be proved in Section 8.

Proposition 7.4 For any o € [0,1) and € > 0 let

1

b(o,€) = m

/C N, - sty (€) dpolw). (11)

Then for any o € [0,1),
. b(o€)
lim
e—0 b((), 6)

=(1—og)me !,

where me = 2p — 2 + n.
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Proof of Theorems 1.6(b) and 1.8. By Proposition 7.2, the map V; satisfies
conditions (0'), (A), and (B), hence Proposition 4.3 applies to it. Let A be the
Siegel-Veech measure of the pair (V3, 19). Since the map Vi = Wy V2 satisfies
condition (B), A is a finite measure on R*. For any a > 0 the Siegel-Veech constant of
(Wia,00) V2, o) 1s equal to A((a, 00)). By Part I of Theorem 3.2, b(a, €) = me*A((a, 00))
for all ¢ > 0 and a € [0,1). Then it follows from Proposition 7.4 that A((a,c0)) =
(1 —a)™eIX\(RT) for all @ € [0,1). For any w € C the sequence V3(w) contains no
vectors with weights greater than 1, therefore A((1,00)) = 0. Let ¢y be the Siegel-
Veech constant of (Va, pg). If me = 1 then A({1}) = A(RT), hence ¢ = A(R"). If
me > 1 then

oo 1
co = / td\(t) = —)\(R+)/ td(1 —t)me !t = \RT)/me.
0 0
By Part II of Theorem 3.2, for any a € [0,1) we have

lim Nw, . vae) (R)/R* = m(1 = a)"IA(RT) (12)

R—o0

for pg-almost all w € C. Also, for pgp-almost all w € C,
Jim Ny, (R) JR?* = mmz ' A(RT). (13)

Let U C C be a Borel set such that po(U) = po(C), the relation (13) holds for
any w € U, and the relation (12) holds for any w € U and any rational a € [0, 1).
Since NW(Q’OO)VZ(OJ)(R) is a nonincreasing function of a, it follows that the relation
(12) holds for any w € U and any a € [0,1). Let M be a translation surface in an
isomorphy class w € U. Then Ny(M, R)/R? — 7mmz'A(RT)/2 as R — oo, and for
any a € [0,1), Ny(M,a,R)/R* — 7(1 — a)"'A\(R")/2 as R — oo. By Theorems
1.5 and 1.6(a), TA(RT) /2 = ¢;(C) and mmg ' A(R1)/2 = ¢»(C). It follows that ¢ (C) =
c1(C)/me. .

Proof of Theorems 1.9 and 1.10. By Proposition 7.2, the map V5 satisfies
conditions (0'), (A), (B), (C), and (E). Besides, the Siegel-Veech constant of (V5, p0)
is nonzero and the map W oy V2 = V; satisfies condition (B). Therefore Propositions
4.4 and 4.6 apply to V. Let A be the Siegel-Veech measure of the pair (Va, ). As
shown in the previous proof, A((a,0)) = (1 — a)™'A\(RT) for any a € [0,1) and
A((1,00)) = 0. In particular, we can consider A as a Borel measure on [0, 1]. Then the
normalized measure (A(R"))™*\ coincides with the measure \,,. defined in Section
1. Since for any w € C the sequence V(w) contains no vectors with weights greater
than 1, we can consider the measures ay, () r and 5V2(w), r defined in Section 4 as
measures on [0,1] and S* x [0, 1], respectively. Then it follows from Propositions
4.4 and 4.6 that for pg-almost all w € C we have the following weak convergence of
measures:
lim dVg(w),R = /\mc,

R—o00

lim ijz(w),R =my X )\mc.

R—o0
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The maps V; and V3 satisfy conditions (0), (A), (B), (C), and (E). The Siegel-
Veech constants of the pairs (V1, o) and (V3, 1) are nonzero. Then Proposition 4.5
implies that for pg-almost all w € C and for p;-almost all n € Y the measures Svl (w),R
and Svg r on S weakly converge to normalized Lebesgue measure m; as R — oo.

By the above there exists a Borel set U C C, uo(U) = po(C), such that for any
w € U the measures aw,(),r, 5\/1 )R, and DVQ(w),R weakly converge to A.,,, mi, and
my X A, respectively, as R — oo and for p,-almost all € p,*(w) the measures
5V3 r weakly converge to my as R — o0o. Let M be a translation surface in an

1sornorphy class w € U. Then the measures ay g, 5 MR, and D wm,r defined in Section
1 coincide with dw (), g, 5‘/1 (w),R, and sz(w) R respectlvely Further, for any x € M

the measure o M2,k coincides with 5V3(n R, Where n € py ( ) is the equivalence class
of (M, x). Theorems 1.9 and 1.10 follow. .

8 Areas of periodic cylinders

For any positive integer n define sets
Sp=1{(tr,.. . ta) ER" [ t; >0, t; + - +1t, <1},

St ={(t,ty,...,ty) ER™ |t >0, t; >0, > +t;+---+1, <1}.
Further, for any o € [0,1) and ¢ € {1,...,n} define their subsets

Sn(o,i) ={(tr,.. ., tn) € S [ ti >0t + -+ 1)},

St(o,i) ={(t,t1,. .., tn) €SEti > o+t + -+ 1)}
Note that S,,(0,7) = S, Si(0,i7) = S}:. Now let

Jmo(O', ’L) = / dtl e dtn
Sn(o,i)

and for any positive integer k,
Jni(0,i) = / dt?* dty ... dt,,.
S%(0,i)

Lemma 8.1 For any integers n > 0 and k > 0, any i € {1,...,n}, and any
oe€l0,1),

(0, 1) -
n o 1 o n+k 1.
Tur0.g) - 7
Proof. Since J, x(0,i) = Jp (o, 1) for any i € {1,...,n}, we can assume without

loss of generality that i = 1. The case n = 1, k = 0 is trivial as S(o,1) = 5; for
any o € [0,1). Given o € (0,1) and b > 0, let

Iy(0) = /01 <min(1 _tt)o— t))bdt.
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Then
I(o) = /U(t/a —t)bdt +/ (1—t)dt =

(1—-0)°
b+1 °

S N TE PSR e
b+1(0 (o 1)’+(1—o0) )—

Suppose n > 1 and o € (0,1). Then

nO g, ]_ / dtl/ d dt = n—l(g)/ dtgdtn
mlnl tl,tl/cr t1 n—1 Sn—1

Now suppose n > 0 and ¢ € (0,1). Then (¢,t1,...,t,) € Si(o,1) if and only if
(ti,...,tn) € Sp(0,1),t>0,t < (1—t;—---—t,)Y2 and t < (t;/o—t;—--—1,)"/2
Hence for any integer k > 0,

k
Jn,k<07 1) = / (min(l,tl/a) — tl — = tn> dtl ce dtn
Sn(o,1)

In particular, Jy x(0,1) = I(0). If n > 1 then

1 k
Jn,k(a,n:/ dtl/ (min(1.t1/a) 11—~ 1,) dts..dt, =
0 min(l—t1,t1/0’—t1)sn_1

In+k_1(0)/ (1—ty— - —t)"dty. .. dt,
Snfl

By the above for any integers n > 0 and k > 0 there exists C), > 0 such that
Jox(o,1) = (1—0)" T 10, . for all o € (0,1). Since J, x(0,1) — J,,£(0,1) as ¢ — 0,
it follows that C,, ; = J,,x(0,1). .

Let w™ € Q(1,n) be a translation structure with n > 1 singular points on the
torus M; such that for some v € S* there are n cylinders of periodic geodesics of
w™ going in direction v (in general, the number of cylinders may be less than n).
Let x1,...,x, be singular points of w™ and Cj,...,C, be periodic cylinders with
direction v. By L; (1 < i < n) denote the saddle connection going out of z; in
direction v. We assume that the singular points and the cylinders are named so that
L; separates cylinders C; and C;_; (where by definition Cy = C,,) and, furthermore,
C; lies to the right of L; (with respect to the direction of L;). Let 7; be a saddle
connection that crosses the cylinder C; joining x; to ;41 (by definition, x,,1 = x1).
Note that the holonomy vector of v; and v induce the standard orientation in R2.
Among all saddle connections that join x; to x;,1 by crossing C;, only one is disjoint
from ;. Let ~ denote this saddle connection. It is easy to see that L;, v;, 7/, i =
1,...,n, is a maximal set of disjoint saddle connections of w™. Let 7™ € 7T (1,n) be
the affine equivalence class of the corresponding triangulation. For future references,
we denote by L™ the relative homotopy class of Ly, which is regarded as an edge
of 70", For any translation structure in an isotopy class w € N (T(”)) there are n
cylinders of homologous periodic geodesics freely homotopic in M \ {zy,...,z,}
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to geodesics in the cylinders C4, ..., C,. Finally, by P™ denote the set of w €
N (™) c Q(1,n) such that for any i, 1 <4 < n, we have hol,,(;) = b; hol,,(L;) +v;,
where 0 < b; < 1, v; € R? is orthogonal to hol,(L;), and the pair of vectors v; and
hol,(L;) induces the standard orientation in R2.

For any translation structure w’ on a surface M let a(w') denote the area of M
with respect to w’. For any element w of Q(pg,ng) or MQ(po,no) (po,ng > 1) let
a(w) denote the area of the surface M, with respect to translation structures in
the equivalence class w. Further, for any translation structure w’ in an isotopy class
w € N(7™) and any integer i, 1 < i < n, let a;(w’) denote the area of the periodic
cylinder of ' homotopic to C;. The area a;(w’) does not depend on the choice of
W' € w and we let a;(w) = a;(w"). Obviously, a;(w) + - —i— an(w) = a(w).

