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14.2: Limits and Continuity

Note: A more extensive study of these topics is usually given in advance calculus.
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EXAMPLE 1. For the function f(x,y) = 21 5 find the limits at (0,0) along Kz \ {09, O)j
(a) the z-axis 7[ (I O> -0 2 bM ,_} (x 0) =0
Yy=0 / X9

(b) the y-axis
o 400970 = Om oy -
3 %
(c) the liney=x /{{ _ . &M (xx) =
f)[(x x\ X-f-xz—: ;L, L => X-N‘F )
(VL) = bm —‘9- ol oes viad <><UJI

(d) the liney = —x ) 2 (xj"h% 'l 9
_oxe(x) o _xt Y
.P(x)-x) -3 -(-(x) 5 =2 > -7 ein; _9( X, X )=-
(e) the parabola y = x* L )r

<[i (X 11) /x'k(4+x>= ,-l-—:i-xl'z) g_f:;_f(u)x‘): O

The statement
lim f(z,y)=1L

(z,y)—(z0,0)
is intended to convey the idea that the value of the function f(x,y) can be made as close as we
like to the number L by restricting the point (x,y) to be sufficiently close to (but different from)
the point (xg, yo)-
We note without proof that the standard properties of limits hold for limits along curves and
for general limits of functions of two variables, so that computations involving such limits can be
performed in usual way.



Tor general 11mits O runctions o two variables, SO that computations 1mvolving such 1mits can be

performed in usual way.

EXAMPLE 2. Find

( %113,)(43:33,—2018) = ‘1-43-3- 20 = —200(
z,y)—(1,3 i

o»nﬂr\m}\(
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THEOREM 3.

e [f lim  f(x,y) =L then f(z,y) — L as (z,y) — (zo,Y0) along any smooth curve.

(z,y)—(z0,y0)

o [fthe limit of f(x,y) fails to exist as (x,y) — (xg,yo) along some smooth curve, or if f(x,y)
has different limits as (z,y) — (%o, yo0) along two different smooth curggs then the lzmzt of
f(z,y) does not exits as (x,y) — (2o, Yo)- S\ v C)“DM((’-

zy x +3 -l mu Jl'
EXAMPLE 4. For the function f(x,y) = o discuss its limit as (x,y)
Y

Stl MalfJ SIT [n LKWV& Ww bmt ofoes vno-l exuf
a$ Lion fxo)=0 =+ 5 = Dimm -F(xx)

XHO x =9
DEFINITION 5. A function f(x,y) is continuous at the point (zo,yo) if

lim  f(z,y) = f(x0, ).

(z,y)—=(z0,90)

Roughly speaking, a function will be continuous at a point if the graph does not have any
holes or breaks at that point.
All the standard functions that we know to be continuous are still continuous even if we are

plugging in more than one variable now. We just need to watch out for division by zero, square

—

—

roots of negative numbers, logarithms of zero or negative numbers, etc.

Recognizing Continuous functions:

e A polynomial of function of (z,y) is continuous.

e A composition of continuous functions is continuous.

e A sum, difference, or product of continuous functions is continuous.

e A quotient of of continuous functions is continuous, except where the denominator is zero.
EXAMPLE 6. Confirm that the following functions are all continuous everywhere:

2y +6

Flow 2\ — ma$+y 1 _3/; al e 0\ — himw 2N — 11— el L o;nffy-5m4\



EXAMPLE 6. Confirm that the following functions are all continuous everywhere:
2y +6

x,y) = ye*Y + Yz r,y) = —o—— z,y)=11—2x sin(z°y*
flx,y) = ye™ + u, g(,y)@>ff(,y) |1 — 2y| + sin(2"y")
— S
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EXAMPLE 7. Bualuate lm —"Y— — L4 - 4
@y->(-1) T2 +y* | - e ? 2
o Limets
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EXAMPLE 8. Find all points where the function f(z,y) = 1S continuous.
xy
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EXAMPLE 9. Fvaluate lim —-2Y_—> o)}
(@y)—(0,0) 22 +y? — mfz
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