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Euler equations (beginning of sections 5.4 and problem 34
page 166 of the book)

;

1. In this section we discuss another class of linear homogeneous equations of second order for

which the general solution can be found explicitly, the Euler equations. These are equation
of the type

ar’y" +bzy + ey =0, x>0, (1)

where a, b, ¢ are real constants, a # 0

Look for a solution in the form y(z) = z* for some A. Substitute to the equation:
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S0 we get the following equation, called the indicial equation:

[adA = 1) + R+ c = 0]« [ad® + (b—a)A + c =0 (2)

2. As in the case of equations with constant coefficients the most simple case is the case when

the indicial equation has distinct real roots A; and Ay, In this case the set {z*,z*?} forms
a fundamental set of solutions and the general solution is

y(z) = Cz™ 4 Coz™.
EXAMPLE 1. Find general solution of the equation zy" + 2z — 6y =0, 2z > 0.

W\L \‘ \’W’{ H"j' oM E ? w-«g‘i@vi 1
/\M") + DN -6 = O )

Al“‘%ﬂ Awé’ < f) WD f\\w:':)wj )\va:”ig ‘-;:1.‘":}
GLJWJAQ/{ S’g\h H am - 1

ﬁ t:mwc X “{N JC m }




©Igor Zelenko, Fall 2017 2

3. In order to understand what is the form of general solution for other cases, i.e. when the
roots of indicial equation are repeated or complex, we can reduce the equation (1) to the
linear equation with constant coefficient by the following change of independent variable:

{3)

Then by chain rule

—= wé' . iﬁ

So the equation (1) is transformed in the new independent variable ¢ to the equation:

&y dy

Z 2 (h—a)— =0 4
at+ (b= ) + oy (@)
So, the indicial equation for the Buler equation (1) coincides with the characteristic equation
for the equation (4) and the general solution for the Euler equation (1) is obtained
from the general solution to the equation {4) by replacing { with Inz (subsequently
et is replaced by x).
Using this rule, we can summarize all cases of the roots of the indicial equation in the
following table (analogous to the table for the equations with constant coefficients):

SUMMARY:

Solution of the second order Euler equation az?y” + bzy' 4+ cy = 0, =z > 0. Consider the

indicial equation

aAA =1 +brte=0&ar’+(h—a)d+c=0

and consider its discriminant D = (b — a)? — 4ac.

Sign of D = | Roots of indicial General solution
(b — a)? — 4ac | equation ad* + (b—a)A+c=0

D>0 two distinct real roots A; # Ag ylz) = CraM + Coa?
D <0 two complex conjugate roots Ay = Ay : y(x) = a* (01 cos(wInx)+
Arg = tiw Cy sin(wIn :c))

D=0 two equal(repeated) real roots Ay = A = A | y(z) = 2*(C1 + C2 Inz)