Given U C R2 let P™(U) be the set of w € P™ such that hol,(L;) € U
and a(w) < 1. For any 7 € {1,...,n} and any o € [0,1) let PUZ)(U) be the set of
w € PM(U) such that a;(w) > ca(w). Given sets U; C Qi(pj,n;), 1 < j < k, let
PM(U; Uy, ..., Uy) denote the set of (w,wy,...,w) € Q(1,n) x Q(pl,nl) S X
Q(pk, ny) such that w € P™(U), each wj is represented as t;w}, where w} € U; and
0<t; <1,and a(w)+a(w;)+ - +alwy) < 1. Foranyie {1,...,n} and o € [0 1)
let P n)(U Uy, ..., Uy) be the set of (w,wy,...,wy) € PM(U; Ul, ..., Uy) such that

ai(w) > o(a(w) + a(wr) + -+ + a(wy)).

Lemma 8.2 (a) Suppose U C R? is a nonempty open bounded set. Then for any
o€[0,1) andi€{1,...,n},

po(PLY(U))

o,

po(P™(U))

where po denotes the canonical measure on Q(1,n).
(b) Suppose U C R?* and U; C Q1(pj,n;), 1 < j <k, are nonempty open sets of
finite measure. Then for any o € [0,1) and i € {1,...,n},

= (1 - 0)71—17

WP (U Uy, .., Uy)

=(1-0)"7

where K = n+ 1+ Z;C:l(ij + n; — 1) is half of the dimension of Q(1,n) X
Q(p1,m1) X ... X Q(pg,ng) and p denotes the product of the canonical measures

on Q(1,n), Q(p1,n1), ..., APk, nk).

Proof. The homology classes of saddle connections Li,7q,...,7, form a basis
for Hi(My,{x1,...,2,};Z). The map F, : N(7(™) — (R?)"*! defined by Fj(w) =
(hol,,(Ly), holy,(71), . . ., hol,(7,)) is a volume preserving homeomorphism of N (7(™)
onto its image. Given a nonzero v € R?, let g, denote a unique element of SL(2, R)
such that g,v = (0,1) and g,u = (1,0) for some u orthogonal to v. Define a transfor-
mation Fy of the set (R?\ {(0,0)}) x (R?)™ by Fy(v,v1,...,0) = (U, g1, - - -, GoUn)-
F, is a homeomorphism preserving Lebesgue measure. Suppose (v,vy,...,v,) =
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Fy(Fy(w)) for some w € P™. Then the first coordinate of the vector v; € R
1 <i < n,isequal to a;(w) while the second coordinate lies between 0 and 1. Finally,
define a map Fy : (R?)"™! — RZxR"xR"™ by F3((vo1,v02), (V11,012), - - - (Un1, Un2)) =
((vo1,vo2), (V11, - -+, Un1), (V12, ..., Upe)). F3 is a linear map preserving Lebesgue mea-
sure. It is easy to observe that Fy o Fy o Fi(P™(U)) = (U \ {(0,0)}) x S, x (0,1)"
while FgOFQOFl(PCEZ)(U)) = (U\{(0,0)})x S,,(c,1)x (0,1)" for all o and ¢. Therefore

po(Fod (V) _ w0 Iugl0,) _ (g _ s
po(PM(U))  m(U)J,0(0,1)

by Lemma 8.1.

For any t € (0, 1] let U;" denote the set of (wy,...,wk) € Q(p1,n1)X...x Q(pk, nk)
such that each wj; is represented as t;w}, where w; € U; and 0 < t; < 1, and
a(wy) + -+ + alwy) < t2. Since a(tw') = t?a(w’) for any translation structure ',
it follows that U; = tU;, where by definition ¢(wi,...,wy) = (twy,...,twy) for all
w; € Q(p;,n;), 1 <j < k. Denote by p* the product of the canonical measures on
Q(p1,n1),- -, Qpr,n). Then 0 < p*(Uy) < oo and p*(U}) = 257 u*(Uy), where
K* = 2?21(2]7]- +n; — 1) is half of the dimension of Q(py,n1) x ... x Q(pk, nk)-

Obviously, P™(U; Uy, ..., U) € P™(U) x U;. Suppose w € PM™(U) and w* €
Ut. Then (w,w*) € P(U; Uy, ..., Uy) if and only if w € P'Y(U) and w* € tU; for
some ¢t > 0 such that a(w) +t* < 1, a;(w) > o(a(w) + t?). It follows that

W(PO(U; UL, Up)) = m(U) i (UF) T e (0, 7)

for all o and 4. Since PO(:-L)(U; U,...,Up) = P™(U,;U,,...,U), statement (b) of the

lemma follows from Lemma &.1. "

Now we shall define 4 operations on translation surfaces and their equivalence
classes: cutting along parallel saddle connections, gluing along parallel saddle connec-
tions, collapsing a short saddle connection, and inserting a short saddle connection.
In what follows two saddle connections of a translation surface are called homolo-
gous if they are disjoint and break the surface into two parts. Note that homologous
saddle connections are parallel and of the same length.

The cutting operation is defined on any translation surface X with a distin-
guished oriented saddle connection . If there is no saddle connection homologous
to v then the operation does nothing to X. Otherwise let v; = v and s, ..., 7 be

saddle connections homologous to «. Orient ~s, ...,y so that they are of the same
direction as . The surface X is divided by 71,...,v into & domains C, ..., C},
each domain being bounded by two saddle connections. We assume s, ..., v and

C1,...,Cy are named so that each C; is bounded by v; and ;11 (by definition,
Yk+1 = Y1) and, moreover, C; lies to the right of ; (with respect to the direction
of ;). Choose a partition 7 of X by a maximal set of disjoint saddle connections
containing i, ...,7v. As described in Section 5, the translation surface X can be
obtained by gluing together plane triangles so that these triangles become cells of 7
and edges of 7 correspond to glued sides of the triangles. Reverse this construction
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and decompose X into disjoint plane triangles. For any i, 1 <i < k, let T, denote
the triangle corresponding to the cell of 7 bounded by 7; and contained in C;. By T~
denote the triangle corresponding to the other cell of 7 bounded by ;. Now glue the
triangles in a different way. Namely, the side of T, parallel to ~ is glued to a side of
T, (instead of T;"), where by definition 7}, , = T}, while all other sides of triangles
are glued together as before. The new gluing gives k distinct translation surfaces
X1,..., X Namely, each X; is obtained by gluing together triangles corresponding
to cells of 7 contained in C;. By construction X; is equipped with a triangulation 7;
by disjoint saddle connections. Also, we have a distinguished oriented edge ~; of 7;
that corresponds to glued sides of T;" and T.;,. X; contains no saddle connection
homologous to ;. The sum of areas of X,..., X} is equal to the area of X.

Now suppose X = M, and the translation structure w of X belongs to Q(p, n)
(p,n >1). Let 7 € T (p,n) be the affine equivalence class of 7 and & € N(7) be the
isotopy class of w. Let 4 be the oriented edge of 7 corresponding to v (note that 7 is
actually a homotopy class). Then the translation structure of any X; (1 <i <k) is
isomorphic to some w; € Q(p;, n;), where p; and n; are determined by 7 and 4. The
triangulation 7; corresponds to a triangulation in a class 7; € 7 (p;, n;). The class 7; is
determined up to the action of Mod(p;, n;) but once we fix it and specify an oriented
edge 4; of 7; corresponding to 7., the isotopy class @; € N(7;) of w; is uniquely
determined by @, 7, and 4. Thus we obtain a map CUT|[T,%; 71,31, -, Ths V| :
N(7) — N(71) X ... X N(7x), which is obviously affine.

The gluing operation is inverse to cutting. Let X7, ..., X, be translation surfaces
and suppose each X; has a distinguished oriented saddle connection ~;. The gluing
operation is defined if the holonomy vectors of 1, . .., v coincide. For any X; choose
a triangulation 7; by disjoint saddle connections including ~;. Then decompose X;
into plane triangles according to the partition 7;. We assume that all triangles ob-
tained by decomposing surfaces X1, ..., X}, are disjoint. Let T, denote the triangle
that corresponds to the cell of 7; bounded by ~; and lying to the right of ;. By T,
denote the triangle corresponding to the other cell of 7; bounded by ;. Now reglue
the triangles in the following way. Let the side of T;" parallel to ~; be glued to the
side of T,_, parallel to v,_; (if i = 1, we assume T, = T, and 7y = 74); this is
possible as 7; and 7,1 have the same holonomy vector. All other sides of triangles
are glued together as before. After the gluing we obtain a single translation surface
X equipped with a triangulation 7 by a maximal set of disjoint saddle connections.
Let 7/ (1 <4 < k) be the edge of 7 that corresponds to glued sides of T;" and T,_,.
Then 71, ..., 7, are homologous saddle connections of X. The surface X contains no
more saddle connections homologous to v1,...,7; provided for any X; there is no
saddle connection homologous to ;. The area of X is the sum of areas of Xy, ..., X}.

Now suppose the translation structure w; of each X;, 1 < i < k, belongs to
some (p;, n;). Let 7; € T (p;, n;) be the affine equivalence class of 7; and @; € N(7;)
be the isotopy class of w;. Let 4; be the oriented edge of 7; corresponding to ~;.
Then the translation structure of X is isomorphic to some w € Q(p,n), where p
and n are determined by 7q,...,7 and 74, ..., 9. The triangulation 7 corresponds
to a triangulation in a class 7 € 7 (p,n) that is determined up to the action of
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Mod(p,n). Once we fix 7 and specify its oriented edge ¥ corresponding to ~;, the
isotopy class @ € N(7) of w is uniquely determined by @;, 7;, 4, = 1, ..., k. Thus we
obtain a map GLU[71, 91, - .., Tk, Yk; 7, 7] : U — N(7) that is defined on the set U of
(W1, ..., @) € N(T1)X...x N(7) such that hol;, (71) = ... = holg, (9«). Note that U
is an affine submanifold of Q(py,n1) X ... x Q(pg,nx) and GLU[T1, Y1, - -+, Tk, Vi3 T 7]
is an affine map.

We proceed to the collapsing operation. Let X be a translation surface with
a distinguished oriented saddle connection 7. It is assumed that X has no saddle
connection homologous to . Also, we require that X be not a torus with one singular
point. Let 7 be a triangulation of X by disjoint saddle connections including ~. By
T+ and T~ denote two triangles of 7 bounded by ~. Assume that 7" lies to the
right of v while T~ lies to the left. The saddle connection ~ is collapsed as follows.
We decompose X into plane triangles according to the partition 7 and discard two
triangles corresponding to 7+ and T~ . Then the remaining triangles are modified in
a canonical way so that they can be glued together into another translation surface.
In general, the collapsing operation is well-defined if v is much shorter than the
other edges of 7 and angles of any triangle of 7 not bounded by ~ are not too small
(precise conditions will be given later). Let Ty = T+, T4, ..., T, = T~ be a sequence
of triangles of 7 such that any two neighboring triangles have common edge different
from  and the length of the sequence is the least possible. By 7; (1 < i < k) denote
a common edge of triangles T;_; and T; different from ~. Let v, be the edge of T'"
different from ~ and ~;, and v_ be the edge of T~ different from v and ~,. First
consider the case when k = 1, that is, 7" and T~ have two common edges v and
~1. Since X is not a torus with one singular point, v, # v_. Clearly, v, and ~_ are
homologous saddle connections bounding a regular periodic cylinder. The collapsing
operation in this case consists of removing the cylinder. Namely, after decomposing
X and discarding two triangles only two sides of the remaining triangles cannot be
glued as before. These sides correspond to homologous saddle connections v, and
~v_, therefore they can be glued by translation. The other sides are glued as before
and we obtain a translation surface Xj.

Now consider the case when k > 1, i.e., v is the only common edge of T and T~ .
Then the edges v1, v, V&, and v_ are all distinct. Let T’y be the triangle of 7 bounded
by v, and distinct from TF. Let T_ be the triangle bounded by ~, and distinct
from T~. Note that T, # T} as otherwise the edge of T'; different from ~, and ¥,
would be homologous to . Similarly, T # T}_;. Since the sequence Ty, 11, ..., T}
is as short as possible, it does not contain triangles 7, and 7. Moreover, triangles
To, Ty, ..., T are all distinct and so are saddle connections 7y, ..., 7. Decompose
the translation surface X into disjoint plane triangles according to the triangulation
7. For any i, 1 <i < k — 1, let T/ be the plane triangle corresponding to 7;. By =/
and /., denote the sides of T} corresponding to edges ; and 7;;1, respectively. By
A; denote the common endpoint of ; and +7, ;. Further, let 77, and 7" be the plane
triangles corresponding to 7'y and 7_. Let /. denote the side of 7" corresponding
to v+ and 7. denote the side of T” corresponding to v_. After discarding plane
triangles corresponding to TF and 7', the sides 71, 7/, 7y, and . lose sides they
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were glued to. We are going to glue v; to 7, and 7 to 7" while the other sides
of the remaining triangles will be glued as before. To make this possible, we shall
modify triangles 77,...,7} ;. Let v denote the holonomy vector of v. The saddle
connections v; and v, can be oriented so that their holonomy vectors differ by v or
—v. It follows that we can move the vertex A; of the triangle 77 by v or —v so that
sides 1 and 7/ can be glued by translation. However this changes the side { and
it cannot be glued to 4 anymore. To fix this problem, we move the vertex A, of T}
by v or —v, and so on. Finally each A; is moved by v or —v. Note that each time the
choice of a vector (v or —v) is uniquely determined by the configuration of triangles
Ty, Ty, ..., Ty and saddle connections ~,~vy,v1,...,7. It is assumed that none of
the triangles T7,...,T]_, degenerates while being modified, i.e., each A; does not
cross the straight line containing the opposite side of T7; otherwise the collapsing
operation is not defined. Besides, we assume that all plane triangles are still disjoint
after modifications. Then we can glue sides in each pair by translation and obtain
a translation surface Xj. Indeed, this follows from the above for all pairs except ~;
and 7_. The sides 7 and 7. can be glued by translation since the other pairs can.

Now suppose the translation structure w of X belongs to some Q(p,n). Let
7 € T (p,n) be the affine equivalence class of 7 and @ € N(7) be the isotopy class of
w. Let ¥ be the oriented edge of 7 corresponding to . Then the translation struc-
ture of X, is isomorphic to some wy € Q(pg, ng), where py and ng are determined
by 7 and 7. By construction wy is equipped with a triangulation 7y by disjoint sad-
dle connections. We distinguish two edges of 7p. In the case k£ > 1, let e, be the
edge obtained by gluing the side 7] to 7/ and ¢; be the edge obtained by gluing
vr to 7. In the case k = 1, let e, = ¢; be the edge obtained by gluing together
the sides corresponding to v, and v_. We orient e, and e; so that pairs of vectors
(holy, (e,), hol, (7)) and (hol,,(€;),hol,(y)) induce the standard orientation in R2.
Let 7o € 7 (po, no) be the affine equivalence class of To- To is determined by 7 and 4 up
to the Mod(pg, o) action on 7 (pg, ng). Let TO, .. Tk be triangles of 7 correspond-
ing to Tg, ..., Ty and 71, ..., be edges of 7 corresponding to Y1, ...,7. Note that
To,..., Ty and 7,7, . .., 3% are defined up to the Hy(p,n) action on M,. Once we fix
7o and specify its oriented edges €., € corresponding to e, ¢;, the isotopy class wy
of wy is uniquely determined by w, 7,7, To, ..., Tk, 71, - - -, Y& Thus we obtain a map
COL[T,4;To, -, Th; Y15 - - - s k3 To, €, €1) : U — N(7Tp), where U C N (7). This map is
affine, namely, there exists a linear mapping f : H'(M,, Z,; R?) — H'(M,,, Z,,; R?)
such that dev(COL[7,5: Ty, ..., Tu; A1, - - -+ A 7o, €] (@) = f(dev(@)) for any & €
U. It follows from the construction that U is the set of @ € N(7) such that
f(dev(@)) € dev(N (7)) (cf. the proof of Lemma 6.1).

The inserting operation is inverse to collapsing. Let X, be a translation surface
and 7y be a triangulation of X by disjoint saddle connections. Let e,., ¢; be oriented
edges of 7y and v,, v; be their holonomy vectors. Finally, let v be a nonzero vector
in R? such that pairs of vectors (v,,v) and (v;,v) induce the standard orientation
in R2. The inserting operation results in a translation surface X that has a saddle
connection with holonomy vector v. In general, the operation is defined if v is short
enough (precise conditions will be given later). First consider the case when ¢; = e,..
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Let T’y and T_ be triangles of 7y bounded by e,. We assume that the orientation of
e, agrees with the counterclockwise orientation of the boundary of 7T.. Decompose
Xy into disjoint plane triangles according to the partition 7y. Let 7% and 7" be the
plane triangles corresponding to Ty and T_. Let 4/, and 7" denote the sides of 77
and 7", respectively, corresponding to e,.. Add a parallelogram By B, B3 B4 such that
By — By =By — B3 =v, By — By = By — By = v,. Now glue all triangles and the
parallelogram together as follows. The side By, B, of the parallelogram is glued to its
side BsB,. The sides By By and B, B3 are glued to 7/, and 7/, respectively. All the
other sides are glued as before. We obtain a translation surface X.

Now consider the case e; # e,.. Choose a sequence Ti,..., T} of triangles of 7
such that e, is an edge of 11, ¢; is an edge of T}, any two neighboring triangles
have common edge different from e, and e;, and the length of the sequence is the
least possible. By v; (1 < i < k — 1) denote a common edge of triangles T; and
T;,, different from e, and e;. Also, let 79 = e, and v, = ¢;. Let T, be the triangle
of 79 bounded by e, and distinct from 7. Let T be the triangle bounded by ¢

and distinct from Ty. Since the sequence T7,...,T} is as short as possible, it does
not contain T, and T_. Also, triangles T7, ..., T} are all distinct and so are saddle
connections vi,...,vx—1. Decompose X into disjoint plane triangles according to

the partition 75. For any i, 1 < i < k, let T] be the plane triangle corresponding
to T;. By 7/_, and 7/ denote the sides of 7] corresponding to edges ;-1 and 7;,
respectively. By A; denote the common endpoint of ;_; and «;. Further, let 7", and
T' be the plane triangles corresponding to T’y and T_. Let +/, denote the side of 77
corresponding to e, and ' denote the side of 7" corresponding to e¢;. We add two
more plane triangles 7; and 7] with the following properties. First of all, 7" and T}
have oriented sides ~. and ~; equal to v as vectors. Moreover, 7T} lies to the right of
7, while T} lies to the left of ;. Further, 7] has a side €, that can be glued to the
side v/, of T". while T} has a side ¢’ that can be glued to the side 7' of 7”. By e,
denote the side of 7} different from ~, and ¢€’,. By e; denote the side of 7} different
from 7; and e’_. Now we are going to glue v, to v}, €/, to v, € to v_, e]. to v, e; to
v, while the other sides of the triangles will be glued as before. At this point the
sides €/, and | cannot be glued by translation but we can move the vertex A; of the
triangle 77 by v or —v so that the gluing is possible. However this changes the side
~{ and it cannot be glued to 7] anymore. To fix this problem, we move the vertex
Ay of Ty by v or —v, and so on. Finally each A; is moved by v or —v, where the
choice of a vector is uniquely determined by the configuration of triangles 17, ..., T}
and saddle connections vy, 71, ...,V [t is assumed that all plane triangles remain
disjoint after modifications. The inserting operation is defined if none of the triangles
Ti,...,T] degenerates while being modified. Then we can glue sides in each pair by
translation and obtain a translation surface X. Indeed, this follows from the above
for all pairs except e; and 7. The sides €] and ~; can be glued by translation since
the other pairs can.

Now suppose the translation structure wy of Xy belongs to some Q(pg, ng). Let
70 € T (po,no) be the affine equivalence class of 7y and &y € N(7y) be the isotopy
class of wy. Let €, and €; be oriented edges of 7y corresponding to e, and ¢;. Then

46



the translation structure of X is isomorphic to some w € Q(p,n), where p and n
depend on 7y, €, and é,. In both cases, ¢; = e, and e; # e,., the surface X is equipped
with a partition 7 by disjoint saddle connections. Moreover, 7 has a distinguished
oriented edge v with holonomy vector v. If ¢; # e, then 7 is a triangulation in a
class 7 € 7 (p,n) that is determined by 7, €, and €&, up to the Mod(p,n) action.
If e, = e, then one of cells of 7 is a quadrilateral. We can make 7 into a triangu-
lation by adding a diagonal of the quadrilateral. Two triangulations obtained this
way are not affine equivalent but they correspond to the same element of M7 (p,n).
Hence the affine equivalence class 7 of any of them is determined up to the action
of Mod(p,n). Let us fix 7 and specify its oriented edge 4 corresponding to ~. In
the case e, = e, the isotopy class @ € N(7) of w is then uniquely determined by

v, W, To, and €, = €. In the case ¢; # e,., let Ty, ..., T}, be triangles of 7, correspond-
ing to T1,..., T} and 71, ..., yx—1 be edges of 7y corresponding to 71, ...,7%—1. Then
w is uniquely determined by v, &y, 7o, €, €, 11, ..., Tk; Y1, - -+, Yr—1. In any case we

get a map INS[7o, €, €T, Ti; Y1y - s Ak—1;7,7] : Up — N(7) defined on a set
Up C R?X N (7). The map I NS|D] (here D stands for the set of parameters of the op-
eration) is affine, namely, there exists a linear mapping fo : R* x H'(M,,, Z,,,; R?) —
HY (M, Z,; R?) such that dev(INS[D](v,@0)) = fo(v,dev(wy)) for any (v, o) € Up.
It follows from the construction that Up is the set of (v,&y) € R? x N(7) such that
fo(v,dev(@y)) € dev(N(7T)).

Now we define more complex operation on translation surfaces. Suppose X is
a translation torus with n singular points such that the translation structure wgy of
X, belongs to Q(1,n) and the isotopy class @y of wy belongs to P™ < N(r).
Further, let Xi,..., X}, be translation surfaces. The triangulation in the class 7(")
of X, has distinguished oriented edge L; in the homotopy class L™. By v denote
the holonomy vector of L;. First the cutting operation is applied to the surface X
and the edge L;. We yield an ordered sequence of n translation tori Xoy, ..., Xo,.
Further for any X;, 1 < j < k, we insert a saddle connection with holonomy
vector v by applying an inserting operation. Assuming the inserting operation is
well defined, we get a translation surface Xj. Suppose Iy, ...,[; are integers such
that 0 <3 < ... <[ < n. We merge two sequences Xy, ..., Xo, and X7, ..., X}
together in such a way that Xo; appears before X7 if and only if i < I;. Each surface
in the new sequence has a distinguished saddle connection with holonomy vector v.
Finally we apply the gluing operation and obtain a translation surface X.

Now suppose the translation structure w; of every X,, 1 < j < k, belongs to
some Q(p;,n;). Let w,wor, ..., won,w],...,w) denote the translation structures of
X, Xo1, -, Xon, X1, ..., X}, respectively. It is no loss to assume that each of these
translation structures also belongs to some (p’, n'). Let the tilde denote the isotopy
class of a translation structure. Then (o1, .. . ,@0,) = CUT[T™, L™; D] (&) for a
set Dy of parameters. Further, @) = INS|7;, Dj; 7/, ;] (v,&;), where 7; € T (pj,n;)
and D; is a set of parameters. Finally,

~ /. ~ ~ ~/ ~1 o~ ~
W = GLU[D 77—77]((")017 s WOl W e W WO L - 7w0n)
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for another set D’ of parameters. Thus we yield a map
OPR[n;m,D1,..., 7k, D liy .o L 7,y] : U — N(7)

defined on an open set U* C P™ x N(r) x ... x N(1;). We shall use the no-
tation OPR[n; D], that is, D stands for all the other parameters. Suppose @, €
P™ and @; € N(r), j = 1,...,k. Then (Q,&1,...,@) € U* if and only if
INS[7;,Dj; 71, )] (holg, (L™), &;) is well defined for 1 < j < k.

Lemma 8.3 The map OPR[n; D] is affine, injective, and volume preserving.

Proof. Suppose w = OPR[n; D](wp,ws, - .. ,wk). By construction every triangle of
triangulations 7", 7y, . .., 73, is assigned a triangle of 7 while every edge is assigned
one or two edges of 7. Let v be an oriented edge of 7(™ or 7;, 1 < j <k, and 7 be
a corresponding edge of 7. If 7 is an edge of 7™ then hol,,(7/) = holy, (7). If 7 is an
edge of 7; then hol,(y') = hol,, (7) + ¢, hol,, (L™), where ¢, € {—1,0,1} depends
only on 7.

Let vo1 = L™, 402, ..., 70s, be a maximal set of edges of 7(™ that do not divide
the surface. For any j, 1 < j <k, let vj1,...,7js, be a maximal set of edges of 7;
that do not divide the surface. Let 7}; denote an edge of 7 assigned to ;. It is easy
to observe that the edges ”y;-i, 1 <i<s;,0< 5 <k, are all distinct and comprise a
maximal set of edges of 7 that do not divide the surface. Let K = sg+ s1+ - -+ sg.
Define maps f; : N(70) x N(11) x ... x N(1) — (R)X and f, : N(7) — (R?)X by

fl(w(h Wiy .- ka) - (h01w0 (701)7 s 7h01w0<7080>7 h01w1 (Vll)a s 7h01wk (7k8k>>7
f2(w) = (hol,(7901), - - -, hol, (Y0, ), holu (V11), - - - ,holw(v,;sk)).

Both maps are affine. By Lemmas 6.1 and 6.2, f; and fy are injective and volume
preserving. By the above there exists a linear map F : (R*)X — (R?)X such that
f2(OPR[n; D)(w*)) = F(f1(w*)) for any w* € U*. Given vy,...,vx € R? one has

F(v1,v9,...,0k) = (01,02 + cov1, ...,V + Cxv1), where ¢, ...,cx € {—1,0,1} are
constants. It follows that F is volume preserving. Then OPR[n;D] is a volume
preserving affine map. It is injective since f; and F' are injective. .

Suppose Uy C R? and U; C N(7;) N Qi(pj,n;), j = 1,..., k. Consider the
set P [D)(Uy; Uy, ...,Uy) consisting of w € N(7) such that a(w) < 1 and w =
OPR[n; D)(wo, tiw, - - ., tywy), where wy € P™(Uy), w; € U and t; > 0 for 1 <
j <k Givenie {l,...,n}and o € [0,1), we let w € P;;L-)[D](UO; Uy, ..., Ug) if, in
addition, a;(wp) > ca(w).

Lemma 8.4 Let Uy C R?\ {(0,0)} and U; C N(7;) N Qi(pj,n;), 1 < j < k, be
nonempty open subsets. Assume Uy is bounded and the closure of each U;, 1 < j <k,
is a compact subset of N(7;). Further assume that for any v € Uy and w; € U;
(1 < j < k) the j™ inserting operation is defined on (tv,w;) when t > 0 is small
enough. Then (a)

lim€72/¢L(P(n)[lD](€U0; Ul, ceey Uk)) = /,L*(P(n)<U(], Ul, ceey Uk)) > 0,

e—0
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where p is the canonical measure on N (1) and u* denotes the product of the canonical

measures on Q(1,n), Q(p1,n1), ..., Qpk, nk);
(b) for any o € [0,1) and i € {1,...,n},

PYDeUy: Uy, ..., U,
lim :u( 0,i [ ](6 0,¥1 k)) _ (1 _ O')K_Q,
=0 M(P(n) [D](GUOa U17 R Uk))
where K is half of the dimension of N(T);
(c) if, in addition, Uy, Uy, ..., Uy are connected sets and tUy C Uy for 0 <t < 1,
then the set PM[D](Uy; Uy, ..., Uy) is connected.

Proof. Consider an inserting operation fo = INS|1,e,,e;;Do; 7, 7']. Here Dy is
empty if e, = e;; otherwise Dy stands for a sequence Ti,...,T, of triangles and
a sequence 7i,...,7s—1 of edges of 75. The operation is defined on a set U; C
R? x N(79). Suppose v € R? and w € N(7mp). Let A denote the euclidean area
form on R% If (v,w) € U{, then A(hol,(e,),v) > 0 and A(hol,(e;),v) > 0. In the
case e, = ¢, these conditions determine the set Uj. In the case e, # ¢, there are
also s nondegeneracy conditions. They can be expressed in the form A(hol,(Ly;) +
v,hol,(Lg;)) > 0,7 =1,...,s, where Ly;, Lo; are certain oriented edges of 75 such
that A(hol,(Ly;), hol,(Lsy;)) > 0 for any w € N(79). Namely, Ly; and Lo; are edges of
the triangle T; such that L,; is in the sequence e,,v1,...,vs_1, € while Lg; is not. It
follows that U is an open set. Furthermore, if (v,w) € Uj then (tv,tw) € U for any
t > 0and (tv,w) € Uj for 0 < t < 1. If A(hol,(e,),v) > 0 and A(hol,(e;),v) > 0 then
(tv,w) € U provided ¢ > 0 is small enough. Each triangle T" of 7y corresponds to a
triangle 7" of 7’. Suppose (v,w) € Uj and v’ = fy(v,w). If T is not in the sequence
Ti,...,T, then the area of T with respect to w equals the area of 7" with respect to
w'. Otherwise the two areas may differ but the difference is at most C,|v|/2, where
C,, is the maximum length of edges of 7y with respect to w. Besides, there are two
triangles of 7/ bounded by +' that are not associated to triangles of 7. Their areas
with respect to w’ do not exceed C,|v|/2. It follows that |a(w’) — a(w)| < meCy|v|,
where myq is half of the number of triangles of 7’.
Now consider the map f = OPR[n; D] defined on the set U* C P™ x N(7) x
. X N(7g). Suppose (wp,ws,...,w;) € U*. By the above (twy, twy,...,twy) € U*
for any t > 0, (two,w1,...,wg) € U* for 0 < t < 1, and (wp, tywy, ..., txwg) € U*
for t1,...,tx > 1. The set Uy is bounded, i.e., it is contained in the disk B(Cj) for
some Cy > 0. Since the closure of each U;, 1 < j < k, is a compact subset of N(7;),
U, has finite volume in Q;(p;,n;). Also, there exist C,c,d > 0 such that for any
triangulation in the class 7; of a translation surface in an isotopy class w; € U; all
edges are of length at most C' and at least ¢ while all angles of each triangle are not
less than 4. Since for any v € Uy and w; € U; the j™ inserting operation is defined
on (tv,w;) when ¢ > 0 is small enough, there exists a constant ¢y > 0 depending on
Co, ¢, such that the j™ inserting operation is defined on (eyv,w;). It follows that
P™(eoUo) x Uy x ... x U, C U*.
For any (wo,wy,...,wr) € P™ x N(1) x ... x N(1) let a*(wo,wr, ..., wg) =
a(wo) + a(wy) + + -+ + a(wg). Suppose w = f(w*) for some w* = (wy, tiws, . . ., txws),
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where wy € P™(elly), € > 0, w; € U; and t; > 0 for 1 < j < k. By the above
la*(w*) — a(w)]| < MCtpax| holy, (L™)|, where ty. = max(ty,..., %) and m is half
of the number of triangles of the triangulation 7. Moreover, |hol,, (L™)| < Cye. If
a*(w*) <1 then tpa < 1. If a(w) < 1 then |a*(w*) — a(w )\ > t2  —1; it follows
that tynax < 2 whenever € < 3(2mCyC)~!. Hence there exist C1,¢; > 0 such that
la*(w*) — a(w)| < Creif a*(w*) < 1ora(w) <1 and e < €.

For any ¢, > 0 let Y (¢, @) be the set of (wy,...,wy) € P xRYU; x ... xRTU,
such that hol,, (L™) € €Uy and a*(wy,...,wr) < a. Observe that tY(e,a) =
Y (te, t*a)) for any t > 0, where by definition #(wy, . ..,wx) = (two, - - ., twy). Clearly,
Y(e,1) = P™(eUy;Uy,...,Us). It was shown in the proof of Lemma 8.2 that
p*(P™ (eUy; Uy, ..., UL)) m(elUy)c*, where ¢* > 0 depends on Uy, ..., Uy, and
n. Hence p*(Y (e, a)) = o p* (Y (V%€ 1)) = o~ 1e?m(Up)c*.

For any € > 0 let Yo(e - (P(”)[D](eUO,Ul, . .,Uk)) n pn (eUO,Ul, LU,
le) = T PODI U D) \ a0 Hal0) = P el O ) 3000
Ys(e) = Ya(e)NU™, Yi(e) = Yz(e)\U*. If w* € Yi(€) then a*(w*) > 1 and a(f( ) < 1.
If w* € Y3(e) then a(f(w*)) > 1 and a*(w*) < 1. In both cases, |a*(w*) — 1| < Cie
provided € < ¢;. Therefore Y;(€) UYj3(e) is a subset of Y (¢, 1+ Ce) while it is disjoint
from Y (e, ) for a < 1 — Che. Tt follows that p*(Yi(e) U Y3(e)) < ((1 + Cre)ft —
(1= Cre)*h)em(Up)c* if Cre < 1. Hence e *p*(Yi(€) U Ys(e)) — 0 as e — 0.

It is easy to see that P™ (eUy; Uy, ..., Uy) € P™(ely) x Uy x ... x Uy, where
(7}- = {tw | w e U;, 0 <t < 1}. Let po, 1, ..., ux be the canonical measures
on Q(1,n), Q(p1,m1), - . ., Q(pr, k), respectively. Then po(P™ (eUp)) = m(elUp)c, =
eem(Up)c,, where ¢, > 0 is a constant (see the proof of Lemma 8.2). Besides,
,uj(fjj) < 00. Suppose (wp,...,w) € Yi(e). Then (wp,...,w;) ¢ U*, hence w; €
ec; 'U; for some 1 < j < k. Since ;(eeg'U;) = (e/e0)2@itm5=D) p;(U;), it follows
that e 2u*(Ya(€)) — 0 as € — 0. Thus we have proved that e 2u*(Y; () UYa(€)) — 0
as € — 0. Then lim_q e 2u*(Yy(€)) = m(Up)c* > 0. Since f is injective and volume
preserving map, statement (a) of the lemma follows.

Suppose w* € Yy(€)\Y (¢, C1e'/?), where € < ;. Then |a(f(w*))—a*(w*)| < Cie <
e2a*(w*). If f(w*) € P(n)[D](GUo,Ul,.. ,Ug) for some ¢ > 0 and i, then w* €

P((ln_)el/Q)m(er;Ul,.. ,Up) assuming ¢ < 1, else w* ¢ Pln}r 12)e, (eUo; Uy, ..., Uy)

assuming (1 + €'/2)o < 1. Therefore

) =

(P L (UpiUny. ., Uy)) — (Y (e, Cre?) U Ya(e)) <

(1+€/2)0,i
WP D)(eUn; U, ..., Uy)) <
(P

(1—€el/2)o,i

(eUp; Uy, ..., Up)) + i (Y(e, C1e/?) U Yy (e)).

Since e 2u* (Y (e, C1e/2) U Y (€) U Ya(€)) — 0 as € — 0, statement (b) of the lemma
follows from its statement (a) and Lemma 8.2.

NOW assume Uy, Uy, ..., U, are connected sets. It is easy to observe that the
set P™M({v}) is connected for any nonzero v € R?. Let g, be a unique element
of SL(2,R) such that g,v = (0,1) and g,v0 = (1,0) for some v, orthogonal to
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v. Then g,P™({v}) = P™({(0,1)}). Since g, depends continuously on v, it fol-
lows that P™(U,) is connected whenever Uy C R?\ {(0,0)} is connected. Suppose
W' e P”)[D](Ug,Ul,.. ,Ug). Then f~Hw') = (w), thw), ..., thwy) and f~H{w") =
(wo,tﬁ’wl,...,tg 1), where w),wf € P™(Up), wj,w/ € U; and ¢),t/ > 0 for 1 <
j < k. There exist continuous paths wy : [0,1] — P™(Up) and w; : [0,1] — Uj,
Jj=1,...,k, such that w;(0) = w} and w;(1) = w7 for 0 < j < k. Pick t; > 0 such
that t;, t;’ > to and eotg < 1. For any u € [0, 1] let
() = (egtowo(t), (1 — )t + utlor(u), .., (1 — w)th + utl)r(u)).

Then w*(u) € U* and depends continuously on w. In particular, u — a(f(w*(u)))
is a continuous function on [0, 1], hence it is bounded. Note that a(f(tw*(u))) =
a(tf(w*(u))) = t*a(f(w*(u))) for any ¢t > 0. Therefore a(f(t;w*(u))) < 1 for some
0 < t; < 1 and all w. Assume tUy C Uy for 0 < t < 1. Then f(tiw*(u)) €
PO[D|(Uy; Uy, ..., Uy) for all u € [0, 1], hence f(t;w*(0)) is joined to f(t,w*(1)) by
a continuous path in P™[D])(Uy; Uy, ..., Uy). Furthermore, P™[D](Uy; Uy, ..., Uy)
contains f(tw*(0)) for t; <t <1 and f(ew{],t’lw’l, . twy) for egty < € < 1. There-
fore w’ can be joined to f(t;w*(0)). Similarly, w” can be joined to f(t1w*(1)). Finally,
w' can be joined to w” within P™[D](Uy; Uy, ...,U;) by a continuous path. Thus
PM[D](Uy; Uy, ..., Uy) is connected. .

For any € > 0 let Q¢(p, n) be the set of translation structures in (p, n) admitting
a saddle connection of length at most e. Further, for any x > € let Q9"(p,n) be the
set of translation structures admitting a saddle connection of length at most € and no
nonhomologous saddle connections of length at most . Clearly, Q“*(p,n) C Q¢(p,n)
and both sets are invariant under the H(p, n) action. Let Q¢(p,n) and Q“*(p,n) de-
note the subsets of Q(p,n) corresponding to Q¢(p,n) and Q" (p,n). Let MQ(p,n)
and MQ“"(p,n) denote the corresponding subsets of MQ(p,n). By Q<«i(p,n) de-
note the set of w € Q(p,n) such that a(w) < 1. The set M Q<1 (p,n) C MQ(p,n) is
defined in a similar way. Now we let Q% (p,n) = Q°(p,n) N Q<1(p,n), QL (p,n) =
QQH(pa n) N Qﬁl(p7 n)a MQ;l(pa n) = Mge(pv n) N Mle(p, ) MQ<1(p> ) =
MO (p,n)NMQ<1(p,n). Similarly, we define sets Q5 (p,n), Q7" (p,n), MQi(p,n),
and MQ7"(p,n).

Theorem 8.5 ([MS]) Let ug and p denote the canonical measures on MQ1(p,n)
and MQ(p,n), respectively. There exists ¢, > 0 such that p1o(MQ5(p,n)) < ¢pn€
and p(MQ%,(p,n)) < cpu€® for any € > 0, and po(MQ5(p,n) \ MQy"(p,n)) <
cpn€’k? and p(MQL, (p,n) \ MO (p,n)) < Cpn€2K2 for any Kk > €.

For any Delaunay triangulation piece M (7, <) C Q(p,n) we define a canonical
ordered basis I' = (y1,...,72ptn-1) for the group Hy(M,, Z,;Z). Namely, for any
J, 1 <37 <2p+mn—1, , is the least (with respect to <) homology class of an
edge of 7 that is not a linear combination of 7i,...,v;_;. The homology classes
M-+ Voptn—1 are determined up to multiplying by £1. By X; denote the set of
vectors v € R? such that hol,(y;) = v for some w € M(7,<) N Q<1(p,n). Given
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vectors vy,..., 1 € R 1<k <2p+n—1,let Xp(vy,...,v,_1) denote the set of
v € R? such that hol,(y1) = v1,...,hol, (1) = vk_1, and hol,(7;) = v for some
w e M(Ta <) N Q§1<p7 n)

Theorem 8.6 ([MS]) X is contained in the disk B(\/8/7). Any X(vi, ..., v5_1)
is contained in the union of B(\/8/m) and finitely many rectangles of area 1, where
the number of rectangles is bounded by a constant depending on M (1, <).

It is easy to see that a shortest saddle connection Lg of a translation surface
M is a Delaunay edge. If all shortest saddle connections of M are homologous to
Lo, then any shortest saddle connection of those nonhomologous to L, is also a
Delaunay edge. In view of this remark, Lemma 6.5, and Fubini’s theorem, Theorem
8.5 is a corollary of Theorem 8.6. Further notice that MQ{(p,n) = MQ;(p,n) for
€ > 4/8/m. Hence Theorem 6.6 is a corollary of Theorem 8.5. Theorems 6.6, 8.5,
and 8.6 were proved in Section 10 of the paper [MS] (although only the first of them
was explicitly formulated in [MS]).

Let 7 € T(p,n) and e be an edge of 7. Suppose w € N(7). Pick a translation
structure w’ in the isotopy class w and let 7/ be the triangulation by disjoint saddle
connections of w’ such that (w',7') € 7. Let ¢’ be the edge of 7’ corresponding to e.
By 6...(w) denote the sum of two angles opposite ¢’ in two triangles of 7/ bounded
by €. It follows from the proof of Lemma 6.5 that 6. ,(w) is well defined and depends
continuously on w. For any ¢ > 0 let M;s(7) denote the set of w € N(7) such that
fcr(w) < m— ¢ for every edge e of 7. By Proposition 5.3, Ms(r) € M(7r) and
M(7) = Usso Ms(7).

Suppose 7 € 7T (p,n) and v is an edge of 7. For any €, > 0 and k > € let
S(7,7;¢€, k,0) denote the set of w € Q2 (p,n) N M(7) such that |hol,(v)| < € and
for any edge e of 7 we have 0, .(w) < 7 — d unless two triangles of 7 bounded by e
have two common edges while their third edges are homologous to v. By S(7;¢€, &, 9)
denote the union of the sets S(7,7; €, k,9) over all edges 7 of 7.

Lemma 8.7 Given A > 0, there exist k,d > 0 such that
Q% (p,n) N M (7)) — l(S(7:€,5,0)) < Aé”
for all € < k, where i denotes the canonical measure on Q(p,n).

Proof. By Lemma 6.5, each Delaunay triangulation halfpiece M"(7, <) projects in-
jectively to MQ(p,n). Up to a set of zero volume, M(7) is the union of finitely many
halfpieces. Hence Theorem 8.5 implies there exists ¢, > 0 such that (Q%(p,n) N
M(7)) — Q%5 (p,n) N M (7)) < c;€2k? for k > € > 0. Choose £ > 0 such that
k2P < AJ2.

Suppose W’ is a translation structure in a class w € M(7)N Q2] (p,n), € < k, and
let v be an edge of 7 such that | hol,(v)| < e. Given a Delaunay cell T' of &', there
exist d > 0 and a map ¢ : B(d) — M, such that ¢ is a translation with respect to w’
and 7' = (7T"), where 7" is the interior of a plane triangle inscribed in B(d). Note
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that d is the distance from the point ¢ = ¢(0) to the set of singular points of w’. By
Lemma 5.4, if d > \/2/7 then g belongs to a periodic cylinder C' of length at most
d~'. Tt is easy to see that if the triangle T is disjoint from C then all edges of T
are not longer than the length of C. As w € Q“"(p, n), the length of C' is either at
most € or at least k. In the former case, C' is a regular cylinder bounded by saddle
connections homologous to v and T' C C. In the latter case, d < k™! and all edges
of T are of length at most 2k ~!.

Suppose Ty, To, 13 € R? are vertices of a triangle. For any § > 0 let IT(xy, 79, 73; )
be the set of © € R? such that 7 — 6 < Zxxws + Zo17329 < 7 and z is separated
from x3 by the straight line passing through x; and xq. II(z1, 22, 23;9) is a domain
bounded by two circles intersecting at x; and x5, one of them being circumscribed
about the triangle xixox3. If we fix the length [ of the segment x5, the radius r of
the circle passing through x1, x5, x3, and §, then the area of I1(xy, 25, x3;J) is bound
to take at most two values. Let «(l,7,0) denote either of them. It is easy to see that
for any Iy, 7o > 0 we have sup,>;, sup,<,, «(l,r,6) — 0 as § — 0.

Let v and e be edges of 7. If two triangles bounded by e have two common edges
while their third edges are homologous to v, then for any w € N(7) the edge e crosses
a cylinder of periodic geodesics of w homologous to . Assume this is not the case. For
0<e<rkandd > 0let S'(7,7,e;¢ K, ) denote the set of w € M(7)N Q] (p, n) such
that | hol,(y)| < € and 0, .(w) > m — §. If e is homologous to 7 then 6, ,(w) < 27/3
for all w € S'(7,7,e;€, K, d) since the angle opposite the shortest side of a triangle
does not exceed /3. Hence S'(7,7,e;€,k,d) is empty for § < 7/3. Now suppose
e and 7 are not homologous. Let T} and T, be triangles of 7 bounded by e. Let
e1 be a side of 17 different from e and e; be a side of T5 different from e and not
homologous to e;. If an edge of T} or T5 is homologous to 7, it is no loss to assume e is
homologous to 7. Suppose w € S'(1,7, €; €, k, ). Once hol,,(e) and hol,,(e;) are fixed,
the holonomy vector hol,(es) belongs to a set I1(z1, g, x3;0) of area «(l,r, ), where
[ >k and r < 7 = max(y/2/7,x71). If any edge of T} is homologous to an edge
of Ty, we can say more (cf. the proof of Lemma 6.5). Namely, once hol,(e) is fixed,
the holonomy vector hol,(ez) belongs to a set II(xy, xo, 23;0/2) of area a(l,1/2,0/2),
where [ = | hol,(e)|. By Lemma 6.2, there is a sequence 7, ..., Yop+n—1 Of edges of
7 whose homology classes comprise a basis for Hy(M,, Z,;Z). It can be assumed
without loss of generality that this sequence contains an edge homologous to 7, the
edges e, ey, and e; unless the latter one is homologous to an edge of T5. By the above
| hol,, (7;)| < 21y unless 7; crosses a cylinder of periodic geodesics homologous to 7. In
the latter case we have hol,(7y;) = thol, () +v, where —1 < t < 1, v is orthogonal to
hol, (7), and |v|- | hol,,(v)| < 1. It follows that hol,,(;) belongs to a rectangle of area
4 depending on hol, (). Since ey is not homologous to v, Fubini’s theorem implies
(S (1,7, €€, k,0)) < we*(4nri) ™ 2 sup;s . SUp,.<,, (1,7, 8), where m = 3(2p—2+n)
is the number of edges of 7. For any &' > § the set M(7) N Q% (p,n) \ S(7;¢€, K, 0) is
contained in the union of at most m? sets of the form S'(7,7, e; €, s, &'). Therefore we
can choose d so that g(M(7)NQZ (p,n))—a(S(T;€,K,0)) < Ae?/2foralle < k. =

Suppose w is a translation structure. For any o € [0,1) and R > 0 let Ny(w, o, R)
denote the number of periodic cylinders of w of length at most R and of area
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greater than ca(w). By s(w) denote the length of the shortest saddle connection
of w. Further, let Nj(w,o, R) = No(w,0,s(w)) if R > s(w) and Nj(w,o, R) = 0 if
0 < R < s(w). The numbers Ny(w, 0, R), Nj(w, o, R), and s(w) do not change when
w is replaced by an isomorphic structure, hence they are well defined for w € Q(p, n)

and w € MQ(p,n).

Proposition 8.8 Let M be a connected component of the moduli space MQ(p,n).
By My denote the set of w € M such that a(w) < 1. Then there exists ¢c(M) > 0
such that for any o € [0,1),

lim —/ Ni(w, 0,€) du(w) = (1 — o)X 2e(M),

e—0 62
where K is half of the dimension of M and p denotes the canonical measure on M.

Proof. For any translation structure w, Nj(w, o, €) is at most the number of saddle
connections of length s(w) of w. As such saddle connections are Delaunay edges, they
are disjoint by Proposition 5.2. Then Proposition 5.1 implies there exists C' > 0 such
that Nj(w,0,¢) < C for all w € MQ(p,n).

By M, denote the subset of M, corresponding to translation structures that
have a regular periodic cylinder bounded by the shortest saddle connection. Clearly,
Ni(w,0,¢) = 0 for w € Mg\ M. Let mp : Q(p,n) — MQ(p,n) be the natural
projection and fi be the canonical measure on Q(p,n). First consider the case p = 1.
In this case Mo = MQ<(1,n). It is easy to see that the set mo(P™ (B(e) NR2))
contains almost all elements of Mj N MQ(1,n) for any e > 0. There exists a
mapping class ¢ € Mod(p,n) of order n such that ¢7™ = 7" and ¢ sends L™
to a homologous edge. Any set of the form P™(U) is invariant under ¢. Suppose
w,w' € P™(B(e)NRL)NQ(p,n), k > € > 0. Then my(w) = mo(w') only if ' = ¢™w
for some m. Also, in this case Nj(w,0,€) equals the number of indices ¢ such that
w e PCEZ)(B(E) NR?%). As shown in the proof of Lemma 8.2, ﬂ(chz)(B(e) NR?Y)) =
(1 —0o)"'m(B(e) NR2)c = (1 — )" 'mee? /2, where ¢ > 0. Since e 2i(P™(B(e)) \
Q%¢(1,n)) — 0 as € — 0, it follows that

lir% €2 Ni(w,0,€) du(w) = (1 — )" 're/2.
€— Mo
We proceed to the case p > 1. Consider an operation fo = OPR[ng; D] =
OPRIny;D';1,7v], where 7 € T(p,n) and v is an edge of 7, and a family of sets
Yo(e) = P [D)(eUy; Uy, ..., Uy), € > 0, where Uy, Uy, ..., U, satisfy the assump-
tions of Lemma 8.4. Further assume that Uy C B(1) and f(Yo(e)NM (7)) /ii(Yo(e)) —
1 as € — 0. Clearly, Yy(e) C Q% (p,n). Any translation structure in an isotopy class
w € Yy(e) has ng regular cylinders of periodic geodesics homologous to 7. Suppose
w € QY (p,n) for some £ > e. Then the cylinders homologous to 7 are the only
periodic cylinders of length s(w). It follows that N¢(w, 0, €) = ng while N (w, o, €) is
equal to the number of indices i such that w € PézO)[D](er; Uy, ..., Ux). Therefore

o

Ni(w,0,¢) dji(w) — > AP [D)(eUy; Uy, ..., Uy))| <

‘ Yo(e) i=1
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max(C,no)u(Yo(€) \ Q< (p, n)).

Note that 2(M (1) N Q% (p,n) \ QL(p,n)) < cr€*, where ¢, depends on 7 (see the
proof of Lemma 8.7). By assumption, i(Yy(e) \ M (7))/f(Yo(e)) — 0 as e — 0. Hence
Lemma 8.4 implies there exists ¢y > 0 such that

lii% e e Ni(w, 0, €) dii(w) = (1 — o) 2cq.
ol(e

For any A > 0 we wish to find finitely many maps f; = OPR[n;; D;] and families
of sets Yi(e) = P")[D](eUio; Uy, ..., U,), i = 1,...,m, that satisfy the condi-
tions imposed above on fy and Yj(€). Besides, we require that mo(Y;(e)) C My,
each Y;(€) be invariant under a mapping class ¢; € Mod(p,n) of finite order o;,
2u(mo(UYi(e)) — 33,07 FYG(O)] — 0 as € — 0, and (M N MQ (p,n) \
7o(U;Yi(€))) < Ae? for sufficiently small e. First let us show how this helps to prove
the proposition. By the above

lim e 2 Ni(w,0,€) dii(w) = (1 — o) ?¢

0 Yi(o)
for some ¢; > 0. Given w € My, let w € Y'(¢) if w € my(Y;(e)) N 7mo(Y;(€)) for some
i # 7, let w € Y"(e) if more than o; elements of some Y;(¢) are mapped to w by 7,
and let w € Y"(e) if w € mo(Yi(e)) for some i but 75 ' (w) NY;(€) has less than o; ele-
ments. Any translation structure in an isomorphy class w € Y"’(¢) admits nontrivial
automorphism, therefore u(Y"”(e)) = 0. Observe that p(mo(U;Y;(€))) + u(Y'(e)) <
>, i(mo(¥i(0)) and 3, almo(Yi(e))) + (max; o) (Y (6)) < 3,07 A(Vi(e)). The
above assumptions imply € 2u(Y’(e) UY"(¢)) — 0 as € — 0. Since Nj(w,0,€) is
uniformly bounded and there are only finitely many families Y;(e), it follows that

e—0

lim 6_2/ N} (w,0,€) du(w) = (1 —o)*2 Zoi_lci.
mo(UsYi(e))

i

Moreover, my(U;Y;(e)) C My and

/ Ni(w, 0, €) du(w) < CA€
Mo\mo(UiYi(e))

for small e. As A can be chosen arbitrarily small, the proposition follows.

It remains to fetch the needed maps f; and sets Y;(e). The maps will be of the
form fz == OPR[nl, Dz] = OPR[nl, §i17 SN ,1’5“@1, i,, Tiy ’yz], ﬁij == (Tz‘j, €rijy €lijs Dij)7
I, = (lis .., lik;), where 7; € T(p,n). Recall that 7; is an oriented edge of 7, €,;;
and e;,;; are oriented edges of 7;;, and l; is a sequence of integers. We require that
if ¢, = 7 for some ¢ € Mod(p,n) then 7; = 7. Moreover, if ¢7; = 7 and ¢(~;)
is homologous to 7 then 7, = 7 and v, = . If 755,75 € T(p',n’) and there
exists ¢ € Mod(p/,n’) such that ¢7;; = 75, ¢(e,ij) = erirjr, d(erij) = €y, then
5”- = 251-/]-/. We assume fi, fo,... is a maximal list of maps satisfying the above
conditions. It is easy to see that the list is finite.
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Suppose 7 € T (p/,n’) and e,., e; are oriented edges of 7. Choose an inserting oper-
ation f = INS|r,e,,e; D;7',7']. For any v € S* and § > 0 we define Us(7, e, €;;v,0)
as the set of w € N(7) such that f(tv,w) € Ms(7’) for all sufficiently small ¢ > 0.
Assume f(tv,w) is defined for small ¢ > 0, that is, pairs of vectors (hol,(e,),v) and
(hol,(e;), v) induce the standard orientation in R?. Let 3, (resp. 3;) denote the angle
between hol,(e,) (resp. hol,(e;)) and v. Let TF be the triangle of 7 such that e,
bounds 7" and the orientation of e, agrees with the counterclockwise orientation
of the boundary of T". Let T,” be the other triangle of 7 bounded by e,. Let 6
and 6. denote the measures relative to translation structures in the class w of the
angles of 7" and T~ opposite e,. Similarly, we introduce triangles 7;", 7;” and an-
gles 6", 6. In the case e, # e, the set U;(r, e, e;v,0) does not depend on the
choice of f. Namely, w € Ug(7,e,,€;v,0) if and only if w € Ms(7) and G, + 6;,
T— 0 +0,, m— B +06, 5+ 0] are less than 7 — 4. In the case e, = ¢, there are
two principal choices. The triangle 7" corresponds to a triangle 7" of 7/. Let €’ be
the edge of T" corresponding to e, and Tj) be the triangle separated from 7" by €.
Then +/ is an edge of 7. If T lies to the right of 4/ then w € Uy(7, e,, €;5v,0) if and
only if w € Ms(7) and 3. 4+ 6F, 5, + 0., 2(r — 3,) are less than m — §. Otherwise
w € Us(T, e, e;5v,0) if and only if w € Ms(7) and 7 — 3, + 6,7, m — 3. + 0., 23, are
less than 7 — d. In particular, if the angle between v,v' € S* does not exceed & < ¢
then Us(7, e, e;30,0) C Us(T,ep, 550,80 = &').

Choose 6 > 0 such that 7/§ is an integer and divide the semicircle S* N R2
into arcs of equal length §. Suppose u is the interior of one of the arcs. Let Uy, =
{tv | v € u, 0 <t < 1}. By vy denote the midpoint of u. For 1 < j < k; let fi;
denote the j** inserting operation of those used when building f;. Given s > 0, let
Usjuw = Uy, (Tij, €r4j5 €155 v0, 0) N Q1 (pig, i) \ Qf (pij, mij), where 75 € T (pij, nij).
Finally, let Yiu.(€) = P"™)[D;)(eUou; Ustur; - - - » Uikour), € > 0. Now we shall check
whether the families of sets Yj,.(¢) satisfy the above conditions.

Suppose w € Ujjus. Any Delaunay cell of a translation structure in the class
w is isometric to the interior of a triangle inscribed in a circle of radius d. Since
w € Q1(pij,nij) \ Q5 (pij, nij), it follows from Lemma 5.4 that d < dy, where dy =
max(y/2/7, k~1). In particular, all Delaunay edges are of length at least x and at
most 2dy. Then each angle 6 of a Delaunay triangle satisfies sinf > /(2dp). Since
Uijur C M(7;5), it follows that the closure of U;;, is a compact subset of N(7;;). Note
that f;; = [NS[ﬁij; 71 Vi;) for some 7/, € T (p;, nj;). There exists g = €g(k,6) > 0
such that fi;(v,w) € Msa(7);) N Q*/2(pl;, nl;) for all v € eUpy and w € Uyju.

Suppose w = GLU 71,91, -, Tk, Vs T- Y (w1, ... swy) and 4, (1 < 5 < k) is a
unique shortest edge of 7; relative to w;. Any edge e of 7; different from 7; is
assigned a unique edge € of 7 so that 0.z (w;) = 0z #(w). Since the angle opposite
the shortest side of a triangle does not exceed 7/3, we have 65 7(w) < 27/3 and
05,7 (w;) < 2m/3. By Proposition 5.3, w € M(7) if and only if w; € M(7;) for
1 < j < k. Further suppose w' = GLU[T|, 1, - -, Tp, Vs T V1 (@1, - - -, w}, ), where 7
is a unique shortest edge of 7; relative to w;. Assume that w € M(7), W' € M(7),
and hol, (), hol,(3') € R2. Then w is isomorphic to «’ if and only if k = &’ and for
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some 1 < kg < k the classes wy, ..., w; are isomorphic to wy, ..., Wy, Wi, ..., Wy 1,
respectively.

All mapping classes ¢; € 7 (p,n) such that ¢;7; = 7; and ¢; sends ~; to a ho-
mologous edge form a cyclic subgroup. Assume ¢; generates this subgroup. The
order o; of ¢; divides k; and n;. For any w = fi(wo,w1,...,wy,) one has we; ' =
fi(wogb_l,wk,...wki,wl,...,wk 1), where 1 < k < k and ¢ € Mod(1,n;) is such
that ¢7(™) = 7(") and ¢(L)) is homologous to L"), It follows that each Yj,.(€)
is invariant under ¢;.

Let w = fij(v,wp), W = fuy (v, w)), where wy € M(7; ), wy € M(1y;), and
v,v' € R%. Suppose |v],[v/| < € and w € M(7);) N Q' (pl;,n};), ' € M(7);) N
Qe+ (irjr, miryr) for some k" > e. Then w is isomorphic to w' if and only if i = 7,
j=7,v="1,and wy = w). Now let w € Yjuu(€), W € Yiux(€). Suppose w €
M(1;)N Q% (p,n) and w’ € M (1) N Q' (p,n) for some x’ > €. Then it follows from
the above that my(w) = mo(w’) only if i = i', u = v/, and w is mapped to &’ by an
iterate of ¢;.

Using techniques of the proof of Lemma 8.4, we derive from the above that as
e = 0, i(Viun(€) N M(7:))/i(Yiuw(€)) — 1, € ?|fu(Yiun(€)) — 0ip(mo(Yiun(€)))| — 0,
and € 2 (7o (Yiuw(€)) N mo(Yirww(€))) — 0 unless ¢ =i’ and u = /.

Suppose w € S(1,7;€,2k,20) for some 7 € T (p,n). As S(7,7;¢€,2k,25) does not
depend on the orientation of v, we orient -y so that hol, () belongs to the closure of
R? . Then hol,, (7) is in the closure of Uy, for an arc u. Assume hol,, () € eUp,. Note
that this assumption holds for almost all elements of S(7,7; €, 2k, 29). First we apply
a cutting operation to w and v. Let (w],...,wy) = CUT[T,v;7{, 71, s Tos Vi) (W )
where 7] € T(pj, J) 1 < j < k. Clearly, each 7; has no edge homologous to ;.
In the case p; = nj = 1, it is no loss to assume that 7} = (M, v = LM: then
w; € PY_If none of wj belongs to Q(1,1) then mo(w) ¢ Mj. Assume this is not
the case. Choose J such that (p},n}) # (1,1) (this is possible as p > 1). Then W} €
S(7}, 755 €,2K,20) C Mas(7j) N Qiﬁ“(p], n’;) assuming 20 < 7/3. There exists €; =
el(m d) > 0 such that any oollapsmg operation of the form COL[7},~}; D'; 7, &, €]
is defined on S(7},7j;€,2k,20) for € < 1. If © = COL[7},7}; D' 7, €, & (w ) then
wj = g(hol,(7), ~), where g = INS[7,€,,&;D;T},7]] for a set D of parameters.

Consequently, w can be obtained by an operation OPR[ﬁ; 7,7]. Assuming € is small
enough, one has @ € U, (7, é,, &; v, §), where vy is the midpoint of u. Also, © = t@y,
where t > 0, a(@y) = 1, and s(@y) > k. Note that D depends on D', moreover, any D
corresponds to some D’. It follows that we can choose the cutting and the collapsing
operations so that g = f;; for some ¢, j'. Then &y € Uy jry. The conditions imposed
above on f1, fa,. .. imply that wd™! € Yj,. () for some i and ¢ € Mod(p, n) such that
o1 = 7; and ¢(7) is homologous to ;. Thus for small € the set m(S(7, v; €, 2K, 25)) N
My is contained in 7o (U; , Yiux(€)) up to a subset of zero volume. Since the Mod(p, n)
action on 7 (p,n) has only finitely many orbits, it follows from Lemma 8.7 that we
can choose £ and § so that p(MjyN MQ(p,n) \ m0(U; . Yiux(€))) < Ae® for small e.

The only condition not verified yet is m(Y;ux(€)) C M. It surely holds when the
moduli space MQ(p,n) is connected. If this is not the case, we have to modify the
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construction slightly. Suppose U ]’-, 1 < j <k, is a connected component of the open
set Uyjun. Then sets Y (€) = P [D;](eUpy; Uy, . . ., Uy, ) are connected by Lemma 8.4.
Hence sets m(Y (€)) are either contained in M, or disjoint from M. Clearly, Y, (€)
is the disjoint union of at most countably many sets of the form Y (¢). The mapping
class ¢; permutes these sets. Now we replace Y;,,(€) by a finite number of subsets of
the form Y'(€). For any A > 0 this finite number can be chosen so that the union of
the other subsets has volume at most Ae?. Then we discard sets whose projections
to MQ(p,n) are disjoint from M. Also, among sets Y (€), Y (€)¢; ', Y (e)d; 2, ... we
discard all but one. The construction is completed. .

Proof of Proposition 7.4. Let C be a connected component of MQ;(p,n) and
o be the canonical measure on C. The formula (11) can be rewritten as follows:

1
b(o,€) = m/cNo(w,a, €) dpo(w).

Besides, let
1
b*(o, € :—/N* w,o,€)dug(w).
(0.9 = 7y | Mol o)

First we estimate the difference b(c, €) — b*(o, €). Clearly, No(w,0,€) > No(w,0,€) >
N§(w,o,¢) > 0 for all w € C. If w ¢ MQi(p,n) then Ny(w,o,¢) = 0. If w €
MQ7"(p,n) for some Kk > €, then Ny(w,o,€) = Ni(w,0,¢€). It follows that for any
K> €,

0 <b(o,¢e) —b*(o,¢) < No(w, 0, €) dpo(w).

1o(C) /mmgi(p,n)\MQi’%n)

By Theorem 7.3, there exist cg, kg > 0 such that Ny(w,0,¢€) < co(e/s(w))?? for all
w € C and € < Kg. Suppose w € C N MQO{(p,n) \ MOT"(p,n), where € < k < Ky.
Obviously, s(w) < €, hence 47 F7t¢ < s(w) < 47%¢ for an integer k¥ > 0. Then

we MY (p,n) \MQlllikE’”(p, n) and No(w,0,¢€) < (4¥41)3/2¢q. Tt follows that

o, €) = (0,0) < s D8 o (ML () \ MY )
k=0

provided € < k < Kg. Furthermore, Theorem 8.5 implies that

o0

* €oCp,n k1 -2k 2,2 _ 16C0Chn o o
b(o,€) —b*(0,¢) < —2 ¥ kT = ——— = €K7,
f1o(C kz:% 110(C)

~—

where ¢,, > 0 is a constant. As x can be chosen arbitrarily small, it follows that

lim e %(b(o, €) — b*(0,€)) = 0.

e—0

Now we estimate b*(o,€). By Cs denote the connected component of MQ(p,n)
containing C. Clearly, C, = {tw | w € C, t > 0}. For any ¢t > 0 let C; denote the set

o8



of w € Cy such that a(w) < t. Let u be the canonical measure on Co.. For all w € C
and ¢ > 0 we have a(tw) = t?, s(tw) =t - s(w), and N} (w,0,¢€) = N§(tw, o, te). Tt
follows that

1(Cy)
For any o € [0,1) and positive €, ¢, « let

b*(o,€) = L ; Nj(w,0,ev/a(w)) dp(w).

bo(o,6:t,0) = | Ni(w,o, ev/a)du(w).
Ct

Denote by K half of the dimension of C.,. By Proposition 8.8, there exists ¢ > 0
such that e 2by(0,¢6;1,1) — (1 — 0)%~2c as € — 0. For arbitrary ¢ and o we have

bo(o,e;t,a) =t [ NtV 2w, 0, e/a) du(w) = tXby(o, e/
C1
therefore

liné e 2by(o,6;t,0) = tFa(l — o)* e
€—

Suppose 0 < t; < ty. Then

bo(o, €ty t1) — bo(o, €;t1,t1) <

/ Ng(w, 0, ev/a(w)) du(w) < bo(o, €5 ta,t2) — bo(o, €11, t2).
Cix\Cry

It follows that for any integer k > 0 we have b, (0,¢) < p(Ci)b*(0,¢) < b/ (a,¢),
where

b (0,€) = 3 (bolo, e/, (i = 1)/k) = bal, (i = D)/ (i = 1)/R) ).
b (o, €) = Z(bo(a eifk,ifk) —bo(o, e (i — 1) /k, @/k;))

By the above,

iy (00 =023 (0 (),

i=1

L C A )

1=

k
1
In particular, lim. .o e 2(b{ (0,¢€) — by (0,¢)) = k(1 — 0)52¢c. As k can be chosen
arbitrarily large, this implies that

1
lim e 2b* o, € 1—o)K2 ¢ / tdts1,
lim (0,€) = ( ) AR

29



Since € 2(b(o,€) — b*(0,¢€)) — 0 as € — 0, it follows that

b(o,e) I b*(o,€)

li = =(1—-o0)2
0.9 g 17
It remains to notice that K =2p+n — 1. .
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